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ABSTRACT

This monograph develops unifying perspectives on the prob-
lem of identifying universal low-dimensional features from
high-dimensional data for inference tasks in settings involv-
ing learning. For such problems, natural notions of uni-
versality are introduced, and a local equivalence among
them is established. The analysis is naturally expressed
via information geometry, which provides both conceptual
and computational insights. The development reveals the
complementary roles of the singular value decomposition,
Hirschfeld-Gebelein-Rényi maximal correlation, the canoni-
cal correlation and principle component analyses of Hotelling
and Pearson, Tishby’s information bottleneck, Wyner’s and
Gécs-Korner common information, Ky Fan k-norms, and
Breiman and Friedman’s alternating conditional expecta-
tions algorithm. Among other uses, the framework facilitates
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understanding and optimizing aspects of learning systems, in-
cluding multinomial logistic (softmax) regression and neural
network architecture, matrix factorization methods for col-
laborative filtering and other applications, rank-constrained
multivariate linear regression, and forms of semi-supervised

learning.
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Introduction

In many contemporary and emerging applications of machine learning
and statistical inference, the phenomena of interest are characterized
by variables defined over large alphabets. Familiar examples, among
many others, include the relationship between individual consumers
and products that may be of interest to them, and the relationship
between images and text in a visual search setting. In such scenarios,
not only are the data high-dimensional, but the collection of possible
inference tasks is also large. At the same time, training data available
to learn the underlying relationships is often quite limited relative to
its dimensionality.

From this perspective, for a given level of training data, there is a
need to understand which inference tasks can be most effectively carried
out, and, in turn, what features of the data are most relevant to them.
A natural framework for addressing such questions rather broadly can
be traced back to the pioneering work of Hirschfeld [112], building on
that of Pearson [223], [224].

In this monograph, we develop an interpretation of the fundamental
problem as one of extracting “universally good” features, and establish
that diverse notions of such universality lead to precisely the same fea-
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4 Introduction

tures. The development emphasizes an information theoretic treatment
of the associated questions, and in particular we adopt a convenient “lo-
cal” information geometric analysis that provides useful insight. In turn,
as we describe, the interpretation of such features in terms of a suitable
singular value decomposition (SVD) facilitates their computation in a
host of applications.

While a variety of the included results exist in one form or another,
the treatment aims to be as self-contained as possible. It emphasizes
a development from first-principles together with common, unifying
terminology and notation, and pointers to the rich embodying literature,
both historical and contemporary. Results with no direct or indirect
attribution appear here for the first time, to the best of our knowledge.
Additionally, to make the treatment as accessible as possible, proofs are
largely deferred to appendices, allowing the main text to focus on the
statements of key results, their interpretation, and their application.

For the same reason, the development emphasizes distributions over
finite alphabets, with the continuous alphabet case largely (but not
entirely) focused on Gaussian distributions. These allow the key insights
to be revealed while avoiding a variety of technical issues and conditions
that would otherwise arise.

At its core, the methodology envisioned by Hirschfeld is based
on a particular decomposition of the joint distribution for a pair of
variables (X,Y’) whose relationship is of interest. Accordingly, we begin
by developing and characterizing this decomposition.

The version of record is available at: http://dx.doi.org/10.1561/0100000107
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The Modal Decomposition of Joint Distributions

As a foundation, in this section we describe the modal decomposition
of bivariate distributions over finite alphabets into constituent features
that arises out of Hirschfeld’s analysis. We develop this decomposition
in terms of the SVD of a convenient matrix characterization of the
distribution and the associated conditional expectation operator. Several
illustrative examples are provided in Section 2.2.

To start, let X and Y denote random variables over finite alphabets
X and Y, respectively, with joint distribution’ Py y. Without loss of
generality we assume throughout that the marginals satisfy Py (z) > 0
and Py (y) > 0 for all x € X and y € Y, since otherwise the associated
symbols may be removed from their respective alphabets. Accordingly,
we let PY denote the set of all such distributions.

For an arbitrary feature2 f: X =R, let g: Y — R be the feature
induced by f through conditional expectation with respect to Pxy (-y),
ie.,

9(y) =E[f(X)|Y =y], yel. (2.1)

"We use (upper case) P notation for the probability mass functions of discrete-
valued random variables.

*The literature sometimes refers to these as embeddings, referring to functions
of embeddings as features. However, our treatment does not require this distinction.
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6 The Modal Decomposition of Joint Distributions

Then we can express (2.1) in the form

oly) = Pyl(y) S Pyy(,y) f(2)
zeX
AT SR R
- = 3" B,y €5 (), (2.2)
zeX
where we have defined
Py y(z,y)

B(z,y) £ reX, yely, (2.3)

VP @ VA )

2\ [Py(a) f(x) (2.4a)

& (y) 2 \/Py(y) g(y). (2.4b)

and

Clearly fX and §Y in (2.4) are equivalent representations for f and
g respectively. But B in (2.3) is also an equivalent representation for
Px y, as we will verify shortly. Moreover, (2.2) expresses that B has
an interpretation as a conditional expectation operator, and thus is
equivalent to Px|y. )

Next consider an arbitrary feature g: Y — R, and let f: X — R be
the feature induced by g through conditional expectation with respect
to Py x(-|r), ie., )

flz) =E[g(Y)[X = z]. (2.5)
Then using the notation (2.3) and that analogous to (2.4), i.e

&% (z) =/ Px(2) f(x) (2.6a)
Y (y) = /Py (y) §(y), (2.6b)

We can express (2.5) in the form

= B( y, ), (2.7)

VY S5l
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where B is the adjoint of B. Likewise B is an equivalent representation
for Py y and, in turn, Py|x.

It is convenient to represent B as a matrix. Specifically, we let B
denote the |Y| x |X| matrix whose (y, z)th entry is B(zx,y), i.e.,

1

B [VPy] Prx[vPy] . (28)

where /Py denotes a |X| x |X| diagonal matrix whose zth diagonal
entry is \/Px(x), where /Py denotes a |Y| x |Y| diagonal matrix whose
yth diagonal entry is /Py (y), and where Py x denotes the Y| x |X]|
matrix whose (y,z)th entry is Py x(y, ). In [132], B is referred to as
the divergence transfer matriz (DTM) associated with PX7y.3

Although we generally restrict our attention to the case in which
the marginals Py and Py are positive, note that extending the DTM
definition to arbitrary nonnegative marginals is straightforward. In
particular, it suffices make the 2'th column of B all zeros if Py (z') =0
for some 2’ € X, and, similarly, the 3'th row of B all zeros if Py (y') = 0
for some 3’ € Y, i.e., (2.3) is extended via

B(z,y) 20, allz € X, ycYsuch that

(2.9)
Py (z) =0 or Py(y) =0.

Useful alternate forms of B and B are [cf. (2.3)]

. Py x(y|z)
B(z,y) = T(y) Px ()
Bla,y) = w Py(y).

from which we obtain the alternate matrix representations

B = [\/ﬁ}_l Py x {\/H} (2.10)
B' = {\/ﬁ}_l Pxy [\/ﬁ}v (2.11)

*The work of [132], building on [36], focuses on a communication network setting.
Subsequently, [122]-[124], [192] develop connections to learning that motivate aspects
of, e.g., the present monograph.
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8 The Modal Decomposition of Joint Distributions

where Py x denotes the [§] x [X[ left (column) stochastic transition
probability matrix whose (y, z)th entry is Py |x(y|z), and where, sim-
ilarly, P x|y denotes the [X| x [J| left (column) stochastic transition
probability matrix whose (z,y)th entry is Pxy (2|y).

The SVD of B takes the form

K-1
B=Y oy (vi)"
=0

= (2.12a)
ie, B(z,y) = Z o %X(Jf) T/%Y(y),
i=0
with
K = min{|X[, [Y]}, (2.12b)

where o; denotes the ith singular value, where ’l/JZ-Y and 1/);-)( are the
corresponding left and right singular vectors, and where by convention
we order the singular values according to

0'020'1 Z"'EO’K_l. (212C)

The following proposition establishes that B (and thus B) is a
contractive operator, a proof of which is provided in Appendix A.1.

Proposition 2.1. For B defined via (2.8) we have

where || - || denotes the spectral (i.e., operator) norm of its matrix

argument.” Moreover, in (2.12), the left and right singular vectors
Y . I

and 1y associated with singular value

og=1 (2.14a)
have elements

Uy (x) 2 /Px(z)  and g (y) 2 \/Pr(y). (2.14b)

“The spectral norm of an arbitrary matrix A is

[Alls = maxo;(A),

where 0;(A) denotes the ith singular value of A.
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It follows immediately from the second part of Proposition 2.1 that
B is an equivalent representation for Py y. Indeed, given B, we can
compute the singular vectors w())( and wé/ , from which we obtain Py and
Py via (2.14b). In turn, using these marginals together with B, whose
(y, x)th entry is (2.3), yields Py y(z,y) = B(z,y) /Px(z) /Py (y). We
provide a more complete characterization of the class of DTMs, i.e.,
B(ZPXX%) in Appendix A.2. In so doing, we extend the equivalence result
above, establishing the continuity of bijective mapping between Py y-
and B.

The SVD (2.12) provides a key expansion of the joint distribution
Px y(x,y). In particular, we have the following result.

Proposition 2.2. Let X and Y denote finite alphabets. Then for any
Pxy € PYY there exist features f7: X — R and g/: Y — R, for
i1=1,...,K — 1, such that

nyy(l’,y)sz( 1+ Z a; fz gz ’ (215)
where oy,...,0x_; are as defined in (2.12), and where”
E[ff(X)] =0, ie{l,...,K -1} (2.16a)
[ (V)] =0, ie{l,....K -1} (2.16b)
E[f; (X)) =1y, i,je{l,...., K—1} (2.16¢)
[ g (V)] =15, i,je{l,...,K—1}. (2.16d)
Moreover, f;" and g; are related to the singular vectors in (2.12) accord-
ing to
X
faa i@ oy g (2.17a)
Px (x)
gily) 2 b i) g k-, (2.17b)

;U
s

(

®We use the Kronecker notation

1 A is true
1, = .
0 otherwise

The version of record is available at: http://dx.doi.org/10.1561/0100000107



10 The Modal Decomposition of Joint Distributions

where 1/1;-)( (z) and wZY (y) are the xth and yth entries of ¢;~X and 1/)2-Y ,
respectively.

Proof. 1t suffices to note that

Pxy(7,y)
Py () Py (y)

=/Px(x) /Py (y +Zazwz )y (y) (2.19)
W W

+ Z £ @)\ Py (y) gi (v) (2.20)

= \/Px(z) /Py (y [1—1—20}2 z) gl (y )1, (2.21)

where to obtain (2.18) we have used (2.3), to obtain (2.19) we have
used (2.12a) with (2.14), and where to obtain (2.20) we have made
the choices (2.17), which we note satisfy the constraints (2.16). In
particular, (2.16a) follows from the fact that w()f and zp;-X are orthogonal,
fori=1,..., K — 1, and, likewise, (2.16b) follows from the fact that
wé/ and @DZY are orthogonal, for i = 1,..., K — 1. Finally, (2.16¢) and
(2.16d) follow from the remaining orthogonality relations among the

B(z,y) = (2.18)

w;x and 1/}2/ , respectively. |

The expansion (2.15) in Proposition 2.2 effectively forms the basis of
the methodology introduced by Hirschfeld [112], who sought to extend
the applicability of the methods of Pearson [224], [225]. An independent
development began with the work of Gebelein [91], upon which the
work of Rényi [232] was based.® Building on the insights of Hirschfeld,
but independent of the work of Gebelein and Rényi, related aspects of
such analysis were also explored by Lancaster [158], [160]. The analysis
was reinvented again and further developed in [30], [31] using the
terminology “correspondence analysis,” and further interpreted in [102],

The associated analysis was expressed in terms of eigenvalue decompositions of
BB instead of the SVD of B, since the latter was not widely-used at the time.
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11

[165]. A particular focus of the correspondence analysis literature is on
visualization tools and techniques. Subsequent developments appear
n [94], [204], and more recent expositions and expansions include
[164], [212], and the practical guide [103]. More recently still, [47]-[49]
studies aspects of what correspondence analysis terms “principal inertia
components” (which are the squared singular values 0’%, N a%(_l) in the
context of information and estimation theory. In particular, generalizing
the first principal inertia component (i.e. o1), the work introduces the
term “k-correlation” to refer to O'% + - -+O']%, establishes some properties
of k-correlation such as convexity and a data-processing inequality (DPI)
[47, Section II], and demonstrates some applications in the context of
estimation.

The features (2.17) in (2.15) can be interpreted as suitably normal-
ized sufficient statistics for inferences involving X and Y. Indeed, since

PY|X(?J|37)

1+ Z o; f(x) gi (y )] (2.22a)

PX|Y(:C|y) = [1 + Z 0; fz 9i )‘|7 (222b)

it follows that’

SN @) 2 (A (), ()

is a sufficient statistic for inferences about y based on z, i.e., we have
the Markov structure

Y & 5N X)) o X

Analogously,
K—1
ge W)= (1w 9k1(y))
is a sufficient statistic for inferences about x based on y, i.e., we have

the Markov structure

X))o

7 . . [N
Throughout, we use the convenient sequence notation a” = (ay,...,aq;).
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12 The Modal Decomposition of Joint Distributions

Moreover, we have®
XM x)ed i)y (2.23)
In turn, we have the mutual information (data-processing) relation’
I(X;Y) = (571 (X); 6571 (v)). (2.24)

Additionally, note that Proposition 2.2 has further consequences
that are direct result of its connection to the SVD of B. In particular,
since the left and right singular vectors are related according to

o =B (2.25a)
o =B, (2.25b)

it follows from (2.17) that the f;" and g; are related according to

o; fi (x) =E[g; (V)| X = 2] (2.26a)
0; gf(y) = E[fi*(X)|Y = y}, (2.26b)
fori=1,..., K —1. Moreover, in turn, we obtain, for ¢, j € {1,..., K —
1},
E[fi(X)g;(Y)] = E[E[f{ (X)]Y = y]g; (V)]
=E[0; 9/ (Y) g; (Y)]
=0;1;—;. (2.27)

K—-1

®Indeed, with F £ ff(_l(X) and G = g, (Y), we have

Pgirx(g, f,2) = Pgr(g, f)

since G+ Y < F+ XsoG@+ F+ X, and

Pyig,rx g, f,7) = Pyia(ylg)-

sinceY G X FsoY <G+ (X, F).
9Indeed, since

XoFPLT(X)aG2a (Y)Y,
we have, with I(+;-) denoting mutual information,
I(X;Y) = [(F;Y) + I(X;Y|F) = I(F;Y,G) = I(F;G) + I(F;Y|G) = I(F;G).
—_———

———
=0 =0
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2.1. The Canonical Dependence Matrix 13

2.1 The Canonical Dependence Matrix

In our development, it is convenient for the analysis to remove the zeroth
mode from B. We do this by defining the matrix B whose (y, z)th entry
is

5 Pyy(z,y) — Px(x) Py(y) "=

N _ o VX () Y )
B(yvx)_ \/W\/W ; zwz ( )% (y)7 (2 28)

where in the last equality we have expressed its SVD in terms of that

for B, and from which we see that B has singular values
1>0y 209220k 120k =0,

where we have defined the zero singular value oy as a notational
convenience. Note that we can interpret B as the conditional expectation
operator E[-|Y = y]| restricted to the (sub)space of zero-mean features
f(X), which produces a corresponding zero-mean features g(Y). We
refer to B, which we can equivalently write in the form'”

B = |/Py| ' Pyjx — Py 117] [V/Py] (2.29)
K-1
= Yol ()", (2:30)
i=1
as the canonical dependence matriz (CDM). Some additional perspec-
tives on this representation of the conditional expectation operator—and
thus the particular choice of SVD—are provided in Appendix A.3.

It is worth emphasizing that restricting attention to features of X
and Y that are zero-mean is without loss of generality, as there is an
invertible mapping between any set of features and their zero-mean
counterparts. As a result, we will generally impose this constraint.

2.2 Examples

We conclude with some simple, illustrative examples.

19As first used in Appendix A.1, we use 1 to denote a vector of all ones (with
dimension implied by context).
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14 The Modal Decomposition of Joint Distributions

Figure 2.1: A binary symmetric channel with parameter € € (0,1/2].

Example 2.3. Suppose X is uniformly distributed over X = {0,1}, and
suppose that Y is the output of a binary symmetric channel whose input
is X; specifically, with Y = {0,1} and for some parameter € € [0,1/2],
we have

l—€¢ y==z
€ y #
as depicted in Figure 2.1. Then Y is also uniformly distributed, and

. _J12—€ =y
B(m’y)_{e—lﬂ T #y,

Py x(ylz) = { (2.31)

ie.,

It follows that
1 1
0'1:1—26 and ¢§:¢¥:ﬁ[_l‘|,

whence

filz) = (=1)"
and g = f;. By comparison, the log-likelihood ratio for this model is
(when € > 0)

Pttt — g1 o s

Pxy (z]1)

Example 2.4. Suppose X is uniformly distributed over X = {0, 1}, and
suppose that Y is the output of a binary erasure channel whose input is

/() = log
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2.2. Examples 15

Figure 2.2: A binary erasure channel with parameter € € (0,1/2].

X; specifically, with Y = {0, —, 1} and for some parameter € € [0,1/2],
we have

1 — e
cy=T (2.32)
€ y=—,

Pyx(ylz) = {
as depicted in Figure 2.2. Then

Poy) {(1 ~9/2 ye{o.1)

€ y=—
and
V1—¢€/2 (z,y) € {(0,0),(1,1)}
B(x,y) = -V1I—¢/2 (z,9)€{(0,1),(1,0)}
O y=—-,
ie.,
1 -1
B=Y 12_6 0 0
-1 1
It follows that
1 1 1 1
lemv wle_‘|7 ’(:b%/:i 0 ;
V2 |1 Vil
whence

fi@= (1" and gf<y>={0 ot
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16 The Modal Decomposition of Joint Distributions

1—¢/2
0 / 0
€/2 €/2
1 1
€/2 €/2
2 2
1—¢/2

Figure 2.3: A ternary channel with parameter € € (0,1/2].

By comparison, the likelihood ratios for this model are, e.g.,

- PX|Y($| ) 1-z — (1

Example 2.5. Suppose X is uniformly distributed over X = {0, 1,2},
and suppose Y is the output of a ternary channel whose input is X. In
particular, with Y = {0, 1,2} and for some parameter € € (0,1/2] we

have
1—¢/2 (x,y) €{(0,0),(2,2)}
CJ1—e  (z,y)=(1,1)
Py x (ylz) = /2 (z,y) € {(0,1),(2,1), (1,0),(1,2)}

0 (z,y) €{(0,2),(2,0)},
as depicted in Figure 2.3. Then Y is also uniformly distributed, and
1—€¢/2 €/2 0
B=| ¢2 1-¢ €2 |->-1-1"
0 €/2 1—¢/2

It follows that 3

) 02:1_567

and
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2.2. Examples 17

whence
3/2 x=0 1/V2 =0
Ji@) =40 r=1 fo(@)={-v2 z=1
_\/3/72 ZL‘:2, 1/\/§ $:2’

and g; = f; for i € {1,2}. By comparison, likelihood ratios for this
model are, e.g.,

Prry (2]0) a =0
_ X\ _
(@) = Pypy (z[1) bor=l gol=e/?
0 z=2 €/2
0 =0 ¢/2
g(x)zwz b or—=1 bél—e'
2 Pxy (z[1) B
a x=2

It is straightforward to verify that there exists an invertible transfor-
mation between (f7, fy) and (£1,%,); in particular, one can readily
construct a one-to-one function ¥: fi(X) x f5(X) = ZL;(X) x Lo(X)
such that J(f7 (x), f5(x)) = (%1(x), Ly (z)) for all z € X.

Example 2.6. Suppose X has a (positive) distribution Px over X =
{1,...,K} for some K > 0,and Y = X. Then Px y(z,y) = Px(z)1
and Py = Py, and B has entries

- {1—Px<x> r=y

y=a

B(x,y) =
C =\ @B A

which we note is symmetric and idempotent (i.e., an orthogonal projec-

tion matrix): B? = B = B". Hence, o1,y...,0_1 € {0,1}. Moreover,!
= T
B-T=qq (¥0)

with 1 as defined via (2.14b). It follows that oy = - - - = o5c_; = 1, and

the corresponding (left and right) singular vectors span the orthogonal
complement of the vector ¢5( .

"We use I to denote the identity matrix of appropriate dimension.
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18 The Modal Decomposition of Joint Distributions

That all the singular values (except o) are unity reflects that Y is
perfectly predictable from X (and vice-versa). Note that we obtain the
same modal decomposition structure when, more generally, Y = ¢(X)
for some one-to-one map ¥: X — ¥(X), i.e, Y = ¥(X) is a relabeling of
the symbols in X.

Example 2.7. For 6 € (0,1), suppose X =Y = {0, 1,2}, and

5 (z,y) = (0,0)
Pxy(@,y)=q(1-98)/4 (2,y) €{1,2} x {1,2}
0 otherwise.
Then
Py(z) = {5 =0
(1-0)/2 ze€{1,2},

and Py, = Py, and thus

1-96 —/o(1=9)/2 —/06(1—0)/2
B=|-0(1-0)/2 5/2 5/2
—/0(1—=19)/2 0/2 5/2
It follows that
—/1-9
1 =0
oi=4 " Y=ty = | V32 |,
and hence

() —/(1=6)/d =0

€Tr) =

' 5/1-0) axel,?2

with g7 = fi. That there is a unit singular value reflects that part of Y’
is perfectly predictable from X (and vice-versa).

Example 2.8 ([81]). For n > 0, suppose C, Ay,...,A,_1,B1,...,B,_1

are independent and uniformly distributed on {0, 1}, and let

n—1 n—1
X=C+)> 42" and Y=C+)> B2"
i=1 i=1
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Then X and Y are uniformly distributed on X =Y = {0,1,...,2" — 1}
and
1/2" & —yis even
P T,y) =
Xy (:9) {0 x —y is odd,

SO
B(z,y) = (-1)"7Y/2", reX, yey.
For example, for n = 2, we have
1 -1 1 -1
1{-1 1 -1 1
401 -1 1 -1
-1 1 -1 1

It follows that o; = 1,_; and ¢ = o5 with ¢7 (z) = (—l)x/Qn/Q,
whence fi(z) = (=1)* and g; = f;. That there is a unit singular

B=

value again reflects that part of Y is perfectly predictable from X (and
vice-versa).

Example 2.9 ([75]). Suppose U € {—1,1},V € {—1,1},and W € {0,1}
are independent random variables with P(U = 1) =P(V =1) = 1/2
and P(W =1) =€ € (0,1). In turn, let X = UW and Y = VW, so
X =Y ={-1,0,1}. Then since |X| = |Y|, it follows that oy = 1. A
more detailed analysis yields

) (1—¢)/2 —e(l—€)/2 (1—¢)/2
B=|—ye(l—¢)/2 € —e(l—€)/2],
(1—¢)/2 —e(l—€)/2 (1—¢)/2

from which we obtain
op=1, 09=0 and ff(l’):(—l)lx<

and g = fi. More generally, for an arbitrary numeric random variable
W we obtain o7 = 1, as discussed in [75].

Example 2.10. Suppose X =Y = {0, 1,2} and

€

1— €)|x|—1/2

/2 (2,y) = (0,0)
Py — |16 @) (LD, 22)
e 1/12 () € {(1,2),(2,1)}

0 (z,y) € {(0,1),(1,0),(0,2), (2,0},

The version of record is available at: http://dx.doi.org/10.1561/0100000107



20 The Modal Decomposition of Joint Distributions

SO

_J1/2 z=0
PX(x)_{l/ZL xe{1,2}

and Py = Px. Then
/2 —1/V/8 —1/V/8
B=|-1/v8 5/12 1/12
-1/V/8 1/12  5/12

It follows that
0'1:1 and 0'2:1/3,

and
—1/v2 0
Y= = | 1/2 and 9y =y = | 1/V2 |,
1/2 —1/V2
whence
1 0 0 xr=0
* - T = *
fi(z) = and  fi(z)=41 z=1
1 ze{1,2}
-1 z=2,

and (g7,95) = (f1, f2). We note that, consistent with (2.27), we have
P(fi(X)=gi(Y)) =1
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Variational Characterization of the
Modal Decomposition

There is a natural and insightful variational characterization of the
modal decomposition of Section 2. In this section, we develop this
alternative view in terms of standard SVD analysis, following an ap-
proach to which both Gebelein [91] and Rényi [232] made foundational
contributions. Accordingly, the result is often referred to as Hirschfeld-
Gebelein-Rényi (HGR) maximal correlation analysis. Using this analysis,
we interpret HGR maximal correlation as the Ky Fan k-norm of the
CDM, and obtain the features defining the modal decomposition via an
optimization.

We develop the desired variational characterization of the feature
functions (2.17), viz., (f;,9;), i = 1,2,... K — 1, in Section 3.2, after
first summarizing the requisite linear algebra in the following section.

3.1 Variational Characterizations of the SVD

Some classical variational results on the SVD that will be useful in
our analysis. First, we have the following lemma (see, e.g., [114, Corol-
lary 4.3.39, p. 248]).

21
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22 Variational Characterization of the Modal Decomposition

Lemma 3.1. Given an arbitrary k; x ko matrix A and any k € {1,...,
min{ky, ko } }, we have

k
AM|? = (A)?, 3.1
{MGR%E%?D;/ITMI}H I ;az( ) (3.1)

where || - ||p denotes the Frobenius norm of its matrix argument,” and
where 01 (A) > -+ > Opink, k,} (A) denote the (ordered) singular values
of A. Moreover, the maximum in (3.1) is achieved by

M= [$1(A) - ¥i(A)], (3:2)

with 1,(A) denoting the right singular vector of A corresponding to
o;(A), for i =1,...,min{ky, ky}.

Second, the following lemma, essentially due to von Neumann (see,
e.g., [174] [114, Theorem 7.4.1.1]), will also be useful in our analysis,
and can be obtained using Lemma 3.1 in conjunction with the Cauchy-
Schwarz inequality.

Lemma 3.2. Given an arbitrary k; x ko matrix A, we have
k
max tr(M{ AM,) = > 0;(A), (3.3)
{MleRk1Xk, MQERkQXk: i1

M| M, =M, M,=I}

with o1(A) > - > owingk, k) (A) denoting the (ordered) singular
values of A. Moreover, the maximum in (3.3) is achieved by

M; = [ngﬂ’)(A) ¢;§j)(A)} . j=1,2, (3.4)

with q/)i(l)(A) and ¢§2)(A) denoting the left and right singular vectors,
respectively, of A corresponding to o;(A), for i = 1,..., min{ky, ko }.

ISpeciﬁcally, the Frobenius norm of an arbitrary matrix A is
IAllr 2 tr(ATA) =" 0i(A),

where 0;(A) denotes the ith singular value of A, and were tr(-) denotes the trace of
its matrix argument.
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3.2. Maximal Correlation Features 23

3.2 Maximal Correlation Features

We now have the following result, which relates the modal decomposition
and correlation maximization, and reveals the role of Ky Fan k-norms
(as defined in, e.g., [114, Section 7.4.8]) in the analysis.

Proposition 3.3. For any k € {1,..., K — 1}, the dominant k features
(2.17) in Proposition 2.2, i.e.,

f* _(flaafl:) and gfé(gfaaglt)? (35)
are obtained via’

. 2
(fF.g) = argmin E[|f*(X) - " W) = argmax o(f*,¢"),
(f*,g")eF, xS, (f*.g")eF xS,
(3.6a)

where
o(f*,4") 2 B[ (£ (X)) d" (V)] (3.6b)

and
o2 (B[00 =0 E[f0 x0T =1) (360
G = {gk; E{gk(Y)} =0, E{gk(Y) gk(Y)T} _ I}. (3.6d)
Moreover, the resulting maximal correlation is

o(ff,ob) =B[(FE(X) gk (V)] = Zaz, (37)

which we note is the Ky Fan k-norm of B.?

*We use || - || to denote the Euclidean norm, i.e.,

= \/Zle a; for any k

ki X,ko
?

and a”.
*We use |- ll(xy to denote the Ky Fan k-norm of its argument, i.e., for A € R

k
1Al 2 oi(A), (3.8)

with o1 (A) > -+ > 04 (A) denoting the singular values of A, for k € {1, min{k, ko}}.
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24 Variational Characterization of the Modal Decomposition

Proof. First, note that the constraints (3.6c) and (3.6d) express (2.16)
in Proposition 2.2. Next, to facilitate our development, we define [cf.

(2.4)]
& (@) £/Px(2) fi(z), weX (3.9a)
w2 \VPWaw). yey. (3.9b)
fori=1,..., K We refer to §;~X and &Y as the feature vectors associated

with the feature functions f; and g;, respectively, and we further use S;-X

and .’SZY to denote column vectors whose xth and yth entries are {iX ()
Y .

and &; (y), respectively. Then

k
o(f* g% =3 oi(fia) (3.10a)
=1
with

oi(fin9) =Elfi(X) (V)] = (¢])'B&" = (€)' BEY,  (3.10b)

where the last equality in (3.10b) follows from the mean constraints in
(3.6¢) and (3.6d), which imply, fori=1,..., K,

D/ Px(@) & (1) = 3/ Pr(w) & (y) = 0.

xeX y€Y

In turn, from (3.10) we have

k
o(ff g =Y &) Be =u((@)'BEY), )
=1
where
=¥ e el g (3.12a)
=2l g (3.12b)

Moreover, from the covariance constraints in (3.6c) and (3.6d) we have

=Y =E") e =1 (3.13)
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Hence, applying Lemma 3.2 we immediately obtain that (3.11) is maxi-
mized subject to (3.13) by the feature vectors

=% =¥, (3.14a)
2 =0, (3.14D)
with
Ol 2 g )] (3.15a)
2 gl el (3.15b)

whence f;" and g; as given by (2.17), fori = 1,..., k. The final statement
of the proposition follows immediately from the properties of the SVD;
specifically,

W) By =0, i=1,... .k

i.e.,

T ~
(Tl BEG) =), (3.16)

with 3y denoting a (k x k) diagonal matrix with diagonal entries
O1y...0. |

The quantity (3.7) is often referred to as the Hirschfeld-Gebelein-
Rényi (HGR) maximal correlation associated with the distribution Py y,
particularly in the special case k = 1. Note that when k = 1, the Ky Fan
k-norm specializes to the spectral norm. In practice, larger values of k are
generally more useful for measuring the degree of dependence. Indeed,
as follows from the discussion in [81], [106], [149], ||B||s can achieve
its maximum of unity even when X and Y are nearly independent,
as Example 2.8 (reproduced from [81]) illustrates when n is large. By
contrast, in this example, HBH(k) =1 when k = 2" — 1, which is much
smaller than its maximum possible value of 2" — 1 in this regime,
reflecting the weak dependence.
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Local Information Geometry

The introduction to modal decompositions in the preceding sections
emphasizes a Euclidean geometry. In contrast, the standard information
geometry based on Kullback-Leibler (KL) divergence [8], [9], [63], [71],
which underlies the information-theoretic analysis of inference and
learning, is nonEuclidean. However, information geometry is locally
Euclidean, and thus valuable information-theoretic perspectives can be
obtained through a local geometric analysis on the (relative interior
of the) probability simplex. This analysis corresponds to the use of
X2—divergence. The roots of such analysis date back at least to the work
of Pearson, whose mean-square contingency measure is based on this
divergence [223], and, later, Hirschfeld [112].

In this section, we develop the required foundations of this anal-
ysis. In the resulting Euclidean information space, distributions are
represented as information vectors, and features as feature vectors, and
we develop an equivalence between them via log-likelihoods. Via this
geometry, we develop a suitable notion of weakly dependent variables
for which we obtain a decomposition of mutual information and through
which we interpret truncated modal decompositions as “information
efficient.” Additionally, we characterize the error exponents in local
decision-making in terms of (mismatched) feature projections.

26
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4.1. Basic Concepts, Terminology, and Notation 27

Further interpretation of the features ff{ ! and gf -1 arising out
of the modal decomposition of Section 2 benefits from developing the
underlying inner product space. More specifically, a local analysis of
information geometry leads to key information-theoretic interpretations
of (2.17) as universal features. Accordingly, we begin with some basic
definitions.

4.1 Basic Concepts, Terminology, and Notation

Let P* denote the space of distributions on some finite alphabet Z,
where |2| < 00, and let relint(P*) denote the relative interior of P, i.e.,
the subset of positive distributions.

Definition 4.1 (e-Neighborhood). For a given € > 0, the e-neighborhood
of a reference distribution P, € relint(?z) is the set of distributions in
a (Neyman) y>-divergence [211] ball of radius > about Py, i.c.,

NE(Ry) £ {P’ e P2 2P|y < 8}, (4.1a)

where for P € P* and Q € relint(P%),

X(PIQ) 2>

oG (4.1b)
Z€EZ

The use of X2—divergence is both convenient and natural, as it is a
second-order approximation to KL divergence [71]; speciﬁcally,1

"More generally, [71, Theorem 4.1] establishes that x2—divergence is a second-order
approximation to any f-divergence

D, (PIIQ) = ZQ(Z)f(Sg;)
z€Z

for which (1) exists and is positive, where f: (0,00) — R is convex and satisfies

f(1)=o.
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= z) lo P()
D(PIQ) = X Ple) og o
00 (P Ot i1+ (P) Q)
= Tlee + (7) - Qe g1+ (Zg5 )
_ _ ()T P() - Q)Y
= S10+ (PO - Q@ S ()
= DEPIQ) +o0C(PIR),  KA(PIQ) o,
where we have used the Taylor series expansion
o0 -1
log(l+w)=>_ (_1l) w',
=1

In the sequel, we assume that all the distributions of interest, in-
cluding all empirical distributions that may be observed, lie in such
an e-neighborhood of the prescribed F,. While we don’t restrict € to
be small, most of the information-theoretic insights arise from the
asymptotics corresponding to € — 0.

An equivalent representation for a distribution P € N*(Pp) is in
terms of its information vector

A P(Z) — PO(Z)
o) 2 D) (1.2
which we note satisfies
[l <1, (4.3)
with | - || denoting the usual Euclidean norm.? We will sometimes find

it convenient to express ¢ = ¢(-) as a |Z|-dimensional column vector ¢,
according to some arbitrarily chosen but fixed ordering of the elements
of Z.

2Speciﬁcally, for ¢ defined on Z,
ll* 2> o(2)*.

z€Z
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Hence, we can equivalently interpret the (|Z| — 1)-dimensional neigh-
borhood NEZ (Py) as the set of distributions whose corresponding infor-
mation vectors lie in the unit Euclidean ball about the origin. Note that
since

S VPolz) 6(z) =0, (4.4)
Z€Z

the (]Z| — 1)-dimensional vector space subset
P(Ry) = {¢: (VPo,6) = 0 and ||| <1}, (4.5)

with (-,-) denoting the usual Euclidean inner product,”® characterizes
all the possible information vectors: ¢ € JZ’(PO) if and only if P €
NZ(P,), for all € sufficiently small. It is convenient to refer to 7°(P,) as
information space. When the relevant reference distribution P, is clear
from context we will generally omit it from our notation, and simply
use J° to refer to this space.

For a feature function h: Z — R, we refer to

£(2) £/ Po(2) h(z) (4.6)

as its associated feature vector. As with information vectors, we will
sometimes find it convenient to express { = £(+) as a |Z|-dimensional
column vector &, according to the chosen ordering of the elements of
Z. Moreover, there is an effective equivalence of feature vectors and
information vectors, which the following proposition establishes. A proof
is provided in Appendix B.1.

Proposition 4.2. Let P, € relint(P*) be an arbitrary reference distri-
bution, and € a positive constant. Then for any distribution P € iPZ,

h(z) = 1(2((?) _ 1) (4.7)

3Speciﬁcally, for ¢; and ¢, defined on Z,

(91, ¢2) £ Z #1(2) P2(2)-

z€Z

“Note that is a simple generalization of the terminology introduced after (3.9).
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is a feature function satisfying
Ep,[h(2)] =0, (4.8)
and has as its feature vector the information vector of P(z), i.e.,

ey~ PR = ol
) =9(a) = =25

Conversely, for any feature function h: Z — R such that (4.8) holds,
P(z) = Py(2)(1 + eh(2)) (4.10)

(4.9)

is a valid distribution for all e sufficiently small, and has as its informa-
tion vector the feature vector of h, i.e.,

¢(2) = £(2) = \/ Fo(2) h(2). (4.11)

The following corollary of Proposition 4.2 specific to the case of
(relative) log-likelihood feature functions is further useful in our analysis.
A proof is provided in Appendix B.2.

Corollary 4.3. Let P, € relint(P”) be an arbitrary reference distribution
and € a positive constant. Then for any distribution P € NZ(Py) with
associated information vector ¢, the feature vector &1y, associated with

the relative log-likelihood feature function”
P(z) P(Z) D
h = —(1 — 1 pé 4.12
1 (2) E(ogpm noe g ) 2 (1.12)
satisfies’
&n(z) =0(2) +0o(1), €e—0, z€Z. (4.13)

Conversely, every feature function h: Z — R satisfying Ep, [h(Z)] = 0
can be interpreted to first order as a (relative) log-likelihood, i.e., can
be expressed in the form

hz) =+ (log g)((?) ~Ep, [log Jfo((?)D to(l), €m0, €2,
(4.14)

for some P € P*

5Throug;hout7 all logarithms are base e, i.e., natural.
SNote that the 0(1) term has zero mean with respect to Py, consistent with

ISPS JZ’(Po)-
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A consequence of Proposition 4.2 is that we do not need to distinguish
between feature vectors and information vectors in the underlying inner
product space. Indeed, note that when without loss of generality we
normalize a feature h so that both (4.8) and

Ep, [h(2)*] =1,

are satisfied, then we have £ € JZ’(PO), where ¢ is the feature vector
associated with h, as defined in (4.6).

The following lemma, verified in Appendix B.3, interprets inner
products between feature vectors and information vectors.

Lemma 4.4. For any P, € relint(P*), let h be a feature function
satisfying (4.8) with associated feature vector & € J°(P,). Then for any
e>0and P € NEZ (Py) with associated information vector ¢ € JZ(PO),

Ep[h(Z)] = €(¢,¢).

The squared-norm of a feature vector is its variance; specifically, for
a feature function h satisfying (4.8) so & € 7°(F),

Ep, [M(2)"] = €] (4.15)

However, it is natural to interpret the squared-norm of an information
vector in terms of KL divergenee7 with respect to Py, which follows as
a special case of the following more general lemma. A proof is provided
in Appendix B.4.

Lemma 4.5. For a given P, € relint(P*) and € > 0, let P, Py € N*(P)
be arbitrary, and let ¢; and ¢, denote the corresponding information
vectors, respectively. Then

Py(z)
Py(z)

2
€
=5 61— 6al* + 0("), e—0.

(4.16)

D(Py[|P) = ZPI ) log
Z€Z

"For PQ e TPZ, we use the usual
(2)

D(P P(z
Q) = Z @

to denote KL divergence of @ from P.
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Moreover, for P € N~ (Py) and with ¢ denoting its information vector,®
we have as a special case

2
€
D(P|Fy) = S ll6l" + o(€"), e =0, (4.17)
since ¢y = 0 is the information vector associated with F.

Note that as (4.16) reflects, divergence is locally symmetric in P;
and P,—specifically, to first order in .

Additionally, in (4.16) we recognize ¢y — ¢ as, to first order, the in-
formation vector associated with the log-likelihood ratio feature function

hiir(2) 2 1<log 2&2 —Ep, {bg ggzﬂ) (4.18a)
In particular, since
P, RGP
ERG) T ERG ARG

it follows from the first part of Corollary 4.3 that (4.18a) has feature
vector

Sir(2) = 01(2) — Pa(2) + 0(1), €—0, z€2Z. (4.18Db)

It is also important to appreciate that (4.16) is invariant to the
choice of reference distribution within the neighborhood, which is an
immediate consequence of the following result, verified in Appendix B.5.

Lemma 4.6. For a given P, € relint(P*) and € > 0 sufficiently small
that NZ(P,) C relint(P%), let P, Py € N2(P,) be arbitrary, and let
¢1 and ¢, be the corresponding information vectors. Then for any

PyeN* (Py), the information vectors
- s Piz) — Py(2)

7 o Pa(z) — Py(2)

$1(2) = and  ¢y(z) = ——F—=—
6\/P0(Z) € Po(Z)

satisfy, for each z € Z,

$1(2) = do(2) = (61(2) = ¢2(2)) (L +0(1)), €= 0. (4.19)

®Note, for comparison, that x°(P||P,) = € ||¢|°.
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4.2 Weakly Dependent Variables

An instance of local analysis corresponds to weak dependence between
variables, a concept we formally define as follows.

Definition 4.7 (e-Dependence). Let Z and W be defined over alphabets
Z and W, respectively, and distributed according to Py € TPZ’XW,

where P**™ is the (usual) restriction of the simplex to distributions
with positive marginals. Then Z and W are e-dependent if there exists
an € > 0 such that”

Py € NZV(PyPy), (4.21)
where P and Py, are the marginal distributions associated with Py y .

As related notions of e-dependence, we can replace (4.21) with one
of

Pyiz(-]2) e N (Pw), allz€2 (4.22)
Py (-lw) € N2(Py), allwe W, (4.23)

These notions are all locally equivalent, which the following lemma
establishes; a proof is provided in Appendix B.6.

Lemma 4.8. Let Z and W be defined over alphabets Z and W, re-
spectively, and distributed according to P,y € iPZXW, where P2V
is the (usual) restriction of the simplex to distributions with positive
marginals. When

lim iglf Py(z)>0, allzeZ (4.24a)
e—
lim inf Py () >0, all weW, (4.24b)
e—

Note that the condition (4.21) is equivalent to
X’ (PzwlPzPw) < €, (4.20)

the left-hand side of which defines mutual information with respect to x2-divergence.
This mutual information was historically referred to as “mean-square contingency,”
a concept introduced by Pearson [112], [223]. Note that XZ(PX7Y||PXPY) =) +
-+ 4 0% _1. As such, the k-correlation quantity used in [47, Section II] represents an

approximation of classical mean-square contingency by truncation.
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the following statements are equivalent as ¢ — 0:

Pzw € Né(xgv(Psz) (4.25a)
Py z(-]2) € N})A](e)(PW)v all z € 2 (4.25b)
Pz (|w) € :N%(e)(PZ), all we W. (4.25¢)

Accordingly, any of (4.25) can be used to characterize O(e)-depen-
dence. In the sequel, except where the distinction is needed, with some
abuse of terminology we will use e-dependence and O(e)-dependence
interchangeably.

A further asymptotic equivalence between the notion of e-dependence
based on X2—divergence and one based on KL divergence is established
by the following lemma, whose proof is provided in Appendix B.7.

Lemma 4.9. Under the hypotheses of Lemma 4.8,
1(Z;W)=0(¢") if and only if Py eNg( (PzPy).  (4.26)

Finally, for completeness, we have the following asymptotic equiva-
lences among notions of e-dependence based on KL divergence, analogous
to Lemma 4.8. A proof is provided in Appendix B.8.

Lemma 4.10. Under the hypotheses of Lemma 4.8, the following state-
ments are equivalent as € — 0:

I(Z;W) = O() (4.27a)
D(Pywz(-|2)|Pw) = O(€°), allzeZ (4.27b)
D(Pyw (-|w)[|[P7) = O(¢%), all we W. (4.27¢)

We will exploit the various equivalences (4.25)—(4.27) in our analysis.

4.3 The Modal Decomposition of Mutual Information

The modal decomposition (2.15) of Px y leads directly to a correspond-
ing decomposition of mutual information when X and Y are weakly
dependent. In particular, we have the following result.
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Lemma 4.11. Let X € X and Y € Y with Pxy € P he e-dependent
random variables, and let B denote the associated CDM. Then

1 K-1
I(X;Y) HBHF =3 > o7+ o(€), (4.28)
=1

where the summation is O(¢?), as e — 0.

Proof. 1t suffices to make the choices P = Pxy and By = PxPy in
(4.17) of Lemma 4.5, and recognize that the corresponding information
vector—which is convenient to express as a matrix in this case—has
elements

p(z,y) = B(z,y).  (4.29)

Px y(z,y) — Px(x) Py (y) _ 1

Px(z) /Py (y) €
Then, since the Frobenius norm of an information vector in matrix
form coincides with its Euclidean norm, and since for any matrix
A whose singular values are o((A),...,0;(A) for some [, we have
|Al: = Sk, 0;(A)?, (4.28) follows. Finally, that the first term on the
right-hand side of (4.28) is at most (9(62) follows from applying the
constraint (4.3) to the information vector defined via (4.29). [

A key interpretation of the decomposition (4.28) is as follows. For
each 1 < k < K — 1, the bivariate function

PE(x,y) 2 Py(2) (1 +Za Fi@) gf(y ) (4.30a)

obtained by truncating (2.15) sums to unity and, for all e sufficiently
small, is nonnegative for all (z,y) € X xY, so has the interpretation as a
joint distribution for new variables (X(k)7 Y(k)) ie. P)(&, =P.w ym)
having the same (original) marginals Py and Py for all such k. 1\/[01“670Ver7
these new variables have mutual information

1(x®,y®) Za +o(?), e—0. (4.30b)

Hence, the kth term in the expansion contributes an increment of
07/2 + o(¢?) to the mutual information. From this perspective, in
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the weak-dependence regime the chosen ordering captures the largest
proportion of mutual information from the fewest number of terms.
Valuable complementary perspectives on these order-k distributions will
become apparent later in the development.

4.4 The Local Geometry of Decision Making

In our development, it will be useful to exploit a geometric interpreta-
tion of traditional binary hypothesis testing, which we now describe. In
particular, suppose we observe m samples 2| = (z1,...,2,,) drawn in
an independent, identically distributed (i.i.d.) manner from either distri-
bution P; or distribution Py, where Py, P, € NGZ(PO). As in Section 4.1,
let ¢; and ¢5 denote the associated information vectors.

For this problem, for some 1 < k < K — 1, consider a sequence of
k-dimensional statistics

=0y, ) (4.31a)
with
1 m
6 = m;hl(zj), le{l,... k}, (4.31b)
for some feature functions h" = (hy,...,h;) with associated feature

vectors g’“ = (&, &)
Without loss of generality we restrict our attention to normalized

feature functions such that the statistics
W (2) = (m(2),...,h(2))
are zero mean, unit-variance, and uncorrelated with respect to Py, i.e.,
Ep [hi(Z2)] =0, de{l,... k} (4.32a)
Ep [hi(Z)hi(Z)] = 1=, 0,5 €{1,...,k}. (4.32b)
Indeed, if h"(Z) had any other mean and (nonsingular) covariance

structure, then we could apply an invertible transformation to 7 to
generate an equivalent statistic 7* with the desired structure.'’ Note

OTn particular, with £ denoting the vector representation of Zk, if £ has mean
vector p, and covariance matrix is Ap, then £ £ AZI/Q (€ — pp), with A;/Q denoting
any square root matrix of Ay, has mean p; = 0 and covariance matrix A; =1 as
desired.
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7 —

Figure 4.1: The local geometry of decision making for distinguishing i.i.d. samples
2™ over alphabet Z from one of P;, P, € P~ based on a statistic £ = (1/m)zzlhk(zi)
involving feature functions A*. In information space J°(F,), where the reference
distribution P, maps to the origin, ¢ corresponds to the projection of the information
vector d; for P onto subspace spanned by the feature vectors £k for h*. The optimum
decision rule projects qAS directly onto ¢; — ¢,, the feature vector associated with the
log-likelihood ratio hiig.

that for feature functions normalized according to (4.32a), the feature
vectors lie in information space, i.e.,

fiEJZ(P0)7 7:6{1,...,]{5},

and when the feature functions are further normalized according to
(4.32Db), the associated feature vectors are orthonormal, i.e.,

(& &) = Lizy, i,j €{1,...,k}. (4.33)

With P denoting the empirical distribution of the data z]", we can
express (4.31b) in the form

0= P(2) ly(z) = €(9,&)

z€Z
where we have used Lemma 4.4 with P = ]5, and where

A 1P(z) - P,
b(z) = 1P(z) — Ro(z) (4.34)
€ Fo(z)
is the observed information vector [cf. (4.2)]. The associated geometry
is depicted in Figure 4.1.
Our main result is as follows, a proof of which is provided in Ap-

pendix B.9.
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Lemma 4.12. Given a reference distribution F, € relint(fPZ) a constant
e > 0 and integers m and k, let zq,..., 2, denote i.i.d. samples from
one of P, or Py, where P;, P, € N* (Py) and both positive. Then the
error probability p, for deciding whether P; or P, is the generating
distribution, based on a statistic £ of the form (4.31) with normalized
feature functions hk, decays exponentially in m as m — oo, with
(Chernoff) exponent

: —logpe 4 i
lim T 2Er=)Y B, (4.35a)
where
6
By, & §<¢1 $2,6)° +0(¢”), €—0. (4.35b)

The k-fold local efficiency v(h") of the rule defined by h* quantifies
the goodness of the exponent (4.35) in Lemma 4.12 relative to the ideal
exponent

E2 ¢
=3 [¢1 — ¢all-
Specifically,

B S (dr — ¢9,6)°
hk él h — =1 1 25 Sl )
)= E 161 — b2l

It follows from Bessel’s inequality that 0 < v(h") < 1, and from (4.18)
that the upper bound is achieved by the choices

(4.36)

hl = hLLR7 and h‘z = O, 1€ {2, e IC}, (437)

i.e., the log-likelihood ratio is an optimum statistic, as expected. In the
sequel, we focus on inference scenarios in which such a statistic cannot
be used directly.
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Universal Feature Characterizations

In this section, we introduce several different notions of feature uni-
versality. In turn, using the local analysis of Section 4, we show that
these diverse characterizations of universality all yield precisely the
same features—those that arise in the modal decomposition of the joint
distribution Py y as developed in Sections 2 and 3.

The section is structured as follows. We begin by noting that the
modal decomposition features characterize a locally exponential family
for the conditional distributions. For the remaining characterizations,
we introduce latent attribute variables. In Section 5.4 we obtain the
modal decomposition features as the solution to a game between system
designer and nature, where the system designer must choose features
to detect attributes that nature chooses at random after these features
are fixed. In Section 5.5, we obtain the same features as the solution
to a cooperative game in which the system designer and nature seek
the most detectable attributes and locally sufficient statistics for their
detection. In Section 5.6, we obtain the same features as the solution to
a local symmetric version of Tishby’s information bottleneck problem
that seeks mutual information-maximizing attributes and the associated
locally sufficient statistics. And in Section 5.7, we show that superposi-

39
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40 Universal Feature Characterizations

tions of these same features arise as sufficient statistics in the solution
to a local version of Wyner’s common information, which using varia-
tional analysis we show specializes to the nuclear (trace) norm of the
CDM. In turn, Section 5.8 develops the Markov structure relating the
resulting common information variable to the attributes optimizing the
information bottleneck. Finally, for comparison, Section 5.9 shows how
these features appear in the characterization of Gacs-Koérner common
information.

5.1 A Preliminary Exponential Family Perspective

As an initial viewpoint, when X and Y are weakly dependent, their
conditional distributions are exponential families in which the features
in the modal decomposition (2.15) are natural statistics. Specifically,
when X and Y are e-dependent according to Definition 4.7, we have,
starting from (2.22a),

K-1
Pyix(ylz) = Py (y) exp{ o fi(@)gi(y) + 0(6)}» e—0, (5.1)
i=1
where we have used the Taylor series approximation ¢ =1+ w + o(w)
and that the exponent in the first term in (5.1) is O(e). We recognize
the posterior (5.1) as an exponential family with natural parameters
gf{ 71(y) and natural statistics f*K 71(m). Moreover, by symmetry we
have, or equivalently via (2.22b),

K-1
Pxjy (zly) = Px(x) exp{ > oifi(@)gi(y) + O(e)}, e—=0, (52)
i=1

from which we see that for inferences about X from Y, the roles of
the features are reversed in the associated posterior: f*K 71(3:) are the
natural parameters and gf _1(y) are the natural statistics.

Since exponential families with such structure are widely used in
discriminative models for learning, we can interpret the (5.1) and (5.2)
as indicating universal feature choices. Moreover, dimensionally-reduced

families of the form
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k
P%((y!fr) = Py (y) eXp{Z o; fi () gi (y) + 0(6)}
=1

k
P (ly) = Py () exp{z 0; fi () gi (y) + 0(6)}
=1

for some 1 < k < K — 1 represent approximations that maximize the
retained mutual information, as per the discussion in Section 4.3 sur-
rounding (4.30). We develop and interpret these posterior distributions
further in Section 8. However, there are other senses in which the fea-
tures in (2.15) are universal, which we develop first, and which require
a data model we now introduce.

5.2 Latent Attribute and Statistic Model

In the sequel, we develop universal features from the modal decomposi-
tion (2.15) via the introduction of latent (auxiliary) variables. Latent
variable models have a long history in facilitating both the interpretation
and exploitation of relationships in data. While the original focus was
on linear relationships, corresponding to factor analysis as introduced
by Spearman [254], the modern view is considerably broader; see, e.g.,
[33] for a discussion.

As we now describe, our treatment models scenarios in which the
inference task involving X and Y is not known in advance through
the introduction of latent attribute variables whose values we seek to
determine. We emphasize at the outset that in this model, we treat Py y
as known or, equivalently, to have been sufficiently reliably estimated
from training samples, a process for which we will later discuss.

We begin by formalizing the notion of an attribute.’

Definition 5.1 (e-Attribute). Given ¢ > 0 and P, € relint(P*) for
some Z, then W on some alphabet W with 2 < |W| < |Z| and having
distribution Py, € relint(iPW) is an e-attribute of Z if W is e-dependent
on 7, i.e.,

Py (-lw) € NE(Pg), weW,

"More generally, we use attribute to refer to an e-attribute in which there is no
restriction on ¢, i.e., it can be arbitrarily large.
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Prw(-|lw) & N5 (Py) for all w € W, and W is conditionally independent
of all other variables in the model given Z.

Such attributes are specified by a collection of parameters. In par-
ticular, we have the following.

Definition 5.2 (e-Attribute Configuration). Given ¢ > 0 and P, €
relint(P*) for some Z, then e-attribute W of Z is characterized by
its configuration

eX(Py) 2 {w, (P (w), w € W}, {Py (), w e W}
Prw(-lw) € NZ(Py), weW,

Z Py (w) Py (z|lw) = Pyz(2), z € Z}, (5.3)
weWw

which can be equivalently expressed in the form
€2(P7) = { W. {Bw(w), w e W), (91", w e W)
W e 7 (Py), weW,

S Ry(w) 62V (2) =0, z € z}, (5.4)

weW

where

oy L) “PaG) o ew )

€y Pz(?)

define the information vectors associated with the e-attribute W.

In Definition 5.2, we note that the equivalent form (5.4) is a conse-
quence of the fact the constraint

> Py (w) Pz (2lw) = Py(z),
weW

implies the information vectors must satisfy

3" Py(w) o™ (2) = 0. (5.6)
weWw
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In the context of a given model Py y, the attribute variables U and
V for X and Y, respectively, are characterized by the Markov structure

U XY eV (5.7)

More generally, in the case of m samples drawn from Py y, our model
has the Markov structure

U X" YY"V (5.8a)

with the conditional independence and memoryless structure

Py (2™ u) = T Pxjor(wilu) (5.8b)
=1

Py (y™ |v) = 1] Py (wilv) (5.8¢)
=1

Pym ym(a™,y™) = [ Pxy (i, 9)- (5.8d)
=1

The attributes U and V' can be interpreted as instances of class variables,

whose values correspond to different aspects of X and Y, respectively.
Our development focuses on the case where U and V' depend only

weakly on X and Y. Specifically, we consider the e-dependence

Pxy(-Ju) € N (Pyx), forallueU
Py (-lv) € NY(Py), forall v e V.

Via Lemma 4.5, e-dependence can be equivalently expressed as the
condition

D(Pxy(-|u)l[Px) < - (1+0(1)), €—=0, forallucU (5.9a)

M‘mw M‘mm

D(Py(-|v)[[Py) < = (1+0(1)), e—0, forallveV, (59b)

which, in turn, of course implies

[

I(X;U) =) Py(u) D(Pxp(Ju)|[Px) < 5 (L +0(1), e—0

€
ueU 2

(5.10a)
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[\

I(Y:V) =Y Pr() D(Pyy (o)l Py) < S (L+0(1), €0
veV
(5.10b)

For inferences about attributes U and V', we will generally consider
statistics of the form

$°2 LY X and T2 S NY) ()
=1 =1

for some k € {1,..., K — 1} and feature choices ffrx — R and
gk: Yy RF. Moreover, in accordance with our earlier discussion, with-
out loss of generality we restrict our attention to normalized features,
ie. (f* ¢*) € F, x G, with F, and G}, as defined in (3.6¢) and (3.6d),
respectively. As we will develop, the particular choices

ka1 o=k ka 1= k
S*éE;f*(Xi) and T*éagg*(m (5.12)

with ff and gf as defined in (3.5) play a special role.

Finally, we will sometimes extend the model (5.8) to the case of
multidimensional U and V with special structure, which we term multi-
attributes.”

Definition 5.3 (e-Multi-Attribute). Given € > 0, [, and Z over some
alphabet Z, then an attribute W of Z with configuration € (Py) over
alphabet W is an [-dimensional e-multi-attribute W over alphabet
W =Wy x --- x W, if the variables W' are:

1) such that

IWi|>2 and Py, €relint(P"), ie{1,...,1}

2) e-dependent on Z, i.e.,
Py, (-[w;) € NE(Py),
P, (|lw;) No (Py),

%As in the case of attributes, we more generally use multi-attribute to refer to an
e-multi-attribute in which there is no restriction on €, i.e., it can be arbitrarily large.
Key to a multi-attribute is the simultaneous marginal and conditional independence
structure. As an example, if the automobile in a digital image Z has color W; and
motor type Wy, then one might reasonably model (Wy, W,) as a multi-attribute.

all w, € W, and i € {1,...,1};
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3) conditionally independent given Z, i.e.,

l
l l
PWz|Z(w |2) = HPWi|Z(wi]z), allw e W, z € Z;
i=1
and
4) (marginally) independent, i.e.,
l
P z(wl) = HPWi(wi), all w' € W.
i=1
We use G?’I(PZ) to denote the configuration of such a e-multi-attribute
variable.

Multi-attribute variables have the following key orthogonality prop-
erty. A proof is provided in Appendix C.1.

Lemma 5.4. For some € > 0 and integer [ > 1, let W' be an e-multi-
attribute of Z € Z over alphabet W = W; x --- x W,. Then with the
information vector notation

zw,, \ a Pzw,(zlw;) = Pz(2)
2Wi(z) 2 BT i=henl (61)

we have, for i,j € {1,...,1},
{ ilw, i|W>:O, for all i # j, w; € W; and w; € W;.

In addition, multi-attributes admit the following information vector
decomposition.3

Lemma 5.5. For some € > 0 and integer [ > 1, let W' be an e-multi-
attribute of Z € Z over alphabet W = W; x --- x W;. Then with the
information vector notation

P, i (zlw') = Py(2)

ZW', A T ZIW
o () 2 e (5.14)

and ¢Z|WZ as defined in (5.13), we have

Z‘W qu Wifo(1), €—0. (5.15)

3Note that this decomposmon 1mphes that an e-multi-attribute is an le-attribute.
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A proof is provided in Appendix C.2, and exploits the following
simple approximation.

Fact 5.6. For any integer [ > 1 and constants € and aq,...,q;, then
! l
H(l—i—eai) :1+eZai+o(e), e—0. (5.16)
i=1 i=1

For multi-attributes U* and V* of X and Y, respectively, we use

i|Ui($) A PXWz‘iT)%PX(x) (5.17a)
inlvi(y) a waiyh;z/@)PY(y) (5.17b)

to denote the information vectors corresponding to Px |y, (-|u;) and
Py v, (-|v;), respectively.

Note that for the extended Markov model (5.8), orthogonality for
multi-attribute U* of X™ further implies that the U" are conditionally
independent given X, each j € {1,...,m}, and X" are conditionally
independent given U;, each i € {1,...,k}, i.e.,

k
k
PU’“|Xj (u|z;) = HIPUAXJ. (uilx;) (5.18a)
1=
m
PXm|Ui (@™ u;) = H PXj\Ui(xj|ui), (5.18b)
=1

and the orthogonality for multi-attribute VP of Y™ implies V" are
conditionally independent given Y;, each j € {1,...,m}, and Y are
conditionally independent given Vj, each i € {1,...,k}, i.e.,

k
k
Py, (0 ly;) = 1T Pvijy, (vily;) (5.19a)
=1
m
Py (5" [v;) = [ Py, (ws3). (5.19b)
j=1

5.3 Induced Local Geometries of Attribute Variables

We now express the relationships between U,V and X,Y geometrically.
In particular, we show that the local geometry of Pxy(-|u) in the
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simplex P* induces a corresponding local geometry for Py ;(-|u) in the
simplex PY via the operator B, and, likewise, the local geometry of
Py v (-[v) in the simplex P? induces a corresponding local geometry for
Px v (+|v) in the simplex P* via the adjoint.

Indeed, the Markov relation U <> X <> Y implies

Py (y) = Z PY|X(?/’$) Px ()
zeX

Pyiy(ylu) = > Pyix(ylz) Py (z|u),
zeX
from which we conclude that a neighborhood of Py in the simplex PpX
maps to a neighborhood of Py in the simplex P! In particular, with
Px and Py as the reference distributions in PY and ng, respectively,
the information vectors

X|U () Pxy(z|u) — Px(z)

u e/ Pr(®) (5.20a)
viv,  _ Prio(ylu) — Py(y)
w (Y) = P (5.20b)

associated with the distributions Pxy(-|u) and Py (-|u), respectively,
satisfy

YIU () — 1 X|U

Y) = —=— Pyx (y|z)y/ Px(x) (). (5.21)
SO TR 5 “
With (bflU and ¢5|U denoting the associated column vectors, using
(2.10) we can equivalently express (5.21) in the matrix form

YIv =B gV, (5.22)

Evidently, B maps a local divergence sphere in PX to a local diver-
gence ellipsoid in P? whose principal axes correspond to the left singular
vectors of B, as Figure 5.1 depicts.

Analogously, the Markov relation X < Y < V implies

Py (x) = Pxy(zly) Py (y)
yeY

Py (zlv) =Y Py (zly) Py (ylv),
yeY
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Figure 5.1: The information geometry associated with the DTM B. For ¢ =
1,...,K — 1, the unit information vector ’l[JiX in 7* maps via B to the shorter
information vector O‘ﬂ/J,L-Y in JH, and the unit information vector wz}, in 7% maps via
B" to the shorter information vector aiwix in 7%
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from which we conclude that a neighborhood of Py in the simplex pY
maps to a neighborhood of Py in the simplex PX. In particular, with
the same reference distributions, and using (2.11), we obtain that the
information vectors

IV = Pyvﬁ(yhgy(y)y(y) (5.23a)
V(@) = PX'VG(M;D)X_(;)DX@ (5.23b)

associated with the distributions Py y (-[v) and Py (-|v) are related
according to
v =BT, (5.24)

where ¢)Z V" and qbf,( V" denote the corresponding column vectors. In this
case, as Figure 5.1 also depicts, B" maps a local divergence sphere in
PY to a local divergence ellipsoid in P* whose principal axes correspond
to the right singular vectors of B.

Finally, we note that there are constraints on the distributions
governing the attributes U and V. In particular, we have [cf. (5.6)]

S Pyw)¢rV(x) =0, zeX (5.25a)
uel
S P@erV(y) =0, yey. (5.25D)
veV

5.4 Minimum Error Probability Universal Features

In this section, we model the universal feature selection problem as the
following game between a system designer and nature. First, nature
chooses the distribution for latent attribute variables (U, V') in the
Markov chain (5.7) at random. Next, before nature reveals its chosen
distributions, the system designer chooses feature functions fk and gk
knowing Py y and the probability law according to which nature chooses
its distribution. Finally, after revealing its chosen distributions, the
system designer implements a test for determining (U, V') with minimum
error probability from statistics formed from its chosen features applied
to samples of (X,Y). The details are as follows.

The version of record is available at: http://dx.doi.org/10.1561/0100000107



50 Universal Feature Characterizations

Let Gzc(PX) and €J(Py) denote configurations for attributes U and
V', respectively, in the sense of Definition 5.2, i.e.,

e¥(Py) = {u, {Py(u), u e U}, {Pyjy(u), uel}:
PX|U(‘U) € NEX(PX)7 U € ua

™ Py(u) Py (fu) = Py (z), o € x} (5.26a)

uelU
:{u, {Py(u), ue U}, {pxV, ueul:
XU g% weu,
3" Py(u) oY ):0,95696}

uelU
and

ePy) = { V. (Py(o), v e V) {By (o), v e V):
Pyy (o) € NJ(Py), v eV,

> Py(v) Pyiy(ylv) = Py(y), y € H} (5.26b)

veV
:{v, (Py(v), v €V}, {7V, v eV}
YIVied? vew,
S Py(v) oy ( ):O,yGH}.
veV

In choosing a configuration pair, nature uses a probability law in
which the ensemble for each attribute is characterized by rotational
invariance, our definition for which relies on the following concept of
spherical symmetry [58], [74].

Definition 5.7 (Spherical Symmetry). A k; X ko random matrix Z is
spherically symmetric if for any orthogonal k; x k; and ky X ky matrices
Q; and Q,, respectively, we have

z4QlzQ, (5.27)
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where £ denotes equality in distribution.

Moreover, the following consequence of spherical symmetry is useful
. . . . . . 4
in our analysis; a proof is provided in Appendix C.3.

Lemma 5.8. Let Z be a k; x ky spherically symmetric random matrix.
Then if A; and A, are any fixed matrices of compatible dimensions,
then .
2 2 2 2
E[[ATZA, 5] = - 1A AR E[IZIE]. (G.28)
1R2

Our ensemble of interest is defined in terms of spherical symmetry
as follows.

Definition 5.9 (Rotation Invariant Ensemble). Given e > 0, a rotationally
invariant ensemble (RIE) for an e-attribute W of a variable Z is a
collection of attribute configurations of the form (5.4), together with a
probability measure over the collection such that %" the |Z] x |W|
matrix whose columns are gz.’),LZU'W, w € \/\7,5 is spherically symmetric.

In what follows, we denote the error probability in decisions for U
and V based on Sk, respectively, via

PP (€5(Px), %) and pP(CU(Py), fN). (5.30a)
and those for the decisions based on T* via, respectively,

/T eX(Py), g") and pYF(CY(Py),d"), (5.30D)

“The proof makes use of the notation e; for the (elementary) vector whose
ith element is 1, and all other elements are 0, which we will more generally find
convenient in our analysis.

*With some abuse of terminology and notation, we will say the wth column of

7" s @leew = ilw, to avoid cumbersome exposition. More precisely, given
an (arbitrary) bijective function Iy : W — {1,...,|W|} with inverse I,
zZw a [HZIW L0 @AW
L R [(ﬁml(l) ¢u;V1(\W\> ; (5.29)
i.e., the lyy(w)th column of 71" s ‘I’Z‘Weuw(w) = ilw.
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where S* and T" are as defined in (5.11) for feature choices x> RE
and gk: Y 5 RF. In turn, we define the error exponents

Erug [log oY1 (€X(Pyx), £¥)]

nU|S ek & q: .

I lim — (5.31a)

SVIS ok Ers [logpe * (€2 (Py), £1)]

EVIS(f¥) & lim — A (5.31b)
m—r00 m

_ Eris [log pd T (€Y (Py), ¢*

EUlT(gk) 2 i — riellogpe "~ (€2 (Px).9")] (5.31¢)
m—0o0 m

_ Erie[logpd 7 (€2 (Py), ¢*

BVIT (g & gy —Emmllogre (C(PY).g)] (5.31d)
m— 00 m

where Egpg[-] denotes expectation with respect to the RIEs for GEC(PX)
and C/(Py).

Our main result is the following proposition, which identifies the
features the system designer should choose, and the exponent of the
resulting error probability. A proof is provided in Appendix C.4.

Proposition 5.10. Given Pxy € PYY and attributes U and V of X
and Y, respectively, each drawn from a RIE for some € > 0, then for
any dimension k € {1,..., K — 1},6

(BTG, BYE (0, BN (6, BV (1)

k k
~X|U 2 ~Y |V o2 X|U 2 Y|V 2 2
g(E()'ek,EOleE‘l: EXV e §1: LBV ER) +o(e)
1 1
(5.32)

as € — 0, where E_'(‘)X V" and E’é/ V" are positive constants that do not
depend on ¢, k, or Pxy. Moreover, all the inequalities in (5.32) si-
multaneously hold with equality for the choices ( ff , gf ) as defined in
(3.5), i.e., the associated multi-objective maximization has a unique’
Pareto-optimal solution.

SFor arbitrary sequences a' and b' of arbitrary length [, we use al < b’ to denote
that a; < b; for i € {1,...,1}.

"Note that while the optimized multi-objective function is unique, the features
that achieve them need not be, as is the case when there are repeated singular values.
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We emphasize that the result does not depend on any details of the
probability law governing nature’s choice other than the RIE property.
In particular, ff , gf are optimum no matter what priors we might
place over various parameters of the configurations CX(Py), C?(Py)
generating the RIE. In this sense, their optimality is fairly strong.

5.5 Universal Features via a Cooperative Game

In this section, we show how the same universal features arise as the
solution to a cooperative game, which further reveals the latent variable
configurations for which these features are effectively sufficient statistics.
In this game, for a given k € {1,..., K — 1}, nature chooses configu-
rations €X*(Py) and C?*(Py) of multi-attribute variable collections
U =U"and V = V¥ in (5.8), and the system designer chooses the
features fk and gk. Their shared goal is to identify variables (U k, Vk)
that are, in an appropriate sense, most detectable from the statistics
(S*,T%) as defined in (5.11) in terms of these features.

The specific shared goal of nature and the system designer is to
maximize the probability that the least detectable of Uy, ..., U; and the
least detectable of Vy,...,V;, fori =1,... k, are correctly detected, as
m — 0.

For the analysis of this game, the following min-max characterization
of singular values is useful. [114, Theorem 4.2.6].

Lemma 5.11 (Courant-Fischer). Let A be a kq X ky matrix with singular
values 01(A) > .-+ > 0,,(A) where k = min{ky, ky}. Then for every
ie{l,... k},

oi(A) =  max min |A®], (5.33)
(SCR*: dim(8)=i} {$€S: [d=1}

where 8 denotes a subspace, and the maximum is achieved by ¢ = 'l,DiR ,
a right singular vector of A corresponding to o;(A).

In addition, in our development the following well-known inequality,
which follows from the fact that the spectral norm || - ||y (defined on
p. 8) is the matrix norm induced by the (Euclidean) vector norm || - ||,
is convenient.
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Fact 5.12. For any compatible matrices A; and A5, we have
[A1A|lp < [[Aq]s[[Azlf-

In the sequel, we denote the error probabilities in decisions based on
S* about each of constituent elements of U* and Vk, respectively, via

P (EEF(Py), f7) and (€ (Py). ), (5.34a)
and those based on T" via, respectively,
T (Py),g") and pl T (€M (Py), o), (5.34b)

for i € {1,...,k}, where S* and T* are as defined in (5.11) for feature
choices fk: X — R and gk: Yy 5 R In turn, we define the error
exponents

—log pl1% (€XF(Py), 1F)

ES(EH (Py), 1) £ lim - (5.350)
B (€ (Py), /) £ lim _1°gp&5(§7k(PY)’ P )
EUIT (€54 (P, 65) 2t _10gpgi|T(fng’k(PX)vgk) (5.35¢)
BT (@ (Py), g") £ lim _logpevﬂgk(PY)’gk). (5.35d)

Our main result is as follows. A proof is provided in Appendix C.5.

Proposition 5.13. Given k € {1,...,K — 1} and Pxy € P et
G’g’k(PX) and G?’k(Py) denote configurations of e-multi-attribute vari-
ables U* and V¥ of X and Y, respectively, for some € > 0. Then
(min BY15(€XF(Px), £1), i € {1, K},
A

min E'1% (€20 (Py), /%), i € {1, k),
IS

min B0 (€54 (Py), %), i € {1, .k},
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2
< (62 ie{l,....k},

2
€
Eaf,ie{l,...,k},

2
%03, ie{l,....k},
2

;,ie{l,...,k})—i—o(ﬁQ), e—0. (536)

Moreover, the inequalities in (5.36) all hold with equality when ( fk, gk)
are chosen to be (ff, gf) as defined in (3.5), and €X%(Py) and €2*(Py)
as chosen to be, respectively,

eXF(Py) 2 (W = {+1, -1}, {Py,(u;) =1/2, u; € Wy},
{Px|u, (z|u;) = Px(x)(1 + eu, f7 (2)),
w €Wy, 7 €X}, i=1,....k} (5.37a)
and

k
eTE(P) 2 Vi = (41,1}, {Py(v) =1/2, v; €Vi},
{Pyv, (ylv;) = Py (y) (1 + €v; g7 (),
vuEV, yeyl, i= 1k;} (5.37b)
i.e., the associated multi-objective maximization has a unique Pareto-
optimal solution.

In addition, from the Markov structure (5.7) and the modal structure
(2.26), we immediately obtain the following corollary.

Corollary 5.14. The optimizing multi-attribute variables U ¥ and V¥ in
Proposition 5.13 have the property that

Pxv.(z|v;) = Px(x)(1 + ev; 0; f; (2)) (5.38a)
Pyu. (ylu;) = Py (y) (1 + eu; 0, 9; (y)), (5.38b)

fori=1,...,k.
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Given data (z™,y"™) from the extended Markov model (5.8), it
further follows that (Sf ,TF ) defined via (5.12) is, as € — 0, a sufficient
statistic for inferences about the optimizing multi-attributes (Uk, Vk),
i.e., in this limit, we have the Markov chains

(UF VFY o (SF,TF) & (x™, ™) (5.39)

and
U & STl o VP, (5.40)

In particular, we have the following result, a proof of which is provided
in Appendix C.6.

Corollary 5.15. In the solution to the optimization in Proposition 5.13
for the extended model (5.8),

k
1
ko k
PUk,Vlem,Ym (u , U ’xm7ym) = E <1 + emzl(uz S;-k + v; t:)) + 0(6)7
1=
(5.41)
as € — 0, with, consistent with (5.12),
1 & 1 &
s;=—Y fi(z;) and t; ==Y g;(y;). (5.42)
= M=
Moreover,
k| k kK 1 i
PUkISin’Vk(U sy, ty,v") = 2k<1 + emzzlui sf) +o(e) (5.43a)
1=
1

[\]

k
ki k kK x
ka|sic7Tf’Uk(U sy, te,u”) = k<1+em -§1Ui tl-)—l—o(e), (5.43b)
1=

as e — 0.

In essence, Corollary 5.15 shows that in making inferences about the
(optimizing) attributes U* and V* from high-cardinality data (X™,Y™),
it is (asymptotically) sufficient to extract a low-dimensional real-valued
sufficient statistic (S kT k) Moreover, it is sufficient to extract a statistic
of dimension k corresponding to the number of “significant” singular
values of B. As significantly, the sufficient statistic pair (Sf ,Tf ) is
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obtained by separate processing of X" and Y™; joint processing of
(X™,Y™) is not required.
In addition, as suggested by Corollary 5.15 and revealed in its proof,

k
k k
Pty (@ 01 ™) = TPy (s o™, ™)
1=
(5.44a)
with

1 * *
Py vy (g vil g™ y™) = 1 (14 em(u; s; +v;t;)) + o(e), (5.44b)

as € — 0, from which we see that to achieve the optimum exponents given
by (5.36), it is sufficient for decisions about the attribute pair (U;, V;) to
be made based on the statistic (S;,T; ) alone. Moreover, (5.44a) reveals
that although not imposed as a constraint, the optimizing configuration
is such that the U* are conditionally independent of Y™ (and the vk
are conditionally independent of X™).

5.6 Universal Features via an Information Bottleneck

In this section, we show that the same configurations sz(PX) and
G?f (Py) that are optimum in the cooperative game of Section 5.5 are
the solution to a natural mutual information maximization problem,
which provides a third viewpoint from which to interpret ff and gf as
universal features.

Our main result is as follows. A proof is provided in Appendix C.7.

Proposition 5.16. Given ¢ > 0, Pxy € i]’xxy, and e-multi-attribute
variables U = U* and V = V* for some k in the Markov chain (5.7),

then
k

Zaiz +o(e"), e—0. (5.45)

o | T

1w vh) <

ot

i=1
Moreover, the inequality in (5.45) holds with equality when the config-
urations @z;k(PX) and Gz’f (Py) of U* and V¥, respectively, are given
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by (5.37), in which case

k
1
P Vk(uk,vk) = 4k<1 +é Z(’i u; vi> +o(e?), " of e {41, —1}k.
’ i=1
(5.46)

We interpret the optimizing multi-attribute pair (U k, Vk) in Propo-
sition 5.16, with joint distribution (5.46), as expressing the dominant
components of the dependency in the relationship between X and Y as
determined by Px y. This is reflected in the fact that

k k
PU’C7V7C (’LL y U ) = HPUi,Vi(uian)

with, for ¢,7 =1,...,k,

1
Py, V( U, V) = 1(1 +é o uv; ;) + 0(62)’ (5.47)
for which [cf. (4.28)]
A
I(U;V;) = 5 i ]lZ ;+o(e ) (5.48)

An immediate consequence of Proposition 5.16 is that for observa-
tions X™, Y™ from the model (5.8), we have that (S¥, T%) is a (locally)
sufficient statistic for inferences about Uk, Vk, i.e., Corollary 5.15 applies.
This local sufficiency can be equivalently expressed in the form

hm =
=0 I(U V S*,T*)

Note too that (5.46) provides a higher-order characterization of

PUkyk than that derived from (5.41). Indeed, from the latter (setting

m = 1 for convenience) we obtain only
PUkyk (uF, *)
k k
Z PX,Y(xa y) PUk7Vk|X7y(u Uy Ty y)

zeX,yeY

Z PXny<1+6mZufz +Uzgz())>+o(6)

zeX,yeY

(5.49)

4

1
:E—i—o(e), e—0.
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Additionally, it follows from the discussion in Section 4.2 that when
U; =V; = {+1,~1} and Py, = Py, = 1/2, then the e-multi-attribute
constraints Py, (+|u;) € NY(Py) and Py (|u;) € N?(Py) are equiva-
lent to I(X,U;) < /2 and I(Y;V;) < €€/2as e = 0, for i = 1,... k.
As a result, Proposition 5.16 can be equivalently expressed in the form
of a solution to a information bottleneck problem [258] in the weak
dependence regime.8 In particular, we have the following immediate
corollaury.9

Corollary 5.17. Given e > 0, Pyy € P and variables U = U and
V = V* in the Markov chain (5.7), then

o~

k
€
éﬁgﬂliﬁ(k[(U VR 5; ), €—0,

where the maximization is over all configurations of (U*, V*) such that:
constituent variables (U;, V;), i = 1,..., k satisfy:
1) max{I(Us; X),1(V;;Y)} < €/2;

2) they are binary and equiprobable, i.e., U;,V; € {+1,—1} and

3) U ¥ and V¥ are each collections of independent variables; and

4) the U " and V" are each collections of conditionally independent
variables given X and Y, respectively.

Moreover, the maximum is achieved by the configurations (5.37).

As an aside, different but related one-sided information bottleneck
problems can also be analyzed within the same framework of analysis.

8For an early application of the use of information bottleneck techniques in
learning, see [253], [259].

9As the proof reveals, sufficiently weak pairwise dependence will suffice for
condition 3, but we impose mutual independence for convenience. Moreover, while
condition 4 alone implies a degree of weak marginal dependence, it is insufficient.
Finally, conditions 3 and 4 together can be viewed, in some sense, as “entropy
maximizing” conditions.
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For example, the following result is proved in Appendix C.8.1

Proposition 5.18. Given ¢ > 0, Pyy € P**? and variables U = U*
and V = V" in the Markov chain (5.7), then
2k
max I(V*; X) = max I(U";Y) = — ZO’Z'Q +o(€?), €—0,
v u* 2 =

where the maximization is over all configurations of (U*, V*) such that:
constituent variables U;,V;, i = 1,..., k satisfy:

1) max{I(U; X),I(Vy;Y)} < €2/2;

2) they are binary and equiprobable, i.e., U;,V; € {+1,—1} and

3) U * and V* are each collections of independent variables; and

4) the U " and V" are collections of conditionally independent vari-
ables given X and Y, respectively.

Moreover, the maximum is achieved by the configurations (5.37).

As a further comment, work on aspects of the more general informa-
tion bottleneck problem and the associated role of hypercontractivity
analysis in its treatment includes [3], [10]-[12], [35], [142], [155], [196],
[226], [228]. From this perspective, the development of this section
reveals that a number of the subtleties that complicate such analysis
and lead to anomalous behavior are avoided by the restriction to local
variables.

5.7 Universal Features via Wyner Common Information

As we develop in this section, there is a key relationship between the
optimizing multi-attributes (U*, V*) in Section 5.6 (and Section 5.5),

9Other variations of this result correspond to avoiding the binary, equiprobable
and mutual information constraints and instead using D(Px |y (-|u)|[Px) < )
for all u € U. Alternatively, by the equidistant property of capacity-achieving
output distributions, we can equivalently express this divergence constraint as
maxp, [(X;U) < /2.
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and the Wyner common information C'(X,Y") in the pair (X,Y") charac-
terized by a given joint distribution Py y. Recall that Wyner common
information can be expressed in terms of an auxiliary variable W ac-
cording to [279]

C(X,Y)2 min I(W;X,Y), (5.50)

PW|X,Y3
XeWeY

and satisfies C(X,Y) > I(X;Y).
The results we obtain are for the case where X and Y are extra-
weakly dependent; specifically, for some € > 0,

Bl <e, (5.51)

where || - ||, denotes the nuclear norm of its argumen‘c.11 We refer to
X and Y as sub-e¢ dependent in this case, since by standard norm
inequalities [97]

IBllr < Bl (5.52)
whence Py y € Nzc Xl"(PXPY), i.e., sub-e dependence implies e-depen-
dence.'? We further use NgX%(PXPy) to denote the joint distributions
in PY with sub-e dependence given marginals Py and Py, via which
(5.52) expresses

NEY(pyePy) € NPy Py). (5.53)

Under sub-¢ dependence, we define the following restricted common
information.

Definition 5.19 (e-Common Information). Given Py y € NECXH(PXPY)
for € > 0, the e-common information is

C(X,Y)= min I(W;X,Y), (5.54)

Py x,y €P.

HSpeciﬁcally, the nuclear norm of an arbitrary matrix A is
AL 2 t(VATA) = oi(A),

where o;(A) denotes the ith singular value of A. Note that the nuclear norm is the
Ky Fan k-norm with k = rank(A), i.e., [|All. = Al canka))-

20f course, since ||A||, < y/rank(A)||A|r for any A, we also have that e-
dependence implies sub-(Ke¢) dependence. In turn, O(e)-dependence and sub-O(e)
dependence are equivalent.
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where
P E {PW|X7Y € iPW, some W: X +& W < Y and
X
Py (-[w0) €N (Px)s Prpw (-[w) €NV (Py),
for all weW and 6(-) > 0 such that lin% d(e)—0. } (5.55)
€E—

In Definition 5.19, a configuration of W such that Py xy € P,
takes the form
X
X (Pyy) 2 {W, {PW< ), we W},

{wawcww), w e W} (5.56)

subject to the constraints
Py (-lw) € Nix/@(f’x)a weW, (5.57a)
Py (-|w) € N (Py), w e W, (5.57b)

for some § such that d(¢) — 0 as e — 0, and

Pxw (z|w) Py (ylw) = Px yw (2, y|lw). (5.58)

In turn, (5.58) implies the constraint

Z Py (w) PX\W@”U}) PY\W(?J\U)) :PX,Y($7?/)7 (5.59)
weEW

which further implies the constraints

> Py (w) Py (zw) = Px(x) (5.60a)
weW
> Py (w) Pypy (ylw) = Py (y). (5.60b)
weWw

Defining the information vectors

XW () 2 Pxw (zlw) — Px (z)

5.61a
Vé(e)v/ Px () ( )
YIW () A Py (y|w) — Py (y) (5.61b)

Vé(e)yPy(y)
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and
JXYIW (0 0y 2 Px yiw (@, y|w) —PX( )PY(y)’ (5.61¢)
V26 (€)\/Px (x
we can equivalently express (5.56) in the form
eX(Pxy) & {W, {Pw(w), we W},
{¢u", we W
{prV w e W}} (5.62)
subject to the constraints
XWe g wew, (5.63a)
YW egd wew, (5.63b)

which correspond to (5.57), and

FXYW (5 ) = GEXVW (g oy 4 [XE GXW 0y YW () (5 640

r,y) = 5

with
XYWy 1 X|w YW 64h
W (2,y) 7 Py(y) o' (z) +/Px(2) ¢y (y)), (5.64b)

as well as

(€ Py (w) o™ () 0" (y) = By, z), (5.65)
weW

forx e X, y €Y, and

Z Py (w) 5|W(w) =0, zeX, (5.66a)
weW
S Pyw)on™(y) =0, yed, (5.66b)
weW

which correspond to (5.58)—(5.60), respectively. In particular, we obtain
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(5.66) from (5.60) using (5.61a)—(5.61b), and we obtain (5.64) from

PX,Y|W(%?J|UJ) (5.67)
= Pxw (2|w) Py (y|w) (5.68)
= (Px(2)+ V(o) |/ Px(2) 60" ()

(Prw) + Voo Py ou™ )

= Px(z) Py(y) + V(e)y/ Px (z) Py (y)
VP a2 @)+ /@) 6 )

+ Vol on" @ o W], (5.69)

where we have used (5.58) and (5.61a)-(5.61b), and where we recognize
the term in brackets as /2 fU(’Y‘W(x) according to (5.61c). Finally,
we obtain (5.65) from the expectation of (5.69) with respect to Py,

yielding

Pxy(z,y)

= Z Py (w) PX‘W@’U}) Py|W(y‘w)
weW

= Px(z) Py (y)

+/Px (@) Py(y) 8(e) Y Py (w) o™ (x) ooy (), (5.70)

weW

where we have used (5.66), and where we recognize B(y,z) as defined
in (2.28) as the final factor in (5.70).

The following variational characterization of the nuclear (i.e., trace)
norm (see, e.g., [16], [230]) is useful in our development.

Lemma 5.20. Given an arbitrary k; x ky matrix A, we have

min
{*, M, eRF17** M,eR"*F2 .

M, M,=A}

1 1
(3IMll + 5 IR ) = AL (.71)

In particular, we obtain that the e-common information is given by
the nuclear norm of B. A proof is provided in Appendix C.9.
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Proposition 5.21. Given Py y € NPy Py) for € > 0, we have'®

C(X,Y) <C(X,Y) = Bl +0(e), €—0, (5.72a)
where
B K-1
IBll, = > o, (5.72Db)
=1

which is achieved by the configuration
Cic " (Pxy)
_ {wz (41, +(K — 1)},

Iw|
(w) = =00
2B,

Py (wfw) = Py (2) (1 + sgn(w) [BIY fi(@)),

Priw(vlw) = Pr(w)(1+ senlw) [BI gt w) . (573)

and d(e) = e in (5.55).

We note that while in general the cardinality of W in the charac-
terization of Wyner common information is known only to satisfy the
upper bound |W| < |X| x |Y|, we obtain that cardinality |W| = 2(K —1),
which is much smaller when X and/or Y is large, suffices to achieve
e-common information as € — 0.

Given data (z™,y™) from the extended model

X" oW Yy™, (5.74a)

3Since I(W; X,Y) > max{I(W;X),[(W;Y)} by the chain rule, it follows that
our result does not change if we further include in (5.55) of Definition 5.19 all
distributions Pxw (-|w) and Py w (-|w) that for all w € W do not depend on ¢,
since they will give rise to nonvanishing I(W; X) and I(W;Y). In essence, the
configurations our definition omits are those for which the Py is increasingly severely
imbalanced as € — 0.
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with
m
Pymyy (2™ w) = [T Pxyw (]w) (5.74D)
=1
Py (y" [w) = T Pryw (yilw) (5.74c)
i=1
Pym ym (2™, y™) = [ Pxy (@i v2), (5.74d)
i=1

it further follows from Proposition 5.21 that
R ESTT 4T (5.75)

with Sffl and T*K*1 as defined via (5.12), is, as € — 0, a sufficient
statistic for inferences about the e-common information variable W, i.e.,
we have the Markov chain

W RET o (SELTE Y o (XM Y™), e—o. (5.76)

In particular, we have the following result, a proof of which is provided
in Appendix C.10.

Corollary 5.22. In the solution to the optimization in Proposition 5.21
for the extended model (5.74),

o N *
Py (wla™, y™) =~ (14 msgn(w) [BIL/? 1y ) + o(Ve),

2B,
(5.77)
as € — 0, where, consistent with (5.75),
r; =s; +1, (5.78)

and s; and ¢; are as defined in (5.42).
The sufficiency relation of Corollary 5.22 can be equivalently ex-
pressed in the form
 I(W; XM Y™)
im ——————
<0 I(WiR. )

In essence, Corollary 5.22 shows that in making inferences about the e-
common information variable W from high-cardinality data (X™,Y™),
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it is sufficient to extract a low-dimensional real-valued sufficient statistic
RE~1 And we emphasize that a consequence of the way common
information is defined is that the sufficient statistic Rf_l involves
separate processing of X" and Y.

5.8 Relating Common Information to Dominant Structure

The e-common information variable W of Proposition 5.21 can be re-
lated to the dominant structure sequence pair (U K_l, VK_I) of Propo-
sition 5.16 (and Proposition 5.13). To develop this, let us equivalently
express W as

WEAWET = (W, W), (5.79a)
where each W; is a variable defined over alphabet
W, £ {-1,0,+1} (5.79b)
according to
+1 W =1

0 otherwise.

We can interpret W; as effectively capturing the e-common infor-
mation in (U;,V;), which is defined, consistent with Definition 5.19,
as

CE(U’H‘/Z) = min N I(WHU’L?‘/:L)? (580)
Py u, v, €Fe
where

I { Py v, € Twi, some W;: U; < W; > V; and
T uz T vz
PUi|Wi('|wi) EN\/@(PU)’ P\/Z.|Wi(‘|wi) GN\/@(PVZ-%
for all w; €W, and (-) > 0 such that liII(l) d(e)—0. } (5.81)
€E—
In particular, we have the following result, a proof of which is
provided in Appendix C.11.
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Corollary 5.23. Given Pyy € NX*/(PyPy) for € > 0, and let W'
be the representation (5.79) of the optimizing e-common information
variable W in Proposition 5.21. Then

K—-1
C(X.Y)=I(W;X,Y)=> I(W;;X,Y)+o(e), e—0, (582
=1

where
IW; X,)Y)=0;+0(e), €e—=0, ie{l,..., K —1}. (5.83)

Moreover, if (U K_l, VK_I) are the optimizing é-multi-attributes in
Proposition 5.16 for some € > 0, then

C.(U;, V) =@ TI(W; X,Y) + 0(e%), &e—0, ie{l,...,K—1}
(5.84)

The associated data processing implications follow from the extended
Markov structure (5.74). In particular, an (asymptotically) sufficient
statistic for making decisions about W; from (X, Y™) is

R =S+ 1T/, (5.85)
i.e., we have the Markov chain
W; < R < (S;,T;) < (X™,Y™), €—0.

In particular, we have the following result, a proof of which is provided
in Appendix C.12.

Corollary 5.24. For W; as defined in (5.79),

PWi\Xm,Ym (w;lz™, y™)

2”%, (14 mw; B2 1)) + o(ve) w; =1

- L (5.86)
1— —=— |+ o(Ve) w; =0,
( HB\*>

as € — 0, whose dominant term depends on 2", 3™ only through r;".
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By comparison, W; satisfies the asymptotic Markov structure
W, < Z; < R < (X", Y™),
in the limit €,e — 0, where
Z; = U; + V. (5.87)

In particular, we have the following result, a proof of which is provided
in Appendix C.13.

Corollary 5.25. For W, as defined in (5.80),
PWi\Zi,mem (ID¢|Z¢, xm> ym)
1 b, 2.) J57) /2 2 = 42
— o(e/e) + {(() +sen(@i20) VO)/2 z . (5.884)
Z; =Y,

as €, € — 0, whose dominant term depends on 2", 3™ (and thus r}) only
through z;, and

PZZ-\X’”,Y”L(Zi\xm:Z/m)

= o(€) + {(1 +émsgn(z)ri) /4 z = +2

(5.88b)
1/2 Z; = 0,

as € — 0, whose dominant term depends on ™, y™ only through r;.

5.9 Universal Features and Gacs-Korner Common Information

In contrast to the formulation of Wyner, a notion of common information
better suited to some applications is that introduced by Géacs and
Korner [89], and further developed by Witsenhausen [277]. Recall that
with functions f: X — W and ¢g: Y — W, the Gacs-Kbérner common

. . . 14
information can be expressed in the form

C(X,Y)= max H(f(X)), (5.89)

fig9:
P(f(X)=g(Y))=1

“"We use H (Z) to denote the entropy of a random variable Z.
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and satisfies C(X,Y) < I(X;Y), in contrast to Wyner common infor-
mation. Moreover, as shown in [4], [5] (and, additionally, [141]), an
equivalent characterization in the form of a dual to (5.50) is
C(X,Y)= max I(W;X,Y). (5.90)
Py x,v:

W XY,
XYW

As established in [277], Gacs-Korner common information can be
expressed in terms of universal features rather simply, in contrast to
Wyner common information. To see this, the following lemma is useful;
a proof is provided in Appendix C.14.

Lemma 5.26. For given k € {1,..., K—1}, Py, Py, ff, and gf, consider
the family of Py y- of the form (2.15) satisfying (2.16) and having o; = 0
for k <i < K — 1. Then'’

k
max [(X;Y) = Z Py (x log< + Zfz*($)2>,
i=1

(011"'10'k) zeX
(5.91)
and the maximum is achieved when 0y =--- =0, = 1.

In particular, use of this lemma yields the following result, whose
proof is provided in Appendix C.15.

Proposition 5.27. In terms of the decomposition (2.15), the Géacs-
Koérner common information takes the form

(s B
C(X,Y) = 2 Pxla 1°g<1+zfz )—H(f*(X» op=1

zeX
0 otherwise,
(5.92)
where k € {1,..., K — 1} is defined via the property that o; = 1 for
i < kando; <1 fori>k.

15By symmetry, it further follows that

max 1(X;Y) = H => Py(y) log(l—l—Zgz )

y€eY
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As (5.92) reflects, maximizing f and ¢ in (5.89) are the maximal
correlation features when the maximal correlation is unity, in which
case

P(fE(X) = gi(V)) =1,

and the corresponding optimizing alphabet is
W = F5(X) = g¥(Y) C RY,

Distributions for which C(X,Y") # 0 include those of Examples 2.7, 2.8,
2.9, and 2.10, for instance. Evidently, C'(X,Y") # 0 only for distributions
Py y with very special structure, and in particular C(X,Y) =0 when

X and Y are weakly dependent.
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Learning Modal Decompositions

Having now characterized and interpreted universal features in a variety
of complementary ways, in this section we now turn our attention to
the problem of their estimation from training data. Indeed, since the
universal features developed in Section 5 are naturally expressed in
terms of the modal decomposition (2.15) of the joint distribution Py y,
efficient learning of this decomposition from data is key to the practical
applicability of these features. We discuss aspects of such issues in this
section.

A suitable development arises out of orthogonal iteration method of
computing an SVD, which itself arises out of the variational characteri-
zation of the SVD. In particular, Section 6.1 shows that the statistical
interpretation of orthogonal iteration takes the form of what is referred
to as the alternating conditional expectations (ACE) algorithm intro-
duced by Breiman and Friedman [38]. In turn, Section 6.2 develops
aspects of the sample complexity of feature recovery, in partial support
of the empirical observation that in practice the dominant modes can
typically be recovered with comparatively less training data.

We begin by more fully describing the scenario of interest. To this
point in our development, for pedagogical reasons our model has been

72
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6.1. Computing the Modal Decomposition 73

that Py y is known, by which we mean practically that it has been
reliably estimated from some training phase. When this is the case,
the problem of computing the modal decomposition is simply one of
computing the SVD of the associated CDM B. However, in practice,
of course, learning Py y from samples is an important aspect of the
overall feature selection process in the inference pipeline.

From this perspective, there is a need to understand both the
computational and sample complexity of universal feature recovery.
Accordingly, it will be convenient in our exposition to first consider the
modal computation from known Py y-, from which some of the compu-
tational complexity issues can be appreciated, then use the resulting
foundation to address the problem of learning the modal decomposi-
tion from samples, through which sample complexity behavior can be
examined.

6.1 Computing the Modal Decomposition

Given Py y, computation of the SVD of B is a straightforward exercise in
numerical linear algebra. In particular, from Py y we compute marginals
Py and Py, then construct B via (2.29), then apply any of many well-
established numerical methods for computing the SVD of a matrix—see,
e.g., [97], [237], [264]. However, in this section we further develop an
interpretation of the resulting computation in the context of probabilistic
analysis that will be insightful in the sequel. We emphasize at the outset
that the results of this subsection are largely not new, but rather
establish the viewpoints and interpretations we need for our subsequent
development.

6.1.1 Orthogonal Iteration

Among the oldest and simplest approaches to the computation of the
principal singular value and vector of a matrix is referred to as power
iteration or the power method [97], [237], [264]. Moreover, power iteration
can be used in a sequential manner to recover any number of the largest
singular values and their corresponding singular vectors. However, when
the first 1 < k < K — 1 dominant modes are desired, it is more efficient
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to compute them in parallel via a generalization of power iteration.
The most direct generalization is referred to as orthogonal iteration
[97, Section 7.3.2].1 This algorithm has a corresponding relation to
the generalized variational characterizations of the SVD we have used
throughout our analysis.

To implement orthogonal iteration, we start with some |X| x k
matrix \il)i’o, which is typically chosen at random, and then execute
the following iterative procedure:

1. Set 1 =0.
2. Orthogonalize li’ii’)l to obtain \i'fli)l via the (thin or reduced) QR

decomposition [97]

= X1 A&X1 Xl
\Il(k) = \Il(k) Q(k), (6.1)

in which (-)g;’)l is a k x k upper triangular matrix.

3. Compute
=Yl _ fa Xl
Yoy =By, (6.2)
then orthogonalize to obtain \ilé’é via the (thin or reduced) QR
decomposition
TVl _ &Yl QY
Py = ¥y Oy (6:3)
in which @)él) is a k x k upper triangular matrix.
4. Produce the update
= Xl T & Yl
Tt =B (6.4)

5. Increment [ and return to Step 2.

The QR decompositions employed in the orthogonalizations in this
algorithm can be directly implemented using, e.g., the Gram-Schmidt
procedure. However, numerical stability can be improved in practice
through the use of Householder transformations [97].

' A refinement of orthogonal iteration referred to as QR iteration [97, Section 7.3.3]
forms the basis of most practical implementations, and can be used in conjunction
with various acceleration techniques.
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The convergence of this procedure depends on the properties of

X,0

A= (\Il( )) \Il(k) , (6.5)

where \Ilf,i) is the matrix of dominant singular vectors defined in

(3.15). In particular, using a; ; to denote the (i, j)th entry of A, when

01,...,0;y1 are unique and there exist distinct jq,...,J; such that

a; j, 7 0 for each i, then we obtain, as | — oo, [97, Theorem 7.3.1]
Xl

Yl

2 YV,I\T Xl

with X as defined following (3.16). Moreover, convergence is expo-

nentially fast.> When o4, ..., 04 are not distinct (but still o, > Oki1),
natural generalizations of these results are obtained [97, Theorem 7.3.1].

6.1.2 Statistical Interpretation as the ACE Algorithm

The use of orthogonal iteration to compute the dominant modes in
(2.15) has a direct statistical interpretation that corresponds to what is
referred to as the alternating conditional expectations (ACE) algorithm

[38], [270].
In particular, choosing the correspondences
f e Y@ g s $E)
' Px(z)’ ' VPx(z)’

fori=1,...,k, with

xp();)l_[}w m @é)’:[*X:l —5,1]7
L AR 4 B 7/ [

2However, it is worth emphasizing that the closer a pair of dominant singular
values are to each other, the poorer the convergence rate.
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we can rewrite the procedure of Section 6.1.1 in the form of Algorithm 1,
which iteratively computes both the dominant & features ( ff , g,’f ) and

O-(k) = zk: O
=1

the Ky Fan k-norm of B. As such, the convergence behavior follows
immediately from the corresponding analysis of orthogonal iteration.®

To obtain Algorithm 1, we use that (6.1) and (6.3) can be equiva-
lently expressed in the form®

@)= ©F)) ffa), zex
7w = () 9", vey.

via which we also obtain

3 Prla) @) @) = (#15) "G = (04" el

zeX
S Pr(y) g ) 8 ()" = (Bl) " hy = (©0) O,
yeY

since
£ X \T G X £V \T &Y
() Wiy = (¥(y) ¥ =1L
Additionally, we use that, via (2.28), (6.2) and (6.4) can be equivalently
expressed in the form

7"(y) = \/T 3" Bly,z) /Px(z) f*(x)

zeX
—E[ XY =y] - E[f*(X)]
) = W IZE;CB y,2) /Py (y) §* (y)

— E["(V)|X =] - E[g"(V)].

*We emphasize that the Cholesky decompositions in Algorithm 1 are unique
when the associated covariance matrices are full rank, which is the case when: 1)
the singular values are distinct; and 2) the covariance matrix of the initialization is
positive definite, with components correlated with each of the dominant features in
the modal decomposition.

“*For convenience, in this derivation, we drop the dependence on iteration (super-
script 1) from our the notation, consistent with the notation in Algorithm 1.
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Algorithm 1 ACE Algorithm for Multiple Mode Computation

Require: Joint distribution Py y, number of modes k
1. Initialization: randomly choose f*(z), Vo € X
repeat

2a. Center: f*(z) « f*(x) —E[fk(X)}, VreX
2b. Cholesky factor:
E[F*(X) F*(X)"] = (&) " e,
2c. Whiten:
@) (©f) " () Yo ex
2d. gy )HE[f (X)|Y= ul, vy €Y
2. Center: 3" (y) « §"(y) —E[g"(Y)], Wye}Y
2f. Cholesky factor:
E[g"()g"(V)"] = (@) Ol
2g. Whiten:
§"(v) + (O) " §"W), Yy ey
2h. f¥(x) « E[F(V)|X =], Vo e X
2i. 6™ — E[F* ()9 (V)]
(k)

until 6" stops increasing.

The version of record is available at: http://dx.doi.org/10.1561/0100000107



78 Learning Modal Decompositions

Note, too, that via standard Bayesian estimation theory, the con-
ditional expectations in Algorithm 1 can be interpreted as minimum
mean-square error (MMSE) estimates, and thus we can equivalently
write the corresponding steps 2h and 2d as optimizations; specifically,
we have, respectively, the variational characterizations

)« argkminIE[ka(X) ~ " )] (6.6a)
")

7C) argkminIE[ka(X) ~d" M7, (6.6b)
g ()

where we note that these optimizations can, themselves, be carried
out by an iterative procedure. Such implementations can be attractive
when there are constraints on ff (+) and gf (-) based on, e.g., domain
knowledge and/or other considerations.

6.2 Estimating the Modal Decomposition from Data

When the joint distribution Py y is unknown, as is common in applica-
tions, but we have (labeled) training data

(‘Té {(xbyl)a""(mn)yn)}v (67)

drawn i.i.d. from Py y, we can replace Py y in Algorithm 1 with the
empirical distribution

PXny Z]lxm Y=y; (68)

to generate an estimate of the modal decomposition. In this case, the
expectations in Algorithm 1 are all with respect to the corresponding
empirical distributions. In particular, those in steps 2a-b and 2e-f are
with respect to, respectively,

Px(x)ész,y(mvy) and PY ZPXny
y
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while those in steps 2d and 2h are with respect to, respectively,

: Py (e : Py
Prylely) 2 P2ED anad By & D00,
Y X

and that in step 2i is with respect to ]5X7y(x, Y).

Evidently, in this version of Algorithm 1, the computational com-
plexity scales with the number of training samples n. There are a variety
of ways to reduce this complexity in practice. For example, among other
possibilities, in each basic iteration we can choose to operate on only a
(comparatively small) randomly chosen subset of the training data and
exploit bootstrapping techniques.

It is also worth emphasizing that in some scenarios we may have
both labeled and unlabeled training data available, the latter of which
correspond to samples 1, ...,z r and yy,...,y, s, drawn i.i.d. from Py
and Py, respectively. While labeled data is typically expensive to obtain,
since the labeling process often involves a significant amount of manual
labor, unlabeled data is comparatively inexpensive to obtain, since
no correspondences need be identified. As such, it is often possible to
accurately estimate Py and Py . In such scenarios, the corresponding
version of Algorithm 1 replaces Py with an estimate based the labeled
training data subject the marginal constraints Py and Py, which can
be constructed in a variety of ways.5

In the sequel, we quantify the accuracy of the modal decomposition
when estimated from data. In light of the preceding discussion, for

this analysis, fi*, g;,and 6; for i = 1,..., K are defined via the modal
decomposition
A K A,
Pxy(xz,y) = Px(2) Py(y) |1+ 6, fi () 3 (v) |, (6.9)
i=1

where 6, > -+ > 65 > 0 and E[f7(X) f{(X)] = E[5; (V) §; (V)] =
1,—; for i,j € {1,..., K}. We emphasize that in (6.9) we only have
6k =0 and E[f;(X)] = E[g;(Y)] =0 for i € {1,..., K}, when Py =

®Such estimation procedures for Py y are often referred to as raking and have a
long history. A common approach is to use iterative scaling (iterative proportional
fitting) [71], [134]. See also, e.g., [95], [104], [275].
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Py and Py = Py.6 Accordingly, in analysis, we will frequently find it
convenient to use the equivalent zero-mean features
fi(@) & f (2) —E[ff (X)] (6.10a)
9i () = 3i (y) — E[gi (V)] (6.10b)
fori=1,..., K.
The decomposition (6.9)A corresponds to the singular value decom-
position of the quasi-CDM B whose (y, z)th entry is

(z,) N pX,Y(»’U’Z/) — Px(z) Py (y)
’ Px(x)VPy(y)

o

(6.11)

ie.,

B2 [\/ﬁ} - [f’YX — Py PX} {\/ﬁ} (6.12)
fj DY (5)T, (6.13)
=1

where the smgular vectors in (6.13) have elements

2\ /Py(z) ff(z), ze€X, (6.14a)
wﬁy) VP (W) aiy), yey, (6.14D)

fori=1,..., K.
There are several aspects of the modal decomposition estimation
whose sample complexity is of interest, which we now address.

6.2.1 Sample Complexity of Maximal Correlation Estimates

In this section, we determine the number of samples required to ob-

tain accurate estimates &1,...,d; of o,...,04, for k € {1,...,K}.7
Specifically, we focus on the measure
k
k A .
1 (Pxy, Pxy) £ 16; — o4, (6.15)
i=1

and related quantities.
We begin with the following tail probability bound, a proof of which
is provided in Appendix D.1.

®As such these properties effectively hold when n > max{|X|,|Y|}.

7Although the case k = K is typically less of interest (since ox = 0), we include
it for completeness. For this case, fi (X) and gKISY can be chosen freely subject to
the constraint that they are uncorrelated with £~ (X) and g~ ' (Y), respectively.
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Proposition 6.1. For Pxy € P et py > 0 be such that
PX(‘T) ZpO and PY(y) 2]707 all z € xu yey (616)

Then for k € {1,...,K} and 0 <6 < \/k/2/py,

k 1 pgdzn
5. g > < Z_ )
P<;|JZ O‘l| > 5) < exp{4 ok }, (6.17)

where &; for i = 1,..., K are defined via (6.9) with PX’Y denoting the

empirical distribution based on n training samples.
A key consequence of Proposition 6.1 is the following corollary.

Corollary 6.2. Suppose Pyy € P i such that (6.16) is satisfied
for some pg > 0. Then for k € {1,..., K} and n sufficiently large that
n > 16 log(4kn),

2
. KZ’“:’J B Ui|> ] _ Gk -+ 8klog(nk) 6.15)
=1

2
Pom
where 6; for i = 1,..., K are defined via (6.9) with ]3X7y denoting the

empirical distribution based on n training samples.

The proof of Corollary 6.2, provided in Appendix D.2, makes use
of the following simple lemma, which is a straightforward exercise in
calculus.

Lemma 6.3. Given a,b > 0, the convex function ¢, ;,: R — R defined
via

Pap(W) Ew+ ae ™, (6.19)

has its minimum at
w, = argurjnin Pap(w) = %log(ab), (6.20)

where it takes value
min 0, () = Paplecs) = o8, (6.21)
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Additional consequences of Proposition 6.1 and Corollary 6.2 are
k
> (6i—ay)

that .
1 pydn
P >0 < —_—
(il B >_eXP{4 8k }

. (z’“: 51 @-))2] Ok -+ 8k log(nk)

i=1 bon

and

respectively, which follow from the triangle inequality; specifically,

0i(Ay) —0;(Ay))

< Z‘Uz _Uz AQ)‘

(6.22)

AL — Azl = D

i=1

for any Ay, Ay € RM*% and k € {1, min{ky, ko}}, with oy () > -+ >
Omin{k, k,} () denoting the ordered singular values of its (matrix) argu-
ment.

And still further consequences of Proposition 6.1 and Corollary 6.2

are that
k 9 9 1 pg 5°n
P . — o) >07) < i
(Z(Ul o;)" > ) < exp{4 ok }

=1

and

k
E 2(6‘ B J'>2 < 6k + 8k log(nk)

% i 2 )
i=1 bon

respectively, which follow from the standard norm inequality

la*[| < l|a"|, £ > lai),  any k and o*. (6.23)
i=1

Finally, for e-dependent X and Y, variables X (k), Y® defined via
(4.30a) have mutual information I(X(k);Y(k)) given by (4.30). Accord-
ingly, a natural estimate of this mutual information is

1 k
I(xWiy®y 2 =852,

2 i=1

$Note that (6.22), in turn, means that, more generally, Lemma D.2 in Ap-
pendix D.1 also quantifies the stability of Ky Fan k-norms.
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for which the error is

. 1

T(x®,y®hy _ p(x®, y ™)y — 5 2 (07 =67) To(®), €~ 0. (6.24)
i=1

The results of Proposition 6.1 and Corollary 6.2 can be used to bound

the error (6.24); specifically, we have the following corollary, whose

proof is provided in Appendix D.3.

Corollary 6.4. Suppose Pxy € P i such that (6.16) is satisfied for
some py > 0, and let 6; for i = 1,..., K be defined via (6.9) with ISX7Y

denoting the empirical distribution based on n training samples. Then
for any k € {1,...,K} and 0 < § < \/k/2/p3,

1 pg52n
>0 | <exp 1 sh ([ (6.25)

(Bt

i=1

and, for n such that n > 16log(4kn),

1N 0 o
E 5;(%—%)

More generally, it should be emphasized that, as the proofs of
Proposition 6.1, Corollary 6.2, and Corollary 6.4 reveal, their results

2
k + 8k1 k
] §6 + 8k log(n ) (6.26)

1
bon

hold not only for the k£ dominant singular values &; and o;, but for
arbitrary (corresponding) subsets of k singular values.

It is also worth noting that Proposition 6.1, Corollary 6.2, and
Corollary 6.4 all suggest that when some value of  (or some value of
y) occurs with low probability, then estimating the singular values can
require a correspondingly large amount of data. An instance of this is
Example 2.7 when ¢ is small.

6.2.2 Sample Complexity of Feature Estimates

In this section, we determine the number of samples required to obtain
accurate estimates

ik ps pS vk v v
f*:(fikvvfl:) and g*:(g;agl:)
of the features ff and gf, respectively, for k € {1,..., K — 1}. Our
development focuses on measuring the accuracy of these estimates by
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84 Learning Modal Decompositions

the extent to which they preserve as much of the mutual information

between X and Y as possible, in the local sense, corresponding to

a% 4+ -+ a,%,. Specifically, we measure this via®

15 (Pxy, Pxy) 2 Ep, [[[Epy, XX = [Epy, [FEXO]]- (6:27)

To facilitate interpretation of the measure (6.27), note that since
IBEY|lg =Ee, [[Epy, " CONF. (6.28)

with =% denoting the collection of feature vectors associated with fk
as defined in (3.12a), we have

max Ep, Epy [FFEON] = Ep, [[Epy, [FECONT] = 3 oF,
k =1

where F, is as defined in (3.6¢).
We begin with the following tail probability bound, a proof of which
is provided in Appendix D.4.

Proposition 6.5. Let Py y € P*Y be such that (6.16) is satisfied for
some py > 0. Then for k € {1,..., K} and0§5§4k‘10

Pis (Er, [[Ery, AN = By (O] = 0)
p052n

< (1% + \‘él)exp{— e } (6.29)

where f; for i = 1,...,K — 1 are defined via (6.10a) and (6.9), with
pr denoting the empirical distribution based on n training samples.

Note that by symmetry, it also follows immediately from Proposi-
tion 6.5 that

P (Er [0y, 0O = By [ 2 6)

9To avoid unnecessarily cumbersome expressions, we have left implicit the condi-
t1on1ng on fr () in the expectation in (6.27).

""With slight abuse of notation, we use P (- ) to denote probability with respect
to the distribution governing the random map f* OF
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6.2. Estimating the Modal Decomposition from Data 85

where, analogously, §; for i = 1,..., K — 1 are defined via (6.10b) and
(6.9).

A key consequence of Proposition 6.5 is the following corollary,
whose proof, provided in Appendix D.5, makes use of Lemma 6.3.

Corollary 6.6. Let Pyy € P be such that (6.16) is satisfied for some
po > 0. Then for k € {1,..., K} and n sufficiently large that

bon 1

N (6.31a)
and

1% > log(%ﬂm + |g|))7 (6.31b)
we have

Eff |:(EPY |:HEPX\Y [ff(X)} H2 - HEPX\Y [ff(X)] HQ])Q:|
2 _
_ o4 (oalpon (Xl £ 1901 =3)

P

where f; for i = 1,..., K — 1 are defined via (6.10a) and (6.9), with
IE’X’Y denoting the empirical distribution based on n training samples,
and where (with slight abuse of notation) we use E & [-] to denote

f
expectation with respect to the distribution governing the random map

fE

As with the case of maximal correlation estimates, we note that
Proposition 6.5 and Corollary 6.6 suggest that a large amount of data
is required to estimate the features when some value of x (or some
value of y) occurs with low probability. An instance of this is, again,
Example 2.7 when ¢ is small.

6.2.3 Complementary Sample Complexity Bounds

In Proposition 6.1, we bound the sample complexity of maximal correla-
tion estimates via a Frobenius norm bound, while in Proposition 6.5, we
bound the sample complexity of feature estimates via a spectral norm
bound. However, we may interchange these analyses, using spectral
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86 Learning Modal Decompositions

norm bounds to analyze sample complexity of maximal correlation esti-
mates, and Frobenius norm bounds to analyze the sample complexity
of feature estimates.

In this way, we obtain complementary results. In particular, we have
the following alternative bound on the sample complexity of maximal
correlation estimates, a proof of which is provided in Appendix D.6.

Proposition 6.7. For Py y € iPXXH, let pg > 0 be such that (6.16) is
satisfied. Then for k € {1,..., K} and 0 < § < k,

k 2
P(Z!@ — oy > 6) < (I + |9r)exp{—p°5 ”} (6.33)
=1

4>

where &; for i = 1,..., K are defined via (6.9) with PX’Y denoting the
empirical distribution based on n training samples.

Moreover, Proposition 6.7 can be used to obtain an alternative
version of Corollary 6.2.

Likewise, we have the following alternative bound on the sample
complexity of feature estimates, a proof of which is provided in Ap-
pendix D.7.

Proposition 6.8. Let Py y € P*Y be such that (6.16) is satisfied for
some py > 0. Then for k € {1,..., K} and 0 < < (4/po)/V k/2,

s (B 1By [FECON" - [Br, £ 2 9)

2 2
< exp{l _ %o ”} (6.34)

4 128k

where f; for i =1,...,K — 1 are defined via (6.10a) and (6.9), with
]3X7y denoting the empirical distribution based on n training samples.

Proposition 6.8 can similarly be used to obtain an alternative version
of Corollary 6.6.

Comparing (6.33) to (6.17) for maximum correlation estimates, and
(6.34) to (6.29) for feature estimates, we see that the alternative bounds
depend on the parameters in different ways, and apply in different
regimes. As such, each may be better than the other in different regimes.
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6.2.4 A Related Measure of Feature Quality

A natural measure of feature quality closely related to that defined in
(6.27) is
k A 2 kT 7k kT
fo (Px v, Pxy) £ [E[f(X) g (V)] —E[f(X) 3 (V) ]| (6.35)

See Appendix D.8 for an analysis of (6.35), which establishes that
sample complexity bounds very similar to those for (6.27) apply.

6.2.5 Sample Complexity Error Exponent Analysis

Further sample complexity results can be obtained in the limit n — oo
via large deviations analysis, complementing the results of Sections 6.2.1—
6.2.3.

In this analysis, for a given IE’X’Y we focus on the empirical DTM B

whose (y, z)th entry is''
R P :
B(x,y) & — xy (@ f/) , (6.36)
Py (x)y/ Py (y)
for which fi, g7, and 6, for i = 1,..., K are defined via the modal

decomposition

K—
ny(%y) = PX(l‘ Z i f )1 ) (6.37)

where 61 > -+ > 6_1 > 0 and
Ep [f7(X) f{(X)] =Ep [5](Y)9; (V)] = Ligj, 6,5 €{1,..., K—1}.

Eq. (6.37) corresponds to the singular value decomposition

K—
Zfﬂbz (i), (6.38)

1=0

11By contrast, in the preceding sections the analysis focused on the quasi-CDM
defined via (6.11), which uses true instead of empirical marginals and removes the
zeroth mode, resulting in the decomposition (6.9). However, the re-use of notation
is convenient. Also, more generally B(z,y) 2 0 for all (z,y) € X x Y such that
Py (z) = 0 or Py (y) = 0, consistent with (2.9).
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88 Learning Modal Decompositions

where for ¢ = 1,..., K — 1 the singular vectors in (6.38) are related to
the feature vectors in (6.37) as in (6.14), and where [cf. (2.14)]

A X 5 Y 5

Go=1,  ¢p(x) =\ Px(x),  oy)=VFr(y):

Motivated by the analyses in the previous sections, we consider the
following neighborhoods of P y-:

S5(Pxy) 2 {Pxy € 2% |B- B <4} (6.39a)
S3(Pyy) 2 {PX’Y e PV BB, < 5} (6.39Db)
$h(Pxy) 2{Pxy € PV B [ - 1B IE| < 6.
Ee{l,...,K —1},
(6.39¢)

for any § > 0, where B is the DTM corresponding to PX7y. We denote
the £ dominant singular vectors using &;X , and &3/, and define

21 o P and By 2 [P o Y] (6.40)

Our main result relates the error exponents for (6.39¢c) to those of
(6.39a) and (6.39b); a proof is provided in Appendix D.9.

Proposition 6.9. For any Py y € relint((]’xxy), any 0 < § < Byin(Pxy)
with

Buin(Pxy) = B >0, 6.41
mln( X,Y) xe%cn;ley (‘T y) ( )

and SE(PX v), 85(Pxy), and 8k (Pxy) as defined in (6.39), we have

E(8ys/(Pxy)) = E_(85(Pxy)) = E.(85(Px.y)) (6.42a)

E(8isu(Pxy)) > E_(83(Pxy)) = E.(S3(Pxy)) > E.(S5(Px.y)).
(6.42D)

for k € {1,...,K — 1}, where for § C P**?,

E(8) £ —limsup — log]P’(PX € iPxx%\S) (6.43)
n—oo T
1 N
E.(8) 2 — lim_ ﬁlogIF’( Xy € iPDCX%\S) (6.44)
E_(8)2 inf  D(Pxy|Pxy) (6.45)

Py yeP " \s
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Proposition 6.9 quantifies, e.g., the relative difficulties of achieving
small

3> (B(x,y) - B(z,y))’,

zeX,yeY

which corresponds to (6.39a), small'®

max (E[f(X)g(Y)] —Ep_ [f(X)9(V)]),

(f,9)€F1 %G,
which corresponds to (6.39b) when Py = Py and Py = Py (and which
is a good approximation for moderately large n), and small

[Ep, [IEp, [FECON® = [Epy, [FECON]

which corresponds to (6.39¢c)—and which is closely related to achieving

)

small
[ELE G0 k™) — B[ ) gk 0|

according to the discussion of Section 6.2.4.

)

F

Finally, the following lemma provides a local characterization of
related Chernoff exponents.13 A proof is provided in Appendix D.10.

Lemma 6.10. For P, € relint(iPZ) and every h: Z — R such that
E[h(Z)] # 0 and var[h(Z)] > 0, and with P, denoting the empirical
distribution formed from n i.i.d. samples of P, we have

lim lim glog]P’< Lﬁz ((2)] ) — 7@[}1(2)])2
y=0" n—so0 YN E[h(2)] var[h(Z)]
We can apply Lemma 6.10 to h(Z) = f(X)g(Y) with Z = (X,Y)

for different choices of f and g. In particular, it follows immediately
that for any Py y € relint(foxy), and any f and g such that
E[f(X)"] =E[g(v)] =1
E[f(X)g(Y)] #0
var[f(X) g(V)] > 0,

—1|> (6.46)

"“This is the special (k = 1) case of expressing ||B — B||() in the form

Cmax (E[/f0 (V)] ~Epy [fk(X)Tgk(Y)]]
(f7,9 )ETKL X Gy '

"*For related and expanded local exponent analysis, see, e.g., [126], [127].
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we have

1 1
— lim — lim —log []P’(
A—>0+ A n—oo n,

_ 1 E[f(X)g(V)]"
2 var[f() o)) 4D

As one instance of (6.47), we can choose f = f; and g = ¢ to

quantify the sample complexity of estimating o;. As another, we can

choose
1

) = 11:900 an — Y=%o
f(z) 0 d g(y) )

for some (g, 1), to quantify the sample complexity of estimating the
(g, Yo)th entry of B, i.e.,

Px y (0, Y0)

v/ Px (0) /Py (yo)

6.2.6 Additional Perspectives

E[f(X)Q(Y)] = = B(xo, Yo)-

While the preceding results represent useful insights into the sample
complexity of modal decomposition estimation, ultimately more work is
needed to fully characterize the behavior of such estimates. Moreover,
one can view modal decompositions of the empirical joint distribution
truncated to the dominant modes as a kind of rank-based “smoothing
of the empirical distribution to improve its quality when the number

kY

of samples is small relative to the alphabet sizes involved. As such, it
can, in principle, be compared to (and potentially augmented with) a
variety of ways that maximum likelihood estimates have traditionally
been improved in such settings. These include parametric methods such
as those based on exponential families [25], [65], [99], [199], [210], for ex-
ample. They also include nonparametric smoothing, early developments
of which appear in [45], [221], [234], [276]; see, e.g., [251] for an overview.
And they include smoothing methods specifically tailored to settings
with very large alphabets, such as additive-constant (i.e., generalized
Laplace) smoothing [37], [137], [139], [163], [183], [220], Good-Turing
estimation [98], [145], [198], [216], Jelinek-Mercer smoothing [138], and
absolute discounting (i.e., Kneser-Ney smoothing) [152], [209].
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Collaborative Filtering and Matrix Factorization

A variety of high-dimensional learning and inference problems can be
addressed within the framework of analysis of the preceding sections.
One example is the design of recommender systems [201] based on
collaborative filtering [96]. These systems aim to predict the preferences
of individual users for various items from (limited) knowledge of some
of their and other users’ item preferences, such as may be obtained
from ratings data and/or records of prior choices. Among the most
successful forms of collaborative filtering to date have been matrix
factorization methods based on latent factor models and involving low-
rank approximation techniques [153], [233], [255], a subset of which
are formulated as matrix completion problems [50], [52], [53], [147] or
variations thereof [90], [267].

In applying such methods, the system designer must (implicitly
or otherwise) choose: 1) how to model the available data expressing
user preferences; 2) what matrix representation to factor; and 3) a
criterion for evaluating the quality of candidate factorizations. The
large literature in this area reflects the many choices available.

In this section, we use the context of collaborative filtering to de-
velop key matrix factorization perspectives associated with the modal

91
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92 Collaborative Filtering and Matrix Factorization

decomposition. In particular, we formulate the problem of collabora-
tive filtering as one of Bayesian (multi-)attribute matching, and find
that the optimum such filtering is achieved using a truncated modal
decomposition. In addition, we demonstrate how the resulting filtering
corresponds to the optimum low-rank approximation to the empirical
CDM, and note how to differs in some significant respects from some
other commonly proposed factorizations for such applications.

7.1 Bayesian Attribute Matching

As a convenient context popularized in [28], consider the content-
provider problem of recommending movies to subscribers. Let X be
the collection of subscribers, and let Y be the collection of available
movies. In turn, (X,Y) = (z,y) € X x Y denotes the event that the
next instant a movie is watched, it will be subscriber  watching movie
y, and Px y(x,y) denotes the probability of this event.

With this notation, the associated conditional Py|x(y|z) denotes
the probability that if  is the next subscriber to watch a movie, he/she
will select movie y. From this perspective, the recommendation problem
can be interpreted as identifying values of y for which this conditional
probability is high for the given x, or more generally sampling from
Py x(-|z). Alternatively, if one seeks to avoid biasing the recommen-
dation according to Py and replace it with a uniform distribution, we
sample from the distribution proportional to Pyy (z|-) instead.

In practice, we must estimate Py y from data (z1,41),.. ., (%5, ¥n),
where (z;,y;) is a record of subscriber X = x; having selected movie
Y =y, to watch at some point in the past. In particular, we treat these
n records as i.i.d. samples from Py y. In the regime of interest, there
are comparatively few training samples n relative to the joint alphabet
size X X Y, so to obtain meaningful results the procedure for estimating
Py y must take this into account. In the sequel, this is accomplished
by exploiting attribute variables, as we now develop.

In developing the key concepts, it is convenient to initially treat
Py y as known, then return to the scenario of interest in which only
the empirical distribution PX,Y is available.
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7.1. Bayesian Attribute Matching 93

To begin, we view the multi-attribute variables U* and V¥ in the
Markov chain U* <+ X < Y « V¥ obtained in Section 5.5 (and
Section 5.6) as the dominant attributes of subscribers and movies,
respectively. In turn the corresponding S¥ and TF, as defined in (5.12),
represent sufficient statistics for the detection of these attributes.

Conceptually, for each movie y, there is an associated movie multi-
attribute Vk(y) generated randomly from y according to PVk‘Y(-|y), as
defined via (5.37b), that expresses its dominant characteristic. Likewise,
for the target subscriber x, there is an associated movie multi-attribute
Vok(x) generated randomly from z according to ka| +(lz), as defined
via (5.38a), that expresses his/her preferred movie characteristic. Hav-
ing defined these multi-attributes, we can express the recommendation
problem as one of Bayesian decision-making among multiple (not mu-
tually exclusive) hypotheses. Specifically, €, () denotes the event that
there is an attribute match with movie y for subscriber z, i.e.,

Ey(w) & {VF(y) = Vi (w)}. (7.1)

The following result characterizes the movie recommendation rule
that results from maximizing the expected number of matches. A proof
is provided in Appendix E.1.

Proposition 7.1. Given k € {1,...,K — 1}, 1 € {1,...,[Y]}, Pxy €
relint(P**?), and a collection Y(z) of I (distinct) movies for subscriber
x € X, let the number that are a match be

M £ Z ]]-Ey(x)v (72)
yey(@)

where €, () as defined in (7.1), with the movie multi-attributes VE ()
(for movie y € Y) and V"(z) (for user z € X) being independent and

distributed according to, respectively, kaly('|y) and ka| () as

defined via Proposition 5.13 and Corollary 5.14, i.e., according to'

k Kk k k
PVOk’Vk7X’y(U07U ,ZL’,y) :PVK|X(’UO‘$) PVK|y(U |y) PX,Y(xay)' (73)

"Note that (7.3) implies, e.g., 1) V& < (X,Y) < V*; 2) X Y « V¥ and 3)
Vok < X < Y. These, in turn, imply, e.g., Vok X & VFand Vok o X eV
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Then

E[M]S% > <1+e > o fi (@) giy )>+o(3), (7.4)

2 yel (@ =1
as € — 0, where
9 (@) £ {yi(@), -y (@)} (7.5)
is constructed sequentially according to
yi ( )—argmaxzaz fi (@) gi (y) (7.6a)
yey =1
yi(z) & arg max Za fi(x) g (y), je€i2,...,1}. (7.6b)

yeN{y1 (=), 51 (2)} i=1

Moreover, the inequality in (7.4) holds with equality when we choose
9(z) =¥ (2).

Note that in the case [ = 1, the criterion in Proposition 7.1 special-
izes to the probability of a decision error, which our result establishes is
minimized by the use of the mazimum a posteriori (MAP) decision rule,
generalizing the familiar result for Bayesian hypothesis testing. More
generally, Proposition 7.1 establishes that we maximize the expected
number of matches in our list by an MAP list decision rule: we recom-
mend to subscriber x the [ movies having the [ highest probabilities
of an attribute match. Note, too, that using (2.26b) we can write the
k-dimensional (weighted) inner product that is the core computation in
(7.6) in the form

k
fo fi@) gl () => g (W E[gi (V)X =],
=1

which provides additional interpretation of the maximum inner product
decision rule.

7.2 Interpretation as Matrix Factorization

To interpret Bayesian attribute matching as a form of matrix factor-
ization, we have the following result establishing the decision rule as
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a maximum likelihood one based on a rank-reduced approximation to

PX,Y'

Corollary 7.2. Given k€ {1,..., K —1},1€{1,...,|Y[]}, and Pxy €
relint(ﬂ’xxy), the optimum recommendation list in Proposition 7.1 can
be expressed in the form

yi(@) = argmax P (aly)
yeY

y;(x) = arg max P)((|Y(x|y) jed{2,...,1},
ye\{y1 (@), —1(2)}

where

s
p®) P)((%/ z,y)

X|y(37|y) £ T(y)v

—~

with P)(:%/ as defined in (4.30a).

This corollary is an immediate consequence of the fact that the
objective function in (7.6) can be equivalently written in terms of P)((Ic %/;
specifically,

(k)
Zai fHz) g (y) = M
i=1 PX (.1?) PY(y)

Moreover, P)(?%, is the distribution corresponding to B

-1

(k), which is
the rank-k approximation to B obtained by retaining the dominant
k modes in the SVD of B. Equivalently, B® is the rank—constrained
approximation to B obtained by minimizing HB B! HF, which fol-

lows from the well-known matrix approximation theorem [84] [114,
Corollary 7.4.1.3(a) and Section 7.4.2] [97, Theorem 2.4.8]:*

Lemma 7.3 (Eckart-Young). If A and A are k; x ky matrices such that
A has singular values 01(A) > -+ > oyings, ky) (A) and rank(A) < k,

then
min{ky,kq}

lA-AL> Y o (7.7)

i=k+1

%As discussed in [256], the original version of this approximation theorem was
actually due to Schmidt [244].
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Algorithm 2 Collaborative Filtering by Attribute-Matching

Require: Subscriber list X, movie list Y, selections history 7T, i.e., 15X7y,
dimension k, recommendation list size [, target subscriber x
1. Estimate k& modes of Pxy from fA’X7y via ACE:
Gis fi(-), (), fori=1,.. .k
2. Initialize recommendation list: Y* = @
3. Initialize candidates list: Y =Y
for j=1,...,ldo

k
da. y"  argmax y_ &; f («) g7 (y)
yeY =1
4b. Update recommendation list: Y* < Y* U {y*}
4c. Update candidates list: Y «+ Y\ {y"}
end for

7.3 Collaborative Filtering Based on Attribute Matching

The preceding results lead directly to a straightforward collaborative
filtering procedure. In particular, given a history (6.7) of n prior movie
selections by users, modeled as drawn i.i.d. from Py, we form the
empirical distribution vay, and use this distribution in Proposition 7.1
and Corollary 7.2. Consistent with the discussion in Section 6.2, we
focus on the case in which Py and Py can be accurately estimated, but
Py y cannot.

As such, we effectively obtain the dominant & modes from the modal
decomposition (6.9) using Algorithm 1 with the empirical distribution,
then use the resulting &;, fi*, and g/, for i = 1,...,k, to form the score
function

k
S "6 fi@) g5 (),
=1

whose maxima over y for a given subscriber x produce the movie
recommendations. As the analysis in Section 6.2 reflects, we can expect
the estimated modes to be accurate provided k is sufficiently small
relative to n. The complete procedure takes the form of Algorithm 2.
It is worth emphasizing that the attribute matching approach to
collaborative filtering dictates factoring B as defined in (6.12), which
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differs from other approaches used in the literature. For example popular
alternatives include factoring the matrix representation Py x of PX %
itself [153], and factoring the matrix representation for pointwise mutual
information [60] (information density [107]), i.e., the matrix whose
(y, x)th entry is

Pxy(z,y)

® Py(@) Pr(y)
as arises in natural language processing [173], [205].

log (7.8)

7.4 Extensions

Finally, a natural alternative to the procedure of Corollary 7.2 are the

recommendations
y1(x) = arg max Y‘X(y|x) (7.9a)
y€eY
y; (x) = arg max P}(,ITX(ykL‘) jed2,... 1}, (7.9b)
ye\{y1 (@), —1(2)}
where ®
Pyy(z,y)
k XY
P (ylo) & 2212

Py ()
Unlike that of Corollary 7.2, this procedure includes the effect of Py in

its recommendations. It is obtained by replacing (7.2) with
M2 > Pyly Y) e (),
yed(@)

and analytically extending the local analysis to € = 1, i.e., relaxing the
weak dependence constraint.
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Softmax Regression

In this section, we develop a further characterization of the universal
features arising out of the modal decomposition as the optimizing param-
eters in softmax regression (i.e., multinomial logistic regression) in the
weak-dependence regime. Softmax regression [34], which originated with
the introduction of logistic regression by Cox [64], has proven to be an
extraordinarily useful classification architecture in a wide range of prac-
tical applications, and has well known approximation properties—see,

g., [24], [73], [115]. As such, viewing our results from this perspective
yields valuable additional interpretations and insights. More generally,
this form of regression can be expressed as an elementary form of neural
network, and thus its analysis is useful in relating the preceding results
to aspects of the contemporary neural network architectures that are of
particular interest for emerging applications.

The section is structured as follows. In Section 8.1, we analyze a
local version of multinomial logistic regression. Specifically, under weak
dependence we show that softmax weights correspond to (normalized)
conditional expectations. In turn, in Section 8.2, we establish that
the resulting discriminative model matches, to first order, that of a
Gaussian mixture without any Gaussian assumptions in the analysis.

98
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Most significantly, in Section 8.3 we further show that the optimizing
features are, again, those of the modal decomposition, in which case the
associated softmax weights are proportional to the “dual” features of
the decomposition. Our analysis additionally quantifies the performance
limits in this regime in terms of the associated singular values. As we
discuss in Section 8.4, this analysis implies a relationship between the
ACE algorithm and methods used to train at least some classes of neural
networks.

8.1 A Local Analysis of Softmax Regression

In softmax regression, for a class index Y and k-dimensional real-valued
data S we fit a posterior of the form

Pl (uls) = Py (w) exp{s"g(y) + 5(y) — a(s) },

to some Pgy by choosing parameters g and 3. Note that g is defined
by |Y| parameter vectors g(1), ..., g(|Y]), each of dimension k. Likewise,
B is defined by |Y| scalar parameters 5(1),...,3(|Y]).

We characterize the optimizing softmax parameters in the weak-
dependence regime as follows; a proof is provided in Appendix F.1.

Proposition 8.1. Given Pxy € P such that X,Y are e-dependent
for some € > 0, a dimension k, and s = f(z) for some f: X — ]Rk, let

PS,Y(svy) = Z PX,Y(xvy)
{z: f(2)=s}

be the induced distribution, and let Pg denote the associated induced
marginal, with pg its mean, and Ag its covariance, which we assume
to be nonsingular.2 Let

n this section, we omit the superscript notation that we previously used to
explicitly indicate the dimension of a multi-dimensional variable.

Tt is comparatively straightforward to verify that when Ag is singular, the
proposition holds provided we replace the inverse Agl wherever it appears with the
Moore-Penrose pseudoinverse ATS and add to g. s(y) any gz (y) € null(Ag) such that

E[gs(Y)] =0.
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Pl(py) 2 {Peo’.
P = Pi(yls) 2 Pr(y) exp{s"g(y) + B(y) — a(s)}
for some 5: Y — R and g: Y %Rk} (8.1)

denote the exponential family with natural statistic g(y) and natural
parameter s € 8§, where 8§ £ f(X). Then

) min~g > Ps(s) D(Pys(:ls) || Pyis(-]s))
Py s(-[s)€P5 (Py) sc8

= I(V;5) - fE[HA_l/ (s (V) = p)|!] + () (8.2)

as € — 0, with

pspy (y) £ E[S)Y =y, (8.3)

and is achieved by the parameters
9) = 9..5(9) 2 A5 (msy (0) — 1s) + o(c) (84a)
B(y) = Bus(y) & —p5 9., 5(y) + o(e), (8.4b)

i.e.,

Piis(yls) o Py (y) exp{ (s—ps) "5 (msy () —s) } (1 + 0(1)),
(8.4c)

as € — 0.

8.2 Relationships to Gaussian Mixture Analysis

It is useful to note that the optimum posterior (8.4c) in Proposition 8.1
matches that for a Gaussian mixture in which the components depend
weakly on the class index, despite the fact that there are no Gaussian
assumptions in the proposition. In particular, suppose that Pg)y(|y) =
N(ps)y (y), Ag)y), where Ag)y is positive definite and, as the notation
reflects, does not depend on y, and where pgy (y) £ pg + ee(y) with
E[e(Y)] =0 and € > 0. Then

The version of record is available at: http://dx.doi.org/10.1561/0100000107



8.3. Optimum Feature Design 101

Pys(yls)
o< Py (y) Psjy (s|y)
1 T, -1
o Py (y) eXP{—Q(S — ksjy (y) Agy (s — .US|Y)}
= Py (y) eXP{—; [(S —ps) Ag)y (s — ps)
+2(s— HS|Y(y))TA§\1Y(HS — pspy (v))

+ (s — pgy ()" A (s — sy )] |

(85)

x Py (y) exp{(s — sy (1) Ay (msjy (v) — 1) (1 +0(1)) (8.6)
= Py (y) exp{ (s— ps) "As " (s (1) — ) (1 + 0(1)), (8.7)

as € — 0, where to obtain (8.5) we have used the simple expansion

s — psjy (y) = (s — pg) + (ks — sy (v)),

and to obtain (8.6) we have used that in the exponent in (8.5) the first
term does not depend on y, the second term is O(e), and the third term
is o(€). To obtain (8.7) we have used that pgy — pg and Ag' — A;lly
are both o(1). Hence, (8.7) and (8.4c) match, to first order.

8.3 Optimum Feature Design

Proposition 8.1 describes the optimizing softmax weights g and biases
for a given choice of f. When we further optimize over the choice of f, we
obtain a direct relation to the modal decomposition of Proposition 2.2
and the universal posterior (5.1). In particular, we have the following
result, a proof of which is provided in Appendix F.2.

Corollary 8.2. Given dimension k € {1,..., K — 1}, if Px y is such that

ff as defined in (3.5) is injective (i.e., a one-to-one function), then

K

. 1
~min Y Ps(s) D(Pyis(-ls) | Pyis(ls) == Y. of +o(€),
{injective f: 3 2 i1
s=f(z)} (8.8)
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as € — 0, and is achieved by

fi(x)=fi(x), z€X, i=1,...,k, (8.9)

with f; as defined in Proposition 2.2 . Moreover, for this choice of f,
the parameters

Ges) = (977,97 (y) and  B.5(y)

in Proposition 8.1 take the form

*

%W =09i(y), yeY, i=1.. .k (8.10a)
Bis =0, (8.10b)

where g; (y) and o; are as defined in Proposition 2.2, and thus

P;|S*(y‘ff($)) OCPY exp{zazfz gz }(1+O(1))7 e — 0.
(8.11)

8.4 A Neural Network Perspective

Since softmax regression can be interpreted as a simple neural network
classifier with a single hidden layer [100], [207], the preceding results can
be equivalently expressed in terms of the optimization of such networks.
Moreover, with the interpretation of universal features as a solution
to a local information bottleneck as developed in Section 5.6, these
results shed insight into recent analyses of deep learning based on such
bottlenecks [2], [7], [250], [260] as well as related information-theoretic
analyses [206].

The neural network architecture associated with softmax analysis
is, in our notation, as depicted in Figure 8.1. The input layer uses
a so-called “one-hot” representation of the input x, corresponding to
weights 1,_;. Next, in the hidden layer, features s; = f;(x) of the input
x are generated using weights f;(j). Finally, in the output layer, the
(unnormalized) log-posterior 7(y) is constructed according to

k
=Y sigw) +BW), y=1,...,]Y
=1
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O Py x(9l)

Figure 8.1: A neural network representation of the softmax regression framework.
In this network, we use a one-hot representation of the input x, corresponding to
the kronecker weights 1,—;. The hidden layer is characterized by the feature weights
fi(g) for i € {1,...,k}, 7 € {1,...,]X|}, and the output layer is parameterized by
the weights g;(y) and biases B(y), for i € {1,...,k}, y € {1,...,]Y|}. The softmax
processing, as defined in (8.12), is represented by the sigmoid function ¢(-) and
operates on the unnormalized log-posterior 7(y).

using output layer weights g;(y) and biases 5(y). The 7(y) are then
combined and normalized to produce the posterior via the softmax

processing
() /
P* ( | ):L: _1 Z T(y)_T(y) (8 12 )
vix (Yl m S og e , .12a
3 o) y'#y
y'=1
where
s(w) = o (8.12b)
1+e

is the sigmoid function [100].

For such networks and their multi-layer generalizations, the optimiza-
tion of the weights and biases is typically carried out using stochastic
gradient descent (SGD) [100]. As such, Proposition 8.1 implies that
SGD is effectively computing empirical conditional expectations, and as
such corresponds to an approximation to one step of the ACE algorithm.
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More generally, Corollary 8.2 establishes that jointly optimizing the soft-
max parameters and data embeddings (features) can be accomplished
iteratively via the full ACE algorithm.

To see this, let ]3573/ denote the empirical distribution for induced
training data

rJ.’f = {(817 y1)7 ey (Sn7yn)}
generated from Pgy-, and note that

>~ Ps(s) D(Pyjs(19)||PE5(ls) = HY|S) —Ep_ [log PEL(Y]S)],
sES

£0(g,8)

where ¢(g, 3) is the log-likelihood function, and H(Y|S) denotes the
empirical conditional entropy. Then if the number of training samples
is sufficiently large that, elcfectively,3

:ZpS»Y(&y) :PY(y)a yeyv
s€S

the maximume-likelihood parameters are, via Proposition 8.1

95(y) = A5 (s (y) — fas) + o(e) (8.13a)
Bus(y) = =15 Gu.s(y) + o), (8.13b)
where
fs =Ep [S]
Bsiy () =Epy (119
As=Ep, [(5 fus) (S — ﬂs)T},
with

Pgyy (sly) = sES, yely.

3There are only |Y] — 1 degrees of freedom in Py, so that when |8] is large, as we
assume, Py- can be more accurately estimated from a given number of samples than
Pg vy, since the latter is described by |8||Y| — 1 degrees of freedom.
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Likewise, further optimizing the likelihood for the training data
(6.7) with respect to f such that s = f(x) under the condition that
Pg(s) = Pg(s) for s € 8 yields that

filw) = fi (@) and g;(y) = 6,97 (y), i€ {l,... .k},

where fi, J;, and &; are as defined in the analysis of Section 6.2 and can
(effectively) be computed via Algorithm 1; specifically, they characterize
the modal decomposition of the empirical distribution as expressed by
(6.9).

Such analysis suggests the potential for alternatives to SGD that
more directly approximate empirical conditional expectation, and for
interpretations of the iterative matrix factorizations inherent in, e.g.,
[83], [268]. Moreover, the analysis provides an upper bound (8.8) on per-
formance against which the performance of various weight optimization
strategies can be measured.

Finally—and perhaps more importantly—we can view existing neu-
ral network implementations as a tool for efficiently computing condi-
tional expectations. Indeed, direct computation of empirical conditional
expectations can be prohibitively expensive in practice for typical al-
phabet sizes, which the use of SGD can circumvent.
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Gaussian Distributions and Linear Features

While the preceding sections have focused on distributions over finite
alphabets, in this section we turn our attention to the case of continuous-
valued variables, emphasizing the case in which X,Y are Gaussian. Our
treatment closely parallels the preceding one for finite alphabets, and
has its roots in the pioneering work of Pearson [224] and Hotelling
[116], [117]. Indeed, as we will develop, the resulting features in this
case are linear, and strongly connected to both canonical correlation
analysis (CCA) [109], [110], [117] and principal component analysis
(PCA) [116], [140], [224]. More generally, the associated framework
provides an analysis for the case of arbitrary distributions of continuous-
valued variables subject to linear processing constraints.

The section is organized as follows. We first establish some notation
in Section 9.1, then proceed in Section 9.2 to construct the modal
decomposition of covariance via the SVD of the canonical correlation
matrix (CCM), and in Section 9.3 to obtain the familiar formulation of
Hotelling’s canonical correlation analysis (CCA) via the corresponding
variational characterization. We further define a local Gaussian geome-
try in Section 9.4, the associated notion of weakly correlated variables
in Section 9.5, and then, in Section 9.6, construct a local modal decom-

106
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position of joint distributions of such variables in terms of the CCA
features, which are linear. Section 9.6 also includes a brief discussion of
aspects of extensions to nonlinear features and nonGaussian distribu-
tions. In Section 9.7 we introduce Gaussian attribute models, and then
show that the CCA features arise in the solution to universal feature
problem formulations. In particular, Section 9.8 shows they arise in the
solution of an attribute estimation game in which nature chooses the
attribute at random after the system designer chooses the linear features
from which it will be estimated using a minimum mean-square error
(MMSE) criterion, and Section 9.9 shows they arise in the solution of
the corresponding cooperative MMSE attribute estimation game; these
analyses are global. Section 9.10, shows the CCA features arising in the
solution to the local symmetric version of Tishby’s Gaussian information
bottleneck problem, and Section 9.11 describes how superpositions of
CCA features arise in the solution to the (global) Gaussian version of
Wyner’s common information problem; locally this common information
is given by the nuclear norm of the CCM. Section 9.12 describes the
Markov relationships between the dominant attributes in the solution
to the information bottleneck and the common information variable.
Section 9.13 interprets the features arising out of Pearson’s principal
component analysis (PCA) as a special case of the preceding analyses
in which the underlying variables are simultaneously diagonalizable,
and Section 9.14 discusses the estimation of CCA features, interpreting
the associated SVD computation as a version of the ACE algorithm
in which the features are linearly constrained. Section 9.15 develops
Gaussian attribute matching, and interprets the resulting procedure as
one of optimum rank-constrained linear estimation, and Section 9.16
develops a form of rank-constrained linear regression as the counterpart
to softmax regression, and distinguishes it from classical formulations.

9.1 Gaussian Variables

We begin with some convenient terminology, notation, and conventions.
Our development focuses on Gaussian variables that take the form
of (column) vectors. We use N(uz, Az) to denote the corresponding
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108 Gaussian Distributions and Linear Features

distribution of such a variable! Z € R¥7 , where u; and Ay denote the
associated mean vector and covariance matrix, respectively, parameter-
izing the distribution, i.e.,2

fz@>=““”1ﬂen{—1u—¢tfhfwz—u>} (91)
(2m) K, /2 5 Z Z z) (>
with | - | denoting the determinant of its argument. Without loss of gen-
erality, we restrict our attention to variables Z such that A is (strictly)
positive definite since otherwise we may eliminate the associated redun-
dancy by reducing the dimensionality of Z until the covariance matrix
is positive definite. Also, for simplicity of exposition we restrict our
attention to zero-mean variables whenever possible, while recognizing
that nonzero means are unavoidable when conditioning on other such
variables. The extension to the more general case is straightforward.

It will frequently be convenient to work with the following equivalent
representation of a random variable.

Definition 9.1 (Normalized Variable). For a variable Z € R*? with
mean f; and covariance A, the corresponding normalized variable is

72 AMNZ — py) (9.2)
and has mean 0 and covariance I.

In the sequel, we will generally use ~ notation to indicate variables
normalized according to Definition 9.1.

Next, consider an arbitrary pair of Gaussian variables, Z € R%7
and W € RKW, which are jointly represented by

C— [VZV] ~ (0, A), (9.3a)

"In the Gaussian development, to avoid certain notational conflicts we drop the
use of boldface characters for random vectors, but retain them for nonrandom ones,
and to further simplify notation, we also forgo the use of superscripts to indicate the
dimension of a variable, as in Section 8.

*We use (upper case) P notation for the probability density functions of
continuous-valued random variables.
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where

Ao =E[CcCT] = [ AAWZZ "}XZ;V] : (9.3b)

50 Z ~N(0,Az), W ~N(0,Ay), Ay =E[WZ'], and Az = Ay 5.

It will frequently be convenient to express the relationship between
such variables in the familiar innovations form, the notation for which
we summarize as follows.

Lemma 9.2 (Innovations Form and MMSE Estimation). For any zero-
mean jointly Gaussian variables Z, W characterized by A5, Ay, and
A 7y, we have

Z=CywW+rvw_z, (9.4)

with gain matrix
—1
Cyw £ AzwAy, (9.5)

and where vy, ~ N(0, Az ) is independent of W and thus
Azw =Bl zvivz] = Az — Azw Ay Awz. (9.6)
Moreover, the MMSE estimate of Z based on W follows immediately as
Z(W) =E[Z|W] =T 5w W, (9.7)

for which the mean-square error (MSE) in the resulting estimation error
Vw7 is, from (9.6),

AW & E{|‘VW—>ZH2] = tr(Azw). (9-8)

9.2 The Modal Decomposition of Covariance

For the model of interest involving zero-mean jointly Gaussian X € REx
and Y € R™ with covariances A x and Ay, respectively, and cross-
covariance Ay, it follows that the correlation structure among the
equivalent normalized variables

A 1X
a8 0o
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is

1 BT
A= |- 1
where
B2 AP Ayx A = AV Ty x AN (9.11)

plays the role in Gaussian analysis corresponding to B in the discrete
case [124]. We recognize B as, of course, the central quantity in CCA,
and refer to it as the canonical correlation matriz (CCM).

The SVD of B takes the form

K
B=w¢"s (") =Y o ()", (9.12)
i=1
with
K 2 min{Ky, Ky}, (9.13)
where X is an Ky X Ky diagonal matrix whose K diagonal entries are
01,...,0K, Where
X
o= [y (9.14a)
Y
o=yl oy ] (9.14b)

are Ky x Ky and Ky x Ky orthogonal matrices, respectively, and where,
as before, we order the singular values according to oy > -++ > 0.

Analogous to the case of finite alphabets, B is a contractive operator
representing conditional expectation, i.e., o; < 1 fori=1,..., K, as
is the case for B in the finite-alphabet case. In particular, this follows
from the following standard result, a derivation of which we provide for
convenience in Appendix G.1.

Fact 9.3. Let M be a matrix such that
I M
A =
is symmetric, and let o;(M) denote the ith singular value of M. Then
A is positive semidefinite if and only if o;(M) < 1 for all i. More

specifically, the ith pair of eigenvalues of A are 1 + ¢0;(IM) and the
remaining eigenvalues are all unity.
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In turn, the SVD (9.12) yields the following modal decomposition

of the covariance Ay y.

Proposition 9.4. Let X € RKX, Y € R®Y be zero-mean jointly Gaus-
sian variables characterized by A, Ay, and A xy-, and let (9.12) denote
the SVD of its CCM (9.11). Then there exist invertible linear mappings

(coordinate transformation)

STEE) = [[(X) o fie ()] 2 (F)Tx
* A% * * T A A
T £g"(Y) = [gl(Y) gKY(Y)] =(G)Y
satisfying

E[f*(X) (X)) = (F)"Ax F* =1
E[g"(Y)g"(¥)"] = (@) Ay G =1L

such that
E[g"(Y) £ (X)"] = =,
i.e.,
x\— 1T x\ —1 * s\ T
Ay = (G ) Z(F ) =Ay G E(F ) Ax.
Proof. Let

F* A A)—(1/2 oX
G2 A;l/Z o
which we note satisfy (9.16)
(F*)TAX F* (\IIX)TA;(I/QAXA;(I/Q\IIX 1

(G*)TAY G* _ (‘I’Y)TA;l/szA;l/z‘I’Y -1

Moreover, since
(G = () A7
it follows that (9.18) is satisfied, i.e.,

(G T2 F) T = A (T TAY = Ay,

where to obtain the last equality we have used (9.12).
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One consequence of Proposition 9.4 are the following conditional
expectation relations, which are derived in Appendix G.2

Corollary 9.5. The features f* and g" defined via (9.19) satisfy
E(X) =E[g"(V)|X] (9.20a)
2g"(Y) =E[f(X)|Y]. (9.20b)

Finally, note that B has the interpretation of the gain matrix in
estimates of Y based on X (and vice-versa). In particular, from Lem-
ma 9.2 it is readily verified that we have the innovations form

Y =BX + 7, (9.21)

i.e., FY|)~( = B, with

so the resulting MSE in the MMSE estimate

Y(X)=E[V|X] = BX (9.22)
is
Ae £ E[||7|*] = tr(I - BB") = Ky — ||Bf;. (9.23)
As such, the SVD (9.12) has the further interpretation as a modal
decomposition of the MMSE estimator (9.22).

9.3 Variational Characterization of the Modal Decomposition

As in the case of finite alphabets, the linear features (f*, g") in Proposi-
tion 9.4 can be equivalently obtained from a variational characterization,
via which we obtain the key connection to CCA [109], [110], [117].?

*In some of the literature, the term CCA is used to refer to a general maximal
correlation framework, and the term linear CCA is used to designate the special case
in which the features are restricted to be linear. We largely avoid this terminology,
and use CCA to refer only to the latter, consistent with its original conception.
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Proposition 9.6. For any k € {1,..., K}, let F(;) and Gy}, denote the
first k£ columns of F* and G, respectively, in Proposition 9.4, i.e.,

" . 0T
St 2 (Fly) X 2 [f(X) - fi(X)] (9.24n)
* % \T * % T
Ty 2 (Gip) 'Y 2 [gi(V) - gi(V)] - (9.24b)
Then
(F(k), G(ry) = argmin ]E[||F(kX G Y||]
(F k), Gy €L
= argmax o(F), G)), (9.25)
(F(x):G ) €L
where

T
o (P, Gpy) £ E[(FlX) GlyY | = tr(GlAyxFpy)  (9.26)
and
L = {(F(k)v G(k)) FE[];)AX F(k:) = GE[];)AY G(k) = I} (927)

Moreover, the resulting maximal correlation (generalized Pearson corre-
lation coefficient) is

U(F?k), G?k)) = tr((G( )) AYXF k)) ZUZ’ (9_28)

the Ky Fan k-norm of B.

Proof. Without loss of generality, we reparameterize F ;) and G in

terms of new matrices’ 2% and Y according to
Fiy=Ay 8" (9.29a)
Gy = Ay/PEY, (9.29b)

in which case

_Y\TH =
U(F(k), G(k)) = tr(Gr(l;c)AYXF(k)) = tr((.:.y) B.:.X), (930)

“We refer to 2~ and 2" as the feature weights associated with the linear features
S and T, and note that they play the role in Gaussian analysis corresponding to
that played by the feature vectors 2" and =Y in the discrete case.
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and (9.27) dictates that
ENH'EY=E") " =1L (9.31)

From Lemma 3.2, it follows immediately that (9.30) is maximized
subject to (9.31) when we choose

2% =0, (9.32a)
2 =0, (9.32b)
where

w2 [ el (9-332)
Ol 2 gl el (9.33b)

and the resulting maximal correlation is (9.28), i.e.,
Fy = AP0, (9.34a)
Gy = A2, (9.34D)
as claimed. [ ]

9.4 Local Gaussian Information Geometry

It will sometimes be useful to define a local analysis for Gaussian
variables. For such analysis, there is a natural counterpart of the X2'
divergence (4.1b) used in the finite-alphabet case. In particular, we will
make use of the following notion of neighborhood.

Definition 9.7 (Gaussian e-Neighborhood). For a given € > 0, the e
neighborhood of a Kj-dimensional Gaussian distribution Py = N(pg, Ag)
with positive definite Ay is the set of Gaussian distributions in the
following generalized divergence ball of radius ¢? about Py, i.e.,

NEO(Py) & {P" =N(u, A): D(P'||Py) < Ko}, (9.35)
where for P = N(up, Ap) and Q = N(uq, Ag) with positive definite A,

= _ 1, _ _
D(PIIQ) £ (np—1Q) " Ag (1 — 1) + 5" (Ap—Ag) A"}
(9.35b)
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The divergence (9.35b) is a second-order approximation to KL di-
vergence for Gaussian distributions; specifically,

2D(N(MP7AP) H N(MQ>AQ))
= tr(Ag'Ap) — K —log|ApAQ'| + (1p — 1g) AQ' (np — o)
= tr(Ag PApAL? 1) —log|AL P ApAL
+ (up — 1) AQ (Lp — 1Q)
1,,.- _ .
= §HAQ1/2APAQ1/2 —1)lp+ (1p — 1) AL (1P — 110)
2
+o([|[Ap = Agllr)
Ly —1/2 —1/2)2 _
- §HAQ (Ap Ag)Ag / Iz + (P — 10) "AQ (p — 1)
2
+o([[Ar = Aqlly)
= 2
= D(N(up, Ap) || Nug, Ag)) + o(|[Ap — Aglly),
as [|[Ap — AQHF — 0, where we have used the second-order Taylor series
approximation

1
log [T+ Al =tr(A) — 5||A||%+O(HAH%), [A[[p — 0.

Just as D(||-), is invariant to a change of coordinates, D(-||-) is
invariant to invertible linear transformation of variables, i.e., mappings
of the form Z' = A Z + ¢ with nonsingular A. In particular, we have
the following result.

Lemma 9.8. Let N(up, Ap) and N(ug, Ag) be Ky-dimensional Gaussian
distributions with nonsingular Ag. Then for any nonsingular matrix A
vector ¢ of compatible dimensions,

D(N(up, Ap) || N(ug, Ag))
= D(N(Aup +c, AApA") || N(Aug + ¢, AAgA™)).  (9.36)

A proof of this invariance is provided in Appendix G.3, and makes
use of the following simple identity.

Lemma 9.9. For any symmetric matrices M; and M, of equal dimen-
sion,

ML A MM [ = tr (M M, M, M). (9.37)
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9.5 Weakly Correlated Variables

An instance of the local analysis of Section 9.4 corresponds to weak
correlation between variables, a concept we formally define as follows.

Definition 9.10 (e-Correlation). Let Z and W be zero-mean jointly
Gaussian with dimensions K and Ky, respectively. Then Z and W
are e-correlated when

Py € Ne 2 (P, Ry), (938)
where Pz and Py are the marginal distributions associated with Py y.

The following lemma, a proof of which is provided in Appendix G.4,
is useful in further characterizing e-correlated variables.

Lemma 9.11. For any ¢ > 0 and zero-mean, e-correlated jointly Gaus-
sian variables Z, W characterized by Ay, Ay, and Ay, we have

D(Pyw | PzPw) = €187 |2, (9.39)

where 1
7V 2 gA;/QAZWA;VW, (9.40)

which we refer to as the innovation matriz.

In particular, it follows immediately from Lemma 9.11 that Z, W
being e-correlated is equivalent to the condition

|72 < Ky + K. (9.41)

It also follows that Z, W are e-correlated when, on average, Py (-|w)
e NEztKw(p,). The following lemma is useful in establishing this
result; a proof is provided in Appendix G.5.

Lemma 9.12. For € > 0 and zero-mean, e-correlated jointly Gaussian
variables Z, W characterized by Az, Ay, and Az,

= Z\W 2
D(Pgyw (Jw)|[Pz) = €||@” " w|* + o(¢®), €0, (9.42)

where ®7" is as defined in (9.40).
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Our further equivalent condition for e-correlation is then a con-
sequence of the following result, a proof of which is provided in Ap-
pendix G.6.

Lemma 9.13. For € > 0 and zero-mean, e-correlated jointly Gaussian
variables Z, W characterized by Ay, Ay, and Ay, we have”

Ep, [D(Pzw (-IW)||P2)] = D(Pzwl|PzPw)(1+0(1)), €— 0.
(9.44)

Finally, yet another such equivalent notion of e-correlation is
1(Z;W) = D(Pgyw || P, Py) < (K7 + Ky) (9.45)
where for Gaussian distributions, KL divergence takes the familiar form

D (pp, Ap)IN(ng: Ag))
- %[(MP — 1) A (up — pg) + tr(AG Ap —T) — 10g\ApAé1”,
(9.46)

To establish (9.45), we make use of the following simple fact, whose
proof is provided in Appendix G.7.

Fact 9.14. For § > 0 and any matrix A,
log|T— 0A AT| = —6||A|[} + 0(8), &— 0.

As a first step, we have the following result, a proof of which is
provided in Appendix G.8.

Lemma 9.15. For € > 0 and zero-mean, e-correlated jointly Gaussian
variables Z, W characterized by Az, Ay, and Ay,

(P (1) | P2) = 5 D(Paw () | P2) + o), e~ 0. (9.47)

5Note, too, that by symmetry we have
Ep, [D(Pw)z(|Z)||Pw)] = Ep,, [D(Pzw (W) Pz)]. (9.43)

Indeed, "7 = (&7")".
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The equivalence (9.45) is then an immediate consequence of the
following corollary, whose proof is provided in Appendix G.9.

Corollary 9.16. For € > 0 and zero-mean, e-correlated jointly Gaussian
variables Z, W characterized by Az, Ay, and Az,

I(Z; W) = %D(PZWHPZPW)(l +0(1)), €—0. (9.48)

Finally, the following lemma is a useful generalization; a proof is
provided in Appendix G.10.

Lemma 9.17. Let Pxy and Qxy denote candidate jointly Gaussian
distributions for e-correlated variables X,Y with given covariances A y,
Ay, and € > 0, where A§Y and A?(Y denote the respective cross-
covariances. Then

1 - _
D(Pxy||Qxy) = 3 IBp — BQ”% +o(e?), e—0, (9.49)
where [cf. (9.11)]

By =A, P AL AL (9.50a)
5 —1/2 —-1/2
Bo = AP A AL (9.50D)

9.6 Modal Decomposition of Jointly Gaussian Distributions

Section 9.2 describes how the SVD of B provides a modal decomposition
of covariance for the jointly Gaussian X,Y model. As related analysis,
this section describes how in the weak correlation regime, this SVD
also provides a modal decomposition of mutual information and, more
generally, the joint distribution Py y.

First, since

1.
PVIX = -B. (9.51)

specializing Lemma 9.11, we obtain that X,Y are e-correlated when

K
1B =Y of < €(Kx + Ky). (9.52)
i=1
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In turn, when X,Y are e-correlated we have, specializing Corollary 9.16,

V)= liaz +o(ed) (9.53)
- 2 i=1 ' ‘ .

An interpretation of (9.53) is obtained in terms of the modal de-
composition of Py y, as we now describe. In this Gaussian scenario,
in contrast to the finite alphabet case, the SVD is both a logarithmic-
domain one and asymptotic. In particular, observe that with A ; as
given by (9.10) for A as defined in (9.9), we have

4 [ -8B -—B'a-BBH
A = 5 5TH ST\ —1
-Ba1-B"™B)"' (1-BBY)
1+B'™B  -B' 5
= ~ . 9.54
| -B  1+BB" +o(e) (9:54)
r T
= _IB _113 +o0(e), €—0, (9.55)
whence
Po o (7.7) — Ka Lo 1o 1m
% v (Z,§) = exp —TIOg(27T)—§SC =39 g+y Bz +o(e)

= Po(3) Py (3 exp{zm P ¢2”>Tz?+o<>}

= Py (@ H exp{o; "y ($]) g1+ o(1)),

ase—>0, Wlth KA:KX+KY
As a result, we have

_ _ —1/2 —1/2
Pxy(z,y) = |[Ax] V2| Ay |2 PX,Y(AX/ z, Ay 2y)

K
— Py(z) Py (y) (H o7 fi (@) g, “”) (140(1)),  (9.56)
i=1
as € — 0, where f; and g are the linear functions (9.15) determined in
Proposition 9.4.
Furthermore, meaningful approximations to this joint distribution
arise by considering, for k < K,

= T
B 2 @l 54 (Thy) (9.57a)
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where
Y \TH 0 X
B = () B, (9.57b)
is a diagonal matrix whose diagonal elements are oy, ..., . In particu-
lar, if we let X *) and Y® denote zero-mean jointly Gaussian variables

with the same marginals as X and Y, respectively, but covariance’ [cf.
(9.18)]

k)*
Ag/;{ = AY(k)X(k) = Ay

* T * T
= (Gl)' Zw) (Fii)
* x T
= Ay Gy Sy (Fi) "Ay, (9.58)

1/2 B A1/2

where F(;) and Gy, are as defined in (9.34) and 3y, is as defined in
(9.57Db), then it follows that the joint distribution of these new variables
takes the form

k)*
P)(()Y (,9) £ Py v (2,9)

= Py <He"f(” il )(1+o(1))

and

1(x®;y® Zal—i—o

9.7 Latent Gaussian Attributes and Statistical Model

In this section, we describe useful interpretations of the modal decom-
position for Gaussian variables in terms of latent variable analysis, in
a manner analogous to that of Section 5.2 for distributions over finite-
alphabets. In this case, our development is more directly related to its
roots in factor analysis [13], [26] as introduced by Spearman [254].

Note that Ag, )); so-defined is a valid cross covariance matrix, i.e.,

Ay AR
(AET A

is positive definite, as can be verified using Fact 9.3.
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We begin with the introduction of latent Gaussian attribute variables.
Although our definition includes a correlation constraint, in the Gaussian
case analysis we do not limit our attention to the vanishing correlation
regime.

Definition 9.18 (Gaussian e-Attribute). For [cf. (9.41)]

Ky
O<e< [—W 9.59
VK, + Ky (9:59)

the variable W € R™W is a Gaussian e-attribute of Z € R™# if: 1)
Ky, < K5 and Ay is nonsingular; 2) W, Z are jointly Gaussian; 3)
W, Z are e-correlated but Ay ; # 0; and 4) W conditionally independent
of all other variables in the model given Z.

Definition 9.19 (Gaussian e-Attribute Configuration). Given a zero-mean
Gaussian variable Z € R™*# with covariance A 7, then for e satisfying
(9.59), an e-attribute W of Z is characterized by its configuration [cf.
(9.41)]

Cl7(Ag) = {Kw, Aw, @M @L< Ky + Ky (9.60)

with @71V as defined in (9.40).

As in the case of discrete variables, the notion of a multi-attribute
is also useful in the Gaussian case.

Definition 9.20 (Gaussian e-Multi-Attribute). A Gaussian e-multi-attri-
bute is a Gaussian e-attribute satisfying the additional property that

||‘1)Z|W||2 < KZ‘FKW’

.61
R (9.61)

with %" as defined in (9.40).

Note that (9.61) is a stronger version of the e correlation property,

since @2V < @4V, < Ky [|@77..

I

Definition 9.21 (Gaussian e-Multi-Attribute Configuration). Given a zero-
mean Gaussian variable Z € R®Z with covariance A, then for €
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satisfying (9.59), an e-multi-attribute W of Z is characterized by its
configuration [cf. (9.61)]

_ K, + K
€7 (Ag) = {up. Ay, @715 @71V < REEEL (o

with ®%" as defined in (9.40).

For inferences about an attribute W, we consider features of the
form
nNz)=H"7z=(8)"Z,
where E is the associated feature weight matrix. Without loss of gen-
erality, we restrict our attention to normalized (zero-mean) h(Z), so
that”

E[n(Z)h(Z)"] =H"A,H=(8)"

I
- —
— L.

In the context of a given model Pxy, the Gaussian e-attribute
variables U and V for X and Y, respectively, are characterized by the
(now Gauss-) Markov structure

U XY eV, (9.63)

where U € RV and V € R®V for some dimensions K, v and Ky, .
The following familiar fact will be useful, whose short proof we
provide for convenience in Appendix G.12.

Fact 9.22. Normalized zero-mean Gaussian variables Z;, Zy, Z3 form a
Markov chain Z; <+ Zy <+ Z5 if and only if

AZIZS - A2122 AZQZS' (964)

7Indeed, if they were not, so long as the columns of E are linearly independent,
T ~
SO (E) = is invertible, we can transform H into H via

= H((E)TEY == ((E)TE>7 :

T

=E=1

where we note (é)
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As an application of Fact 9.22, we have, for example,

"IV = g XV (9.65a)
¥V =BTeYIV. (9.65b)

For inferences about attributes U and V', we will generally consider
statistics of the form

T T
So 2 (Fy) X 2 [1(X) - Ju()] (9.66a)
T T
Ty 2 (G) Y 2 [0(Y) - gulY)] (9.66b)
for some dimension k € {1,..., K} and feature matrices F ;) € RExxk

and G, € R¥ %k Without loss of generality we restrict our attention
to normalized features, i.e. (F ), G()) € £ with £ as defined in (9.27).
As we will develop, the particular choices Sz(k),T('}f) defined in (9.24)
play a special role.

For arbitrary jointly Gaussian W and Z, we use AZV Z to denote the
MSE in the MMSE estimate of W based on Z, so with respect to our
specific variables of interest, )\gls(F(k)), AZ'S(F(k)), Ag'T(G(k)), and
AZ'T(G(k)) denote the associated MSEs, with their dependencies on
F (1) and G ;) made explicit.

9.8 MMSE Universal Features

In this formulation, we seek to determine optimum k-dimensional fea-
tures for estimating a pair of unknown Gaussian attributes (U, V') for
(X,Y) in the Gauss-Markov model (9.63), where k € {1,..., K}.

As in the finite-alphabet setting, we view the configurations of
attributes U and V as randomly drawn by nature from a RIE. In
this case, this ensemble is also defined via the spherical symmetry of
Definition 5.7.

Definition 9.23 (Gaussian Rotation Invariant Ensemble). Given ¢ sat-
isfying (9.59), the Gaussian rotationally invariant ensemble (RIE) for
an attribute W of a Gaussian variable Z is the collection of all jointly
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Gaussian attribute configurations of the form (9.60) together with a

probability measure over the collection such that P2 s spherically

symmetric.

Let GKX (Ax) and CX J (Ay) denote configurations for attributes U
and V, respectlvely, in the sense of Definition 9.19, i.e.,

el (M) = {Ky, Ap, @1V @ V|D < Ky + K} (0.67a)
e (Ay) = {Kv, Ay, @V @ VL < Ky 4 Ky}, (9.67D)

where [cf. (9.59)]
K K
0<ex < —09 S —
Ky + Kx Ky + Ky
In what follows, we denote the MSE in the MMSE estimates U and
V based on S as defined in (9.66a), respectively, via

and 0< 6 < (9.68)

AR (Ax). Fy) and AP (€5 (Ay), Fyy),  (9.69)

and those for the MMSE estimates based on 7{;) as defined in (9.66b)
via, respectively,

)\g‘T<G§(X(AX)>G(k)) and )‘c‘a/IT(eny(AY)7G(k))' (9.69Db)

In turn, we let

M (F ) 2 Erp [N (€5x (Ax), Fpy)] (9.70a)
S\X‘S(F(k)) £ Egig [AX‘S(CQY(AY% Fiy)] (9.70b)
N (Gy) 2 Erm T (€51 (Ax), G)] (9.70c)
N (G 2 Erp N T (€EY (Ay), Gy, (9.70d)

where Eryg [-] denotes expectation with respect to the Gaussian RIEs
for CXX (Ax) and €LY (Ay).

For this scenario, we have following result, a proof of which is
provided in Appendix G.13.

Proposition 9.24. Given zero-mean jointly Gaussian X € RKX, Y e
REY characterized by Ax, Ay, and Ay, and attributes U and V' of X
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and Y, respectively, each drawn from a Gaussian RIE for some ey and ey,

respectively, satisfying (9.68), then for any dimension k € {1,..., K},
the multi-objective minimization

i AE®E ), A F ), AT (G ), AT (G 9.71

oo 0 | (A i), A Fo) X (G ), A (G) - (071)

has a unique Pareto optimal solution, which is achieved by (F’(kk), G’{k))
as defined in (9.19). Moreover,

NI () = tr(Ap) |1 = & By 7 K] (9.72a)
[ k
N EG) = (A |1 -6 B VY o?] (9.72b)
L =1
_ I - k
MG = (A |1 - &EFTY 03] (9.72¢)
L =1
NT(Gly) = tr(Ay) [1 - & By k], (9.72d)

where E(‘)X U and Eé/ V" are nonnegative constants that do not depend
on €x, €y, k, or Px y.

We emphasize that Proposition 9.24 is not asymptotic: we do not
require €y, ey — 0.

9.9 MMSE Cooperative Game

A characterization of the associated cooperative game for MSE min-
imization, in which nature chooses the attribute that can be most
accurately estimated, is given by the following. A proof is provided in
Appendix G.14.

Proposition 9.25. Given zero-mean jointly Gaussian X € RKX, Y e
R®Y characterized by Ax, Ay, and A xy, parameters ey, ey of multi-
attributes U and V', respectively, satisfying (9.68), and a dimension
ke {1,...,K}, then the multi-objective minimization
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. min (Agls(eix (Ax); F)),
(ee)?( (AX),@€YY (AY))Ee(k)v V|S K
(F(x),Gx)) €L Ae (eeyy (Ay), F(k))v

AT (EEX (Ax), Gy,
NITEE (Ay), Gy)),  (9.73)
where
Crry = {(@fff (Ax), CEY (Ay)):
Ky =Ky =k,
Az, <1 AV <1}, (9.74)

has a unique Pareto optimal solution, which is achieved by (F(x), G(y))
as defined in (9.19), and (€XX, (Ay), €LY, (Ay)) characterized by

€x,% €y %
A=Ay =1 (9.75a)
and
Ky +k *
Ky + k "
AYV = €y Yk‘ AY G(k‘) (975C)
Moreover,
NS @Ex (Ax), Fly), Glyy) = k — e (Kx + k) (9.76a)
Ky +

Yo (9.76b)

( * * k
)‘XIS(@»?Y}:*(AY):F(@, Gr)) =k — e%( p )

_ K k
AT@EX (Ax), Fiiy, Glry) = k — ek X+k) S o? (9.76¢)

EX?* kx _1
NT@EY (Ay), Flyy, Gliy) = k — ey (Ky + k). (9.76d)

Note that Proposition 9.25 is also not asymptotic: it does not require
€x,€ey — 0. Note, too, that via Proposition 9.25 we obtain the multi-
attributes U and V for which the features (ka), Gfk)) are sufficient
statistics.
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9.10 The Local Gaussian Information Bottleneck

The following result establishes the optimum attributes in the MMSE
cooperative game of Section 9.9 coincide with those of a Gaussian
version of the local information double bottleneck problem. A proof is
provided in Appendix G.15.

Proposition 9.26. Let X € R*X| Y € R®¥ be zero-mean jointly
Gaussian variables characterized by Ay, Ay, and Axy, and given
€x,€y > 0, let U and V be Gaussian ex- and ey-multi-attributes of X
and Y, respectively, with Ky = Ky, = k. Then

Kx+k\ ( Ky +k
I(U,V) EX;Y( ij+ )( vt )Z +(9 6X6y EX,EY—>O,

(9.77)
where the inequality holds with equality when the configurations of U
and V are given by (9.75), in which case

Ky+k |Ky+Ek
AUV:€X€Y\/ Xk \/ Yk DA (9.78)

where X, is as defined in (9.57b).

Proposition 9.26 can be equivalently expressed in the form of a
solution to a symmetric version of the Gaussian information bottleneck
problem [55] in the weak dependence regime. In particular, we have the
following corollary, a proof of which is provided in Appendix G.16.

Corollary 9.27. Let X,Y be zero-mean jointly Gaussian variables char-
acterized by Ay, Ay, and Axy, and let U and V be variables in the
Gauss-Markov chain (9.63) such that we satisfy the independence re-
lations Ay = Ay = I, the conditional independence relations that®
A%UA}IAXU and AET/VA{/ Ay are diagonal and the dependence
constraints max{I(U; X),I(V;;Y)} <e 2/2fori=1,...,k. Then

4 k
€ 2
IBaXI (U;V) =5 1521 o; + ), €—0. (9.79)

*The elements of U are conditionally independent given X when Ay |x = Ay —

A?(UA}lAXU is diagonal, and similarly for the VY relation.
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Moreover, the maximum is achieved by the configurations [cf. (9.75b)—
(9.75¢)]

AYV = EAY G>(kk:)7 (980b)
in which case
AUV = 62 E(R) (981)

with X ;) as defined in (9.57b).

It further follows that (S(k) (k )) is a sufficient statistic for inferences
about the optimizing (U, V), i.e., for any dimension k € {1,..., K} we
have the Markov chains

(U, V) & (St Ti) < (X,Y) (9.82)

and

U+ S?k) — T(Z) - V. (9.83)
In particular, we have the following result; a proof is provided in
Appendix G.17.

Corollary 9.28. In the solution to the optimization in Proposition 9.26,

Pyyvixy(wvlz,y) = Pyix(ulz) Pyy(v]y), (9.84)

with
Pyix(]z) = N(es(py, (1—€)T) (9.85a)
Py (ly) = W(et(yy, (1 - ) T), (9.85b)

where [cf. (9.24)] s() = F()z and t() = G?k) Y, and where we note
that (9.85) depend on (x,y) only through (s, t(y)). Moreover,

U‘S(k) T,V v(u S?’C t(k v) = PU|S(*k)(u’3?k)) (9.86a)
Py st a0 01800 iy w) = Py, (V1E(e)), (9.86b)
and
Pyix () = 0(eZg iy, 1= € Bfy) (9.87a)
Poyy (1y) = N(eZg 1) - 1= € i) (9.87b)
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We emphasize that the sufficient statistic pair (ka), T(Z)) involves
separate processing of X and Y. We also emphasize that Corollary 9.28
is not an asymptotic result—it holds for finite e.

The more classical one-sided Gaussian information bottleneck prob-
lem [55] can also be analyzed in the weak-dependence regime. For
example, we have the following result, a proof of which is provided in
Appendix G.18.

Proposition 9.29. Let X € ]RKX, Y € REY be jointly Gaussian vari-

ables characterized by Ay, Ay, and A xy, and given € > 0, let U and

V' be variables in the Gauss-Markov chain (9.63) such that we satisfy

the independence relations Ay = Ay, = I, the conditional independence

relations that AE(UA)}lA xu and A;T/VA{)AYV are diagonal, and the

dependence constraints max{I(U;; X),I(V;;Y)} < 62/2 fori=1,... k.
Then

2

max [(U;Y) = max I(V; X)

U 1%

k
% Z ), e—0. (9.88)

Moreover, the maximum is achieved by the configurations (9.80).

Note, finally, that (S,7T) given by (9.24a) and (9.24b) are sufficient
statistics for inferences about the resulting (U, V'), which we emphasize
are obtained by separate processing of X and Y.

9.11 Gaussian Common Information

We now develop the relationship between the optimizing Gaussian multi-
attributes (U, V) in Section 9.10 (and Section 9.9), and the common
information associated with the pair (X,Y’) characterized by a given
joint distribution Py y-.

In the Gaussian case, common information can be readily evaluated,
without the local restriction of the finite-alphabet case, and takes the
following form, as shown in [241, Corollary 1]. For convenience, the
proof is provided in Appendix G.19.°

%As a possible indirect application, aspects of the results of this section may
provide useful guidance on the design of Bayesian CCA methods [151], [269] that
build on the latent variable perspectives of CCA in [18].
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Proposition 9.30. Let X € ]R{KX, Y € R™ be zero-mean jointly
Gaussian variables characterized by Ay, Ay, and A xy. Then

. 1 & 14 0;
C(X,Y)= pnin I(W;X,)Y) = 5 > log ) (9.89)
XoWoy =1 !

Moreover, an optimizing Py xy is Gaussian with

* 1/2
Axw = Ax Fig 3 (9.90a)
* 1/2
Note that since for 0 < w < 1,
11 1+w
2 BT —w =Y

we have

where the bound is tight in the limit of weak correlation, i.e.,

X:Y ~
CLBY) Bl — 0.
B
We further have
W « R?K) <~ (S(*K), T(*K)) — (X,Y) (9.91)
where
REKK) £ SEFK) + T(*K), (9.92)

with S(x) and T(k) as defined in (9.24). In particular, we have the
following result, a proof of which is provided in Appendix G.20.
Corollary 9.31. In the solution to the optimization in Proposition 9.30
1/2 —1
E[W[X,Y] =331+ Su0) ™ Rix) (9.93a)

Awixy = (1= Z0) I+ S(x) (9.93b)
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9.12 Relating Common Information to Dominant Structure

The common information auxiliary variable W of Proposition 9.30 is
naturally related to the multi-attributes (U, V') of Proposition 9.26 (and
Proposition 9.25) when we choose the normalization

= K and = 7]{:
XN EKerk M YTVR TR

or, equivalently, ¢ = 1 in Corollary 9.27. In particular, the following
result, a proof of which is provided in Appendix G.21, establishes that
common information can be equivalently characterized by
C(X,Y)= min I(W;X,Y). (9.94)
Py x,v:

XeoWeY
W (U V)< (X,Y)

so that the optimizing W satisfies

Corollary 9.32. Let X,Y be zero-mean jointly Gaussian variables char-
acterized by Ay, Ay, and Axy, and let (U,V) be the dominant K-
dimensional multi-attributes of Corollary 9.27 with e = 1. If W is chosen

so that W « (U, V) & (X,Y) is a Gauss-Markov chain with
_ _ /2
Ay = Ay = Bk, (9.96)

and Ay, = I, then
I(W;X,Y)=C(X,Y), (9.97)

where C'(X,Y) is as given in Proposition 9.30.

When W is constructed according to Corollary 9.32, we have the
additional Markov structure

W (U+V) ¢ Rig) ¢ (X,Y). (9.98)
Specifically, we have the following readily verified result.
Corollary 9.33. With W as constructed in Corollary 9.32, we have
5 1/2 ~1
E[W[U, V] = B3 (T + S) " (U +V) (9.99)
~1
Ay = 1= Z0) T+ 2i)) - (9.100)
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9.13 An Interpretation of PCA

PCA [116], [140], [224] can be interpreted as a special case of the
preceding results. Specifically, in some important instances, the form of
dimensionality reduction realized by PCA corresponds to the optimum k-
dimensional statistics S, = f*(Y) and T, = g"(X) as defined in (9.24a)
and (9.24b), respectively, for the universal estimation of the unknown
k-dimensional attributes U and V under any of our formulations.

Example 9.34. As an illustration, suppose we have the innovations
form
Y=X + VXy,

where X and Y are K-dimensional, and where A, = UEI but Ay is
arbitrary. Moreover, let

Ax="YAYT
denote the diagonalization of Ay, so the columns of
Y=o, o vl (9.101)

are orthonormal, and A is diagonal with entries A\ > Ay > --- > Af.
Then it is immediate that Ay has diagonalization

Ay =Y (A+aoT)Y".

In this case, it follows immediately that B has SVD

B=APAYP = X (@4oa ) (9.102)
v = ~(v)"

As a result, we have, for a given 1 < k < K, that (9.24a) specializes
to

Fioy = (YA Yy = Ty Ay, (9.103)

where Y ;) denotes the K x k matrix consisting of the first k columns
of X, i.e.,
Y = [01 Uk},
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and where A () denotes the k x k upper left submatrix of A, i.e.,
the matrix whose diagonal entries are Aq,...,\,. Likewise, (9.24D)
specializes to

Gl = (T (A+a0D) *XT) Ty = T (Agy +00D) % (9.104)

In turn, it follows from (9.103) and (9.104) that the k-dimensional
PCA vector

SPOA = P X 2 Yy X (9.105a)

is a sufficient statistic for inferences about the unknown U and V based
on X, and

T ="My 2y Y (9.105b)

is a sufficient statistic for such inferences based on Y, i.e., we have the
Markov structure

(U, V) P4 o X (9.106a)
(U, V) & TP v, (9.106b)

Beyond this illustrative example, for a general jointly Gaussian pair
(X,Y), the statistics

* \ T * I
S(k) = (F(k)) X and T(k:) = (G(k)) Y

specialize to (invertible transformations of) the PCA statistics (9.105)
whenever Ky = Ky = K and Ay and Ay are simultaneously diagonal-
izable, i.e., when they share the same set of eigenvectors (9.101), which
is equivalent to the condition that Ay and Ay commute (see, e.g., [114,
Theorem 1.3.12]). In fact, if Ay has distinct eigenvalues and commutes
with Ay, then there is a polynomial 7(-) of degree at most K — 1 such
that Ay = (A ), which follows from the Cayley-Hamilton theorem
(see, e.g., [114, Theorem 2.4.3.2 and Problem 1.3.P4)).

9.14 Learning Covariance Modal Decompositions

The linear features f(z) and g(y) in the modal decomposition of co-
variance A yy are readily constructed via an iterative procedure. In
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particular, a natural approach corresponds to applying orthogonal iter-
ation to B to generate the dominant modes of its SVD. The resulting
procedure has a statistical interpretation as an ACE algorithm.

To obtain the Gaussian version of the ACE algorithm Algorithm 1,
it suffices to note that the conditional expectations in this case are all
linear—specifically,

E[F)X|Y =y] = FEX]Y =y =FjAxy A’y (9.107a)
and
E[G()Y|X = 2] = GuE[Y|X = 2] = GlyAxyAx' =, (9.107b)
and that [cf. (9.17)]
E[F&)X (G&)Y)T} = F?;c)AXY G- (9.107¢)

The resulting procedure then takes the form of Algorithm 3. Computa-
tional complexity behavior is analogous to the corresponding algorithm
for discrete data. As in our discussion of Section 6.1.2, steps 2f and 2c
can be equivalently expressed in their respective variational forms [cf.

(6.6)]

F arg;ninE[HFa)X - Ga)y\ﬂ (9.108a)
Gy al"gglinE[HFa)X ~GlyY |, (9.108b)

and evaluated iteratively or otherwise.
When the covariance structure Ay, Ay, and A xy is unknown, but
we have training data

(‘Té {($17y1)a""(mn7yn)}v (9109)

drawn i.i.d. from the associated Gaussian distribution, we can use
sample covariance matrices in place of the true ones in Algorithm 3,

viz.,
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Algorithm 3 Gaussian ACE, Multiple Mode Computation

Require: Covariance matrices Ay, Ay, and Ay; dimension k
1. Initialization: randomly choose F )

repeat
2a. Cholesky factor:
= = T
FyAxF ) = () O
2b. Whiten:
~ — X \—1
Foy = Fay (O)
2c. G(k) < AY AYX F(k:)
2d. Cholesky factor:
=~ = T
Gy Ay G = (Ofk) Oy
2e. Whiten:
A — Y —1
Gy =G (O)
2f. F(k) — AX AYXG(k)

(k)

until 6" stops increasing.

1 & T
= (@ — px) (2 — fux)
)

« 1 X R T
Ay == (i — i) (i — o)
=1

AX:

A 1Z R AT
Axy = - > (@ —hx) (i — by)
i=1
for example, where
1 & 1 &
fix=—> = and fiy =—) y.
iz iz

Sample complexity analysis of modal estimation in this Gaussian case
can be carried out in a manner analogous to that described in Section 6.2.

9.15 Gaussian Attribute Matching

The preceding analysis can be used to develop the natural Gaussian
counterpart of the Bayesian attribute matching formulation of collab-
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orative filtering in Section 7. Our analysis can be interpreted as a
formulation of a problem of high-dimensional linear estimation. As such,
they can be viewed in a broader context that includes related results
on shrinkage-based methods (see, e.g., [168] and the references therein)
that generalize James-Stein estimators [136]. Recent work more directly
analogous to the analyses of matrix factorization in, e.g., collaborative
filtering as discussed in Section 7 include, e.g., [208], [230]. As such, this
section provides an additional interpretation of such relationships.

For the purposes of illustration, consider a simple problem of low-
level computer vision. Let Y denote a vector representing a (e.g., raster-
ized) Ky-pixel target image of some scene of interest, and let X denote
a vector representing a (linearly) distorted K x-pixel source image of
the scene. Such distortions could include, e.g., complex geometric trans-
formations, nonuniform sampling, spatially-varying filtering, and noise.
Then Py x(+]x) denotes the probability density for the target image
associated with a given source image .

Given a choice for k € {1,..., K}, the k-dimensional variables U
and V in the Gaussian Markov chain (9.63) correspond to the dominant
attributes of source and target images, respectively, and where Szkk) and
T(l) represent sufficient statistics for the estimation of these attributes.

Conceptually, for each target image y, there is an associated target
attribute V(y) generated randomly from y according to Py (-|y) that
expresses the dominant attribute of the target image. Likewise, for the
source image z, there is an associated target attribute V,(z) generated
randomly from x according to Py x(:|x).

Next, let A, () denote how close the target attribute of target image
y is to the target attribute of the source image z, i.e.,

and define the set

Y(z) £ argminE[HAy(:L‘)HQ}. (9.110)
yeR Y

The following characterization of Y(z)—the collection of target
images whose attributes match that of the source image most closely—
is useful in our development. A proof is provided in Appendix G.22.
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Lemma 9.35. Given k € {1,..., K} and zero-mean jointly Gaussian
X, Y characterized by A x, Ay, and A xy, define k-dimensional Gaussian
multi-attributes in the Gauss-Markov structure (9.63) according to
Corollary 9.27 for some ¢ > 0. Then for a given z € R*X and Y(z) as
defined (9.110), it follows y € Y if and only if the associated (linear)
features are related according to

Among the target images y for which the attribute match with z
is closest, we seek the most likely, which we denote using y*(x). We
have the following characterization of y*(x). A proof is provided in
Appendix G.23.

Proposition 9.36. Given k € {1,..., K} and zero-mean jointly Gaus-
sian X € RFx , Y e R™Y characterized by Ax, Ay, and A xy, define
k-dimensional Gaussian multi-attributes in the Gauss-Markov chain
(9.63) according to Corollary 9.27 for some € > 0. Then for a given
z € R"¥ and Y(z) as defined (9.110), we have that

y*(z) £ argmax Py (y), (9.112)
yel(z)

with Py = N(0, Ay) denoting the marginal for Y, satisfies
* * T x* \T
y (z) = (G(k))T S (Fpy) =, (9.113a)

where the Moore-Penrose pseudoinverse of Gy takes the form

(Gly)' = (G) " Ay (9.113b)

The optimizing y*(x) in Proposition 9.36 has the interpretation as
an MMSE estimate based not on A yxy but on the approximation Agg,*
of rank k defined in (9.58). In particular, the following corollary is an

immediate consequence of (9.58).

Corollary 9.37. An equivalent characterization of (9.113) in Proposi-
tion 9.36 is
y'(z) = APY AY (9.114)

where Agf;(* is as defined in (9.58).
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Connections to PCA

As we now illustrate, PCA naturally arises in special cases of the
preceding matching framework. In particular, returning to the scenario
of the example in Section 9.13, we first interchange the roles of U and
V,and X and Y, obtaining that the optimum target image z*(y) for a
given source image y based on Gaussian attribute matching is

z(y) = (F?k))TT k) (G?k))Ty, (9.115a)

where
* * T
(Fi)" = (Fliy) "Ax. (9.115b)

Gaussian attribute matching in this scenario takes a familiar form.
In particular, specializing (9.115) using (9.102), (9.103), and (9.104),
we obtain

* 1/2 —1\—1/2
T (y) = LAl T+ o2 AL (A +02T)

—1 T
=Y Aw (Aw) + ol D) Yy

Pl y

The result is, of course, a standard approach to simple (linear)
denoising, whereby a signal of interest is expanded in the basis prescribed
by PCA, only the dominant modes are retained, and the associated
coefficients are appropriately attenuated. As such, our analysis provides
an additional interpretation of such processing, further insights into
which also arise in the next section.

9.16 Rank-Constrained Linear Regression

In this section, we develop the counterpart to softmax regression analysis
of Section 8 for jointly Gaussian variables, which is a form of rank-
constrained linear regression. Such regression problems have a long
history. Indeed, Young [287] recognized the relationship between early
factor analysis and low-rank approximation. Subsequent results on the
topic appear in, e.g., [229], and, later, in [39, Theorem 10.2.1] [135].
Later still, interpretations of the special case of PCA in terms of neural
networks appeared in, e.g., [21], [213], [214], and the general case of CCA
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in [146], in which an alternative to the ACE algorithm of Section 9.14
is involved in its implementation. The results of this section provide
some complementary perspectives.

To begin, the counterpart of Proposition 8.1 is immediate in the
Gaussian case. In particular, the following simple result expresses that
the particular exponential family form is not restrictive.

Proposition 9.38. Let X € ]R{KX, Y € R™ be zero-mean jointly
Gaussian variables characterized by Ay, Ay, and A xy. Furthermore,
given a dimension k € {1,..., K}, let S = F' X for some K x x k matrix
F,so Ayg =AyxFand Ag = F'A xF are the induced covariances.
Then the joint probability density for S,Y takes the form

Psy(s,y) = Py(y) Psjy(sly) = N(y;0, Ay) N(s; G y, Ag— G Ay G),
(9.116)

where

G'Y £E[S]Y]. (9.117)

Proof. Tt suffices to exploit that since (9.117) is the MMSE estimate of
S given Y, we have
S=GY + v,

where the error v is independent of Y. Moreover,
Agy = Ag — AgyAy' Ayg = Ag — G'Ay G,
where to obtain the last equality we have used that
G = Agy AV
since S, Y are jointly Gaussian. |

In turn, the counterpart to Corollary 8.2 is the following result
optimizing F, whose proof is provided in Appendix G.24.

Proposition 9.39. Let X € RKX, Y € R®Y be e-correlated zero-mean
jointly Gaussian variables whose joint density Py y is characterized by
Ax, Ay, and A xy. Furthermore, given a dimension k € {1,..., K}, let
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P (A, Ay)2{P: P =X AX Axy ,
"Axy Ay

some A yy with rank(A xy ) < k} (9.118)

denote the collection of zero-mean jointly Gaussian distributions with
rank-constrained cross-covariance. Then for Py y € TfX’KY(A x, Ay ),

D(Pxy|Pxy) > Z o +o(€?), €—0,
i=k+1

where the inequality holds with equality when PX,Y has cross-covariance
(k)*

Ayx = A% with AYY as given by (9.58).

This result expresses that among all k-dimensional linear restrictions
S =F'X of the data, that corresponding to F = F?,C) is optimum.

In turn, given the choice S = (ka))TX , the matrix G defines the
weights in the associated estimate of Y'; specifically, [cf. (9.113)]

Ok s\ T o — *
V= (AG) A X = Ay Gy B S. (9.119)

We emphasize that the estimate (9.119), in which Ag]gf can be equiva-
lently expressed in the form

ASY = (AY? () (A7 o) Axy, (9.120)
is generally different from the MMSE estimator limited to rank k, which
can be expressed in the following form [135], a derivation of which is
provided in Appendix G.25.

Proposition 9.40. For zero-mean, jointly Gaussian X € REX and
Y € R®Y characterized by covariance Ay, Ay, and A xy, then given
ke{l,...,K},

Ve = argmin  E[[|Y — Y|?] = (A()];%S)TA}IX, (9.121a)
(V:V=Fy xX,
rank(l"y‘x)<k}

where

A = (A8 (AP e Axy, (9.121b)
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with \i'fi) denoting the first (dominant) & columns of ¥~ in the (alter-
native) SVD [cf. (9.12)]

Ayx A7 =AYPB =375 (89"

(9.121¢)
in which ¥~ and ¥ are orthogonal matrices and X is a diagonal

matrix.

We note, in particular, that the generally different estimators (9.121)
and (9.119) coincide when Ay = I, since the SVDs (9.12) and (9.121c)
are identical in this case.

Finally, the implied rank-constrained linear regression procedure
is as follows. First, we assume that sufficient unlabeled training data
is available that Ay and Ay are accurately recovered. Second, from
the labeled training data we obtain the empirical covariance A xy- We
then let pX,y denote the distribution of zero-mean jointly Gaussian
variables characterized by A x, Ay, and A xy and apply Proposition 9.39
with Pyy = pr to obtain that the (locally) divergence-minimizing
(cross-entropy maximizing) regression parameters are given by

A (k)= Ak ok T
AP 2 Ay Gl Sgy (Fly) " Ax (9.122)

where ﬁ‘(k), G(k), and f](k) correspond to the k& dominant modes in the
modal decomposition of the empirical cross-covariance, viz., [cf. (9.18)]

In turn, the quality of the model fit is given by

K
D(Pyy | p;(clf%f) = Y 6i+o("), e—0, (9.124)
i=k+1

where P&k%f denotes the (optimized) distribution of zero-mean jointly

. . . A (K ~ A
Gaussian variables characterized by Ax, Ay, and Ag{;* ,and 6q,...,0

are the diagonal entries of 3.
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Nonlinear Features and nonGaussian Distributions

While a comprehensive treatment is beyond the scope of this mono-
graph, in this section we briefly discuss selected aspects of modal
decompositions involving nonlinear features and nonGaussian variables,
for completeness. More generally, this is an active area of research, and
additional emerging directions are summarized in Section 13.

10.1 Nonlinear Features for Gaussian Distributions

If we seek a modal decomposition of the form (2.15) for the Gaus-
sian case, an infinite number of terms must be involved: the modal
decomposition takes the form

Pxy(z,y) = Px(z) Py (y) (1 + i‘}i fi*(x)gf(y)>v (10.1a)
=

with
[f@( )] =[G (V)] =0, i=1,2,...
E[f(X) f{(X)] =E[g; (V) 5, (Y)] = Liey, i,j=1,2,....

And in such an expansion, it is important to emphasize that the terms

(10.1b)

involving linear features need not dominate. In the sequel, we briefly
develop this insight.
142
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In a modal decomposition of the form (10.1), only some of the
features ff L1, f; .05, ... are linear, which is implied by expanding the
exponentiation operator in (9.56) using a Taylor Series. For instance,
when Ky = Ky = 1, one obtains Mehler’s decomposition [200]

1+ 0 m(#) m-(@)]
=1

1+ > |p| sen(p) m;(&) m(z))] . (10.2a)

=1

Py v(Z,9) = Px(Z) Py (9)

= Px (%) Py (9)

where p = Agy = E[XY], and where 7; is the (scaled) ith-order
Hermite polynomial

(2
(%) & i(—1)ie52/2d—.e‘j2/2, i=1,2,.... (10.2b)
Vil dz’
Note that f; = sgn(p)’ §; = m; satisfy (10.1b) as required, and that the
features corresponding to the dominant mode (i = 1) are linea]r,1 ie.,
71 (v) = v, as discussed in, e.g., [159], [240], and which may have been
first observed by Kolomogorov.

For K > 1 [with (9.13)], the modal decomposition of the form (10.1)
is straightforward to derive as a generalization of (10.2), and involves
the corresponding multivariate Hermite polynomials—see, e.g., [148],
[252]. However, if K > 1 and k > 1, then the k£ dominant modes need
not, in general, be linear, as the following example shows.

Example 10.1. Suppose Ky = =
independent, and p; = A5y = [ XY, >
the decomposition

P v (2,9) = Pg, (21) Px, (T2) Py, (11) Py, (32)

o0 o0
L+ pyvm(@) m(fn) [ |1+ Y o (@) mi(i) |
i=1 =1

k=2, (X,Y7) and (Xy,Y3) are
)] > for [ =1,2. Then we have

1Eviden‘cly7 the maximal correlation is the magnitude of Pearson’s usual correla-
tion coefficient in this Gaussian case, i.e., o, = o(f1,97) = |p|-
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which when expanded is of the form (10.1). But if p: > po, then the
dominant feature pair is

corresponding to singular value 6; = p;, while the features for the next
largest singular value are

corresponding to singular value p%, rather than the linear features
corresponding to singular value ps.

10.2 Linear Features for nonGaussian Distributions

Second, with respect to nonGaussian distributions, we first emphasize
that in Proposition 9.4 (and, in turn, Proposition 9.6), only the second-
moment properties of the joint distribution Py y are required to derive
the optimizing linear features. As such, those results obviously apply
more broadly.

Additionally, when the nonGaussian variables are defined on finite
(but real-valued) alphabets, we can equivalently interpret the CCA
optimization problem as that of HGR maximal correlation with the
features constrained to be linear, i.e., maximizing the vector correlation
(3.6b) over linear fk and gk. Such constraints may be practically moti-
vated, for example. In such cases, we can relate the CCM B from the
Gaussian analysis to the associated DTM B from the discrete analysis.
In particular, we have the following theorem, whose proof is provided
in Appendix G.11.

Proposition 10.2. Let X C REX and Y C RXY be finite sets with
probability mass function Py y such that E[X] = 0 and E[Y] = 0, and
let B be as defined in (2.8). Then

¥ B(m¥)" =B, (10.3)
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where B is as defined in (9.11) (with the notation refined to distinguish
it from B), and where

X=X/Py and II' =Y,/Py, (10.4)

with X and Y denoting Ky x |X| and Ky x |Y| matrices whose columns
are the vectors in X and Y, respectively.

10.3 Features for General Continuous Variables

The extension of modal decompositions to both more general bivariate
distributions over continuous alphabets—and the extraction of corre-
sponding features—is naturally of interest in many applications. In
this section, we provide a summary of some of the wide range of con-
tributions to this area, together with representative references on the
topic.

As our discussion in Section 10.1 would suggest, for bivariate distri-
butions over continuous alphabets, many basic geometric insights carry
over from the finite-alphabet case. However, the underlying Hilbert space
is generally infinite-dimensional—as in (10.1)—from which subtleties
arise. A natural restriction is to absolutely continuous distributions
satisfying the Hilbert-Schmidt condition

P
// nyy dxdy<oo, (10.5)

which ensures compactness of the conditional expectation operators.

Among the earliest work for such scenarios is contained in the
foundational contributions of Gebelein [91]. In subsequent work [231],
[232], Rényi develops key aspects of the associated Hilbert space for
modal decompositions, building on the work of both Hirschfeld [112]
and Gebelein [91]. In turn, Csaki and Fischer [66]-[68] build on this
work of Rényi, developing further aspects of the Hilbert space geometry
and including some insightful examples. Aspects of the geometry also
appear in Witsenhausen’s analysis of common information [277], which
likewise leverages the developments of Rényi [231].

In related but separate developments, modal decompositions for
continuous distributions are also explored by Lancaster [160], [161],
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building on the work of Hirschfeld [112].? Included are a variety of
results on the special case of jointly Gaussian distributions. See also
the related work [108]. Analysis similar to some of that of Lancaster
also appears in the work of Sarmanov [238], [239].

While infinite-dimensional modal decompositions are conceptually
straightforward in many respects, their practical computation is less
so. In particular, in the development of the ACE algorithm in [38],
Breiman and Friedman follow the framework of Rényi [232] and consider
bivariate distributions over arbitrary alphabets, including continuous
ones. Mild sufficient conditions for convergence of the ACE procedure
are developed in this setting. However, even when these conditions
are satisfied the procedure generally does not have a direct numerical
implementation when applied to a continuous distribution. When using
the ACE algorithm to estimate the modal decomposition from training
data in such cases, [38] advocates replacing each conditional expectation
step with an approximation that exploits some intuitive but heuristic
data smoothing. However, in practice, the resulting features tend to
depend somewhat strongly on the choice of smoothing.

The work of Buja [42], [43] on modal decompositions emphasizes
continuous bivariate distributions whose features are (orthogonal) poly-
nomials of increasing order, which includes the case of jointly Gaussian
variables. The treatment leverages the work of Lancaster [162] on such
distributions. As a result of the associated parametric structure, im-
plementations of the ACE algorithm are more straightforward in this
case. In the course of this development, Buja also provides a variety of
other examples and observations involving modal decompositions and
the ACE algorithm.

It is worth emphasizing that distributions whose modal decom-
positions have polynomial features have been useful in a variety of
applications. For example, in [1], they are used to show that the capac-
ity region of a degraded fading broadcast channel with Gaussian noise
is not achieved by Gaussian input distribution.

The treatment emphasizes distributions of bounded X2 mutual information—i.e.,
mean-square contingency (4.20); it is straightforward to verify that this condition is
equivalent to (10.5).
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Further results on distributions with polynomial features are de-
veloped in, e.g., [194], [195]. In particular, a characterization of such
distributions in terms of their conditional moments is derived, and
distributions with Laguerre, Jacobi, and Hermite polynomial features
are constructed as illustrative examples.

10.4 Feature Constraints: Nonlinear CCA and PCA

In a variety of settings, it is often desirable to restrict the space of
features under consideration (under the HGR maximal correlation crite-
rion, for example), for implementational or application-specific reasons.
In some cases, such constraints are straightforward to incorporate.

As a first example, when features are restricted to lie in a finite-
dimensional subspace, any such feature can be expressed as finite linear
combination of basis functions for this subspace. As a result, the HGR
maximal correlation features over this subspace have a representation
in this basis whose coefficients are the solution to a corresponding CCA
problem. This is perhaps the simplest example of what is sometimes
referred to as nonlinear CCA,3 since the subspace will generally define a
class of nonlinear features. In essence, the nonlinear feature optimization
problem effectively becomes a linear feature optimization problem in
this case, which can be applied to training data as a learning procedure
in a straightforward manner. Accordingly, the optimization is over
representations whose dimension corresponds to the size of the subspace.

In other scenarios, it is natural to restrict the features to an infinite-
dimensional subspace, to which the preceding approach cannot prac-
tically be applied to solve the HGR maximal correlation problem. An
alternative in this case is to use a nonparametric nonlinear CCA method
typically referred to as kernel CCA, whereby the features are constrained
to lie in a reproducing kernel Hilbert space [6], [17], [133], [157], [202].
In this case, for a given set of training data one can avoid having to
perform computation directly in the underlying infinite-dimensional
subspace, and instead exploit the kernel representation for the space,

3By extension to infinite-dimensional features spaces, sometimes HGR maximal
correlation analysis is more generally referred to as nonlinear CCA in the literature.
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resulting in an optimization over representations whose dimension corre-
sponds to the size of the training set. A variety of approaches have been
developed to reduce the complexity of kernel CCA or extend its range
of applicability; see, e.g., [15], [17], [20], [105], [110], [266], [288]. Beyond
kernel CCA, other nonparametric approaches build more directly on
modal decompositions of the form (10.1); see, e.g., [203].

Another alternative to restricting the features to a finite-dimensional
subspace (corresponding to linearly parameterized classes of features) is
to use nonlinearly parameterized feature classes. This approach yields yet
another form of nonlinear CCA, early examples of which include [44] and
[157], with the latter exploiting simple neural networks. Generalizations
based on deep neural network (DNN) architectures are developed in
[14], with multivariate extensions explored in [29]. For a comparative
evaluation of such methods in representative application domains, see,
e.g., [274].

Other methods for indirectly constraining the class of features have
also been investigated. For example, in [218], the candidate features
are (generally) randomized functions such that the mutual information
between the data and its feature representation is constrained. In essence,
this imposes that the representation be a sufficiently compressed version
of the original data. Analysis of the methodology reveals connections
to rate-distortion theory [63, Chapter 10], the information bottleneck
method [258], and remote source coding [80], [278]. As such, the analysis
therein is perhaps closest in spirit to that of this monograph.

Finally, a variety of nonlinear generalizations have also been devel-
oped for the special case of PCA. For example, kernel-based methods
for PCA that are the counterparts to kernel CCA are developed in [245],
[246] and referred to as kernel PCA. Others, such as [154], [182], are
based on the use of neural network architectures and correspond to non-
linearly parameterized feature classes. As such, they are counterparts
to the analogously constructed CCA methods.
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Semi-Supervised Learning

A variety of problems deviates from the standard supervised learning
model on which we have focused in previous sections. In these problems,
labeled data are used in more limited ways, and instead relying more
on unlabeled data in their training. These are typically referred to as
semi-supervised learning problems, and there is a rich taxonomy and
literature; see, e.g., [54] and the many references therein, including the
early work [247]. While a broader development on the topic is beyond
the scope of the present monograph, in this section we briefly discuss
some of the most immediate implications of universal features and their
analysis to some such problems.

An outline of the section is as follows. Section 11.1 describes the
problem of “indirect” learning in which to carry out clustering on
data, relationships to secondary data are exploited to define an appro-
priate measure of distance. We show, in particular, that the softmax
analysis of Section 8 implies a natural procedure in which Gaussian
mixture modeling is applied to the dominant features obtained from the
modal decomposition with respect to the secondary data. In a different
direction, Section 11.2 discusses the problem of partially-supervised
learning in which features are learned in an unsupervised manner, and
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labeled data is used only to obtain the classifier based on the resulting
features. As an illustration of the use of universal features in this set-
ting, an application to handwritten digit recognition using the MNIST
database is described in which the relevant features are obtained via the
common information between subblocks of MNIST images. A simple
implementation achieves an error probability of 3.02%, close to that of
a 3-layer neural net (with 3004100 hidden nodes), which yields an error
probability of 3.05%.

11.1 Indirect Learning

A problem of significant interest is that of unsupervised learning, in
which only unlabeled data is available to train the system. These
correspond to clustering problems, and there are a number of classical
approaches, originating with the work of Pearson [222]; see, e.g., [82]
and the references therein for a summary.

In practice, there can be many valid clusterings of data, some more
useful than others for a given target application. For instance, in the
case of movies, one could cluster by any number of attributes, including
time period, genre, etc. One can view these alternatives as capturing
different measures of proximity in carrying out the clustering. But if
one is interested in clustering movies according to the way people select
movies to watch, then the measure of proximity is less straightforward
to quantify.

In such cases, auxiliary labeled data can be used to effectively capture
the right notion of distance for such problems, and express them in
terms of universal features. To develop this notion of “indirect” learning,
which has similarities in spirit to methods such as those described in
[27], let

XY Z

denote a Markov chain of discrete variables in which Y € Y represents the
data we seek to cluster (e.g., movies), Z € Z represents the class index,
and X € X represents auxiliary data (e.g., people). We assume that in
general X and Y are large alphabets, but that Z may be comparatively
small, and that we have an empirical distribution PX7Y obtained from
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11.2. Partially-Supervised Learning 151

i.i.d. training data from Py y (e.g., the Netflix database), but no training
samples of Z from which to directly estimate Pzy, or even Py.

For this scenario, our universal analysis suggests the following pro-
cedure. First, for some suitably small k € {1,..., K — 1}, we extract
the k£ dominant modes in the decomposition (2.15) from PX,Y (via, e.g.,
the ACE algorithm), then use the resulting estimate of g to define a
new variable T = g(Y) € R*. In turn, our softmax analysis reveals that
a locally universal model for the latent variable Z is [cf. (8.4)]

Pyr(2lt) o Pz(2) exp{ (t—np) "Ar! (priz(z)—pr) ), (111)

and unsupervised learning corresponds to fitting this model to the
(induced) samples of T'.

The softmax analysis further implies a rather natural model fitting
procedure. In particular, as discussed in Section 8.2, the resulting distri-
bution Py, matches, to first order, that of a Gaussian mixture, where
Priz(-|z) for z € Z are the Gaussian components. Hence, this suggests
that carrying out Gaussian mixture modeling on the estimate of Pr ob-
tained from the training data—e.g., via the Expectation-Maximization
(EM) algorithm [77]—to learn the parameters pup|;(t), Ar|z, and Py,
and (soft) clustering according to the resulting Py r(-[t) is locally opti-
mal. Of course, such soft clustering can be replaced by any of a number
of hard-decision alternatives if desired, such as that based on the Lloyd
algorithm [92], which correspond to so-called k-means' clustering on
the induced samples of T' = g(Y).

In practice, this procedure is straightforward to apply and effective.
For example, applying it to, e.g., the Netflix database yields meaningful
movie clusterings. For related developments and additional insights, see,
e.g., [227].

11.2 Partially-Supervised Learning

Another class of learning system architectures is one in which labeled
data is used to design a classifier of interest, but the design of the
features themselves for such a classifier is based on unlabeled data.

"Note that k refers a different quantity (specifically, |Z|) in this nomenclature
than it does in our use.
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These can be viewed as partially-supervised learning systems, and can
provide performance close to that of fully supervised architectures
while requiring significantly less labeled training data. In such cases,
the feature extraction step corresponds to unsupervised dimensionality
reduction, for which there are a variety of well established methods,
both linear and nonlinear; see, e.g., [243].

The characterization of common information in terms of universal
features, as described in Section 5.7, suggests a natural framework for
nonlinear dimensionality reduction, and, in turn, constructing such
partially-supervised learning systems, which we illustrate through an
example involving handwritten digit recognition, using the MNIST
database [167].

The MNIST database consists of a set of n = 60000 training images
x(l), . ,a:(n) and a set of n’ = 10000 test images, each depicting a
single handwritten digit from the set Z £ {0,...,9}. We let ey
denote the label corresponding to training image x(i), and let z € Z
denote that for a given test image x, which are all provided in the
database. Each training and test image is a black-and-white, 28 x 28
pixels size, and quantized to 8-bits per pixel (corresponding to intensity
levels {0, ...,255}), so |X| = 28-28-256 = 200 704 is the image alphabet
size.

Using the labeled data (x(l), z(l)), e (x(n), z(n)), we seek to train
a classifier based on our framework to predict the label z of a test image
x as accurately as possible.

11.2.1 Classification Architecture

The architecture we develop for this application involves three stages in
a manner corresponding to a two-layer neural network. The first stage
is a preprocessing step that converts the test image = to a represen-
tation y = ¢(z) from a smaller alphabet Y. In the second stage, we
extract a low-dimensional real-valued feature r = h(y) from the image
representation y. Finally, in the third stage we classify the image based
on this low-dimensional feature using a predictor ¢(-), generating label

z2 = p(h(q(2))).
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Overlapping subareas

e T '
7 pixels HH
3 pixels
P 28
pixels

|
|
«——— 28 pixels ——

Figure 11.1: Image representation for the preprocessing stage of the semi-supervised
handwritten digit classifier. Each 28 x 28 MNIST database image is decomposed into
an array of 6 x 6 = 36 subimages, each of size 7 X 7 pixels, and each overlapping
with its immediate neighbors by 3 pixels, horizontally and/or vertically.

We restrict our attention to designs based on semi-supervised

learning. Specifically, ¢ and h are designed from the unlabeled data
1) (n)

'/, ...,x"” in an unsupervised manner, while ¢ is designed in a su-
pervised manner from the reduced labeled data
(r(l), z(l)), e (r("), z(")), (11.2a)
with
r @ =py?),  d=1,...,n. (11.2b)

The details of our classifier design are as follows.

Stage 1 (Preprocessing)

As depicted in Figure 11.1, we first decompose each MNIST database
image into an array of 6 x 6 = 36 overlapping subimages, each of size
7 x 7 pixels, with immediately neighboring subimages overlapping by 3
pixels, horizontally and/or vertically. We denote the (7, j)th subimage
by ;j, for 4,5 = 1,...,6, which takes value in an alphabet of size
V| =7-7-256=12544.

Second, quantize each subimage in a lossy manner to reduce the
size of the alphabet Y. For this purpose, for each (4,7), we cluster all
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(1) ~(n)

the subimages g; /,...,y; ; extracted from the training data using the
“balanced iterative reducing and clustering using hierarchies” (BIRCH)
algorithm [289], which is simple and has computationally efficient (linear
complexity). In particular, we use the implementation [156] with thresh-
old parameter to 256y/3 and branching factor 1000. Each subimage Ui j
is then represented by the cluster to which it maps, which we denote
using yi’j.z We further use y to denote the resulting composite image

presentation, i.e.,

Stage 2: Feature Extraction

We generate a k-dimensional feature from the unlabeled training data
that captures as much of the common information among the subimages
as possible; in our experiment we choose £ = 500. In particular, for each
of the m = (326) = 630 pairs (y; ;, yi’,j’) of preprocessed subimages, we
determine the k" dominant modes of the empirical pairwise distribution

PYZ Y generated from the reduced unlabeled training data

W m

In our experiment we choose k' = 16, and use Algorithm 1 to obtain
these modes. We then order this aggregate list of k" m = 10080 modes
by singular value, and construct the feature set from the subset corre-
sponding to the overall k largest singular values, which we denote using
61y, 0.

Specifically, with {(i;, 5;), (i, ;) } denoting the indices of the subim-
age palr whose m;th mode has singular value 6;, and with f (i1,7)),
and ¢ g(

./
Zsz) my

i3 (i) my denotlng the corresponding feature functions in the

decomposition of Pyl Y for a test image with representation y, we
DI
choose as our k-dimensional feature

r=h(y) = (), ... he(®)) (11.32)

*The resulting alphabets Y, ; differ in size, ranging from roughly 10 for subimages
at the perimeter of the image, to roughly 500 for subimages in the middle.
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with

M) = Lyt by Windd) + 9, it ipyam, Wit i) (11:3D)
We emphasize that, in accordance with our development in Section 5.7
that leads to (5.85), the elements of (11.3) are sufficient statistics for the
relevant components of the common information between the associated
subimage pairs.

Stage 3 (Feature Classification)

The final stage implements a low-dimensional feature classifier generated
from the reduced labeled training data (11.2), with & as defined in (11.3).
In particular, we choose a linear support vector machine (SVM) [62] for
this purpose.

11.2.2 Performance Evaluation

When we evaluate the performance of the classifier of Section 11.2.1
on the full the set of 10000 MNIST test images, we achieve an digit
recognition error probability of 3.02%.

The classifier, which is characterized by its k = 500 scalar features, is
naturally compared to alternatives with similar numbers of features. For
example, one such alternative classifier would omit the preprocessing and
feature extraction stages, and apply a linear SVM directly to the original
representation of image data, corresponding to 28 - 28 = 784 scalar
features. This involves training parameters of the linear classifier in
fully-supervised manner, yet only achieves an error probability of 8.17%
based on our experimental analysis. This reflects the importance of
nonlinearities inherent in the feature formation stages of the architecture.

As another alternative, we can compare this architecture to a DNN
with two hidden layers and using sigmoidal activation functions [100],
and trained in a fully supervised manner. For instance, using 300 units
in the first layer and 100 units in the second corresponds to a total
of 300 + 100 = 400 scalar features, and yields an error probability of
3.05% [166], [167], which is comparable to that of our classifier, which
is effectively a network with a single hidden layer. As such, this reflects
the effectiveness of the universal features extracted via our methodology,
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which we further emphasize are designed in an unsupervised manner—
without taking into account the inference task.

As a further evaluation, in Stage 3 of our architecture, we reduced
the amount of (labeled) data used to train the classifier from n = 60000
to n/2 = 30000, while still using all n unlabeled training samples for
Stages 1 and 2. In this case, we obtain an only mildly degraded error
probability of 3.4%, which is a reflection of the efficiency with which
the architecture uses labeled training data, by restricting its use to the
final stage.

As a final comment, we emphasize that the example in this section is
not aimed at demonstrating state-of-the-art classification performance
on complex data sets. Rather, it is provided simply to illustrate that
useful levels of performance can be achieved in nontrivial settings even
with comparatively straightforward application of the basic concepts
and methodologies in the monograph.
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Modal Decomposition of Markov Random Fields

When the distributions of interest have additional structure, as is often
the case in practice, we seek modal decompositions whose features
capture this additional information. In particular, when

X=(Xp,....Xg,) and Y =(Y;,...,Yg,) (12.1)

for some Ky and Ky, there are often key relationships among these
constituent variables to be reflected in the representation. One important
example is obviously the case of jointly Gaussian structure among
the variables, as developed in Section 9. In this section, we consider
another important form of such structure in the form of conditional
independencies, as arise when the variables involved form a Markov
random field (MRF).

As we illustrate in this section, the modal decomposition analysis
of Section 2 naturally extends to this case and generally expands the
number of features. We focus on the case of Markov random fields
characterized by pairwise relationships among the constituent variables.

Accordingly, in Section 12.1 we begin with some useful refined
notation for the modal decompositions of the corresponding marginal
distributions. Section 12.3 develops more detailed results for the case of
tree-structured graphical models. Via the further special case of Markov
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chains, connections to spectral graph theory and the graph Laplacian
are identified.

12.1 Pairwise Marginal Notation

For notational convenience, we use Xy, ..., X, to generically denote the
collection of the combined constituent variables in X and Y, viz., (12.1);
for example, we would relabel a collection (X7, X5, Y7) as (X, Xo, X3).1
In turn, based on the results of Section 2, any pairwise marginal of the
form px. X, can be decomposed according to

K; ;-1

px, x, (@i, x;) = px, (x;) px, (2 1+ZU gk Fimiw(@s) fisje(zs) |,
k=1
(12.2)

where K, ; = min{|X;[,|X;|} and the embeddings f;,;: X; — R and
fi:j,k:: X; — R have the properties
E[fisik(X:)] =E[fix(X)] =0

and
Elfiin(X) [0 (Xa)] = BUfi6(X0) £ (X)) = 1y

In particular, with Bxi,X]- denoting the |X;| x |X;| CDM, whose entries

are px, x, (T;,2;) — px, (2 )PX]-(ZEJ‘)

By, x, (s, ;) £ : : (12.3)
\/pxi ;) bx; afj)
for z; € X;, x; € X}, we can express the SVD of BXi,Xj as
K; ;—1
BszXj = kz:l Oi,5,k ¢]X~Z>zk ( ﬁj,k)Ta (12.4)

where 1 > 051 2 - >0, K12 0 are the ordered singular values,
and

X, X,
"Pjii,la-'-’wjii,Ki,jfl and "pz—mlv'-'a"vagKl

1Obviously7 in applications it is typically more useful to choose notation that
explicitly distinguishes the variables in each of the X and Y subcollections and
reflects their roles.
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are the corresponding collections of (orthonormal) left and right sin-
gular vectors. Using this decomposition, the relevant embeddings are
constructed according to

: X;
@) v @)
fjﬂ',k’ (z;) 2 2225 —  and ij,k’ (z;) & 2T (12.5)
px, (%) Px; ()

for k' =1,... , K; ;—1, where %—n i (z;) and wz—m o ;(are, respectiyely,
the z;th and :L‘]th elements in the singular vectors 7, , and ), 1, .

12.2 Pairwise Markov Random Fields

Consider a MRF whose graphical representation has edges between
arbitrary pairs of nodes, but where the distribution is characterized by
pairwise potentials. With V = {1,...,n} denoting the set of nodes, and
€ C V x V the set of edges, such a distribution factors according to

Py, (zy) < exps > ox. (z)+ Y. &Xi,xj(ﬂ%ﬂfj) ; (12.6)

i€V (i,5)ee

where the ¢ x, and ) X, X, are node and edge (log-)potential functions,
respectively. Edge sets € that do not include all possible node pairs
correspond to the case of structure in the distribution.

Under mild conditions, such models are equivalently characterized
by their pairwise marginals Py X, To see this, note that (12.6) takes
the form of an exponential family. Specifically, we have

PXV(xV exp{ Z Z QZ)XI,X ) j) a:ai,xjaj}’

(i,5)€€ a; €X5,

aa

a Gx égi;’ g Asz] (.7,‘1,1‘ )
where
a;,a; ..
(9 é {01’] 7 ('L,]) S 8, a; € xi, CL]' € DCJ} (127)
are the natural parameters, and
a;,a; .o
s & {s;;7:(i,5) €&, a; € Xy, aj € X;} (12.8)

are the natural statistics, both of which we express as column vectors.
In turn, a(f) = log Z is the associated log-partition function. For any
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naturally-parameterized exponential family, the gradient and Hessian
of the log-partition function satisfy, respectively,

Va() = E[S] (12.9a)
Via(0) = E[SST], (12.9b)

where we note that the latter is positive semidefinite. But
E[Szyaj (sz Xj)] = E[]]-Xi:ai,Xj:aj] = PXi,Xj (aiv aj)a
so the right-hand side of (12.9a) is
[S] = {PX“)(],(CLZ‘,CL]‘)I (Z,]) € 8, a; € :X:Z'7 aj € DC]} (1210)

Hence, when (12.9b) is strictly positive definite, then (12.9a) is invertible,
and thus all the parameters of the distribution (12.6) can be recovered
from (12.10).

We conclude that subject to this mild condition, the collection of
modal decompositions for the constituent Px. x , (4,j) € &, as described
in Section 12.1, characterize such an MRF, and yields universal features
for such distributions.

12.3 Trees and Markov Chains

The dependency of (12.6) on the pairwise marginals —and thus the
CDMs (12.3)—takes a simple form in the key special case in which the
graphical model corresponding to the MRF is a tree. In this case, the
distribution factors according to

Px, x, (i, xj)

s =P 11 500550y 02

i€V (z,j)EE

Px

which using (12.3) can be equivalently expressed in the form

B T T
Py, (zy) = [ Py, (= ( XX( ) ) (12.12)
(mee VP (@) Py, ()

i€V

A further special case of tree-structured models are Markov chains
X & Xy <> - < X,,. To obtain still further insights, let us additional
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constrain the class of such chains to those in which: 1) X; = X for some
finite X; 2) the chain is homogeneous with Pxx,  (-|-) = w(:|-) for
some w; 3) the chain is irreducible; and 4) the chain is reversible. Such
chains have a stationary distribution 7 satisfying detailed balance

m(z") w(z)z') = 7(z) w('|z) £ Pz, 2).

The resulting symmetry means that the joint distribution Py, x. |
for such variables can be expressed in terms of unique embeddings
fi: X — R that are obtained from the SVD

N —w(x) w2’ X1 ,
Bla,a) 2 DI T TOTE) N~ oy y(al),  (12.13)
7(z) w(x) k=1

whence the modal expansion
|%|—1
P(z,2") = m(z) w(z) (1 + Y oifil@) fz?(w')>,
k=1

with

Specifically, we have

n n |X|—1

Py, (zy) = [[=(=) [] <1 + ) ok fr(z) f;:(mi—l)>‘ (12.14)
i=1 i=2 k=1

Since reversible Markov chains correspond to random walks on a graph

with nodes V and edges & such that edge (z,2’) has weight P(z,z’),

then the f; correspond to embeddings on this graph.

For the still further special case of an unweighted random walk in
which the edge traversed from any node is chosen uniformly at random,
the resulting |X| x |X| CDM B whose entries are (12.13) is essentially
equivalent to the so-called Laplacian (or admittance, or Kirchoff) matrix
of graph theory, which has numerous related applications [56], [59], [72],
[78], [87], [88], [150], [184], [249]. In particular, the DTM B for this
chain, which has entries

B(z,z') = 7}7(1‘,1’/)
() m(a’)
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specializes to
B =D 2AD /2, (12.15)

where D and A are the (diagonal) degree matrix and the adjacency
matrix, respectively, associated with the graph. In turn, the (symmetric,
normalized [59]) graph Laplacian is

L=1-B.

Moreover, since the singular values of a DTM satisfy o(B) < 1, the
eigenvalues of the (symmetric) DTM (12.15) satisfy [A\(B)| < 1, and
thus A\(L), whose values are referred to as the spectrum of the graph
Laplacian, satisfy 0 < A(L) < 2.

From this perspective, the diffusion maps for dimensionality reduc-
tion introduced in [61], which generate embeddings from the graph
Laplacian, are equivalent to the embeddings f; described above, and
thus can be viewed as an instance of Hirschfeld’s modal decomposition
analysis. Related discussion of graph Laplacians can be found in, e.g.,
[191].

The version of record is available at: http://dx.doi.org/10.1561/0100000107



13

Emerging Applications and Related Developments

In recent years, there has been rapid growth in activity in the area
of statistical inference and machine learning, largely motivated by the
increasingly abundant computational resources available for implement-
ing the associated methods. This, in turn, has led to an ever-expanding
set of application domains, and a burgeoning literature has sought to
address the corresponding challenges. Within this literature is a growing
variety rooted in methods, analyses, and perspectives discussed in this
monograph. In this section we provide a representative sample of just
some of the many active developments in this realm.

One application involves the imposition of privacy constraints in
problems of inference. For example, [189], which considers the use of v
analysis in differential privacy problems, replacing mutual information
with its more convenient X2 counterpart, corresponding to a local geo-
metric analysis. As another example, [46] applies such X2 analysis to the
privacy funnel problem [190], a dual of the information bottleneck [258].
Similarly, [271], [272] investigates problems of estimation under privacy
constraints using X2 analysis, and aspects of the corresponding infor-
mation bottleneck are likewise analyzed in [118], providing additional
perspectives on the results in Section 5.6.

163
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Another application area of growing interest is that of imposing
fairness constraints in machine learning, using independence, separa-
tion, sufficiency, and other criteria [23]. Early uses of X2 analysis for
this purpose appear in [19], [101], [197]. Refined approaches with low
complexity are developed in [169], [170] using further HGR maximal cor-
relation tools, with competitive performance on standard datasets. For
learning problems in which abstention is allowed, [40] develops practical
methods for imposing fairness in selective classification using methods
based on similar HGR maximal correlation tools, with its effectiveness
demonstrated on diverse datasets; a treatment of the corresponding
selective regression problem is developed in [248]. Still other aspects
of efficient learning with fairness constraints using X2 formulations are
developed in [41], [242].

Another area of application for these methods has been in problems
of domain adaptation in machine learning, and transfer learning. Ex-
amples of activity in this area include [171], which develops a method
of transfer learning from an ensemble of pre-trained networks using a
maximal correlation weighting technique, and [22], [263] which develop
the use maximal correlation measures to quantify transferability in
learning. Aspects of invariant learning for domain adaptation based on
x> analysis are also discussed in [242].

Motivated by multimodal learning and related scenarios, a variety
of work explores multivariate extensions to HGR maximal correlation
and the associated modal decompositions, of which those described in
Sections 9 and 12 are just two. Indeed, multivariate extensions have a
long history. For example, [161, Chapter XXI| considers X2 analysis for
higher dimensional contingency tables, and [17] develops a particular
multivariate extension of HGR maximal correlation. This extension can
be shown to effectively correspond to a local version of Watanabe’s
“total correlation” generalization of mutual information to multiple
variables [236]. More recently, a local version of multivariate common
information based on total correlation is developed as part of [130],
extending the treatment described in Section 5.7.

Multivariate extensions of the ACE algorithm (termed MACE) are
developed in [175], along with associated generalizations of PCA. Moti-
vated by problems involving multimodal data, a methodology referred to
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as soft HGR is introduced in [273], and applied to some representative
problems. And [285] further considers multivariate feature extraction
and related problems, including learning with side information. Other
multivariate extensions arise in [85] in the context of a network model
with graph structure; related results on graphs appear in [79], which
includes some associated sample complexity analysis.

Other aspects of computing and robustly approximating modal
decompositions are explored in, e.g., [282], which investigates the in-
corporation of Oja’s algorithm [213], and [125], which studies a noisy
version of ACE corresponding to conditional expectation operator ap-
proximation. Connections of the latter to multilayer residual learning
[111] are also developed. Other aspects of robustness, including regu-
larization methods aimed at reducing the vulnerability to adversarial
attacks, appear in [177]. Complementing such work, sample complexity
analysis is a similarly active area. For example, beyond the content of
Section 6.2 and [193], and the specialized results in [79], [280], additional
results to the topic appear in [262], [284].

A variety of problems of feature selection and learning involving
limited or incomplete labeled data have been approached using the
resulting tools. Examples include unsupervised learning in the form
of clustering using maximal matrix norm couplings [227], as well as
other forms of unsupervised feature selection and learning [128]. Other
examples involve self- and semi-supervised learning [280], [286] with
accompanying sample complexity analysis, and data augmentation
[186]. Still others investigate methods for multilabel learning with
missing labels [175]. Moreover, complementary activity in the context
of distributed learning includes [261], [283].

Specific application domains continue to receive new or renewed
attention. For example, there has been a variety of work in emotion
recognition [185], [187], [188], [290], multimodal person recognition
[181], and traffic and mobility pattern analysis [178]-[180]. Likewise,
cross-modal retrieval has emerged as a potential application [176], and
potential applications in communication and compression arise rather
naturally. Examples include distributed source and channel coding [143],
and communication of type classes [121].
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Within the realm of nonlinear CCA and PCA, there continues to
be significant activity, building on that listed in Section 10.4. Examples
include the deep CCA architectures proposed in [119], [120] and the
maximal correlation regression framework of [281]. In such directions,
information theoretic interpretations of deep networks, such as those
in [129], [131] that extend the analysis in Section 8, are likely to be
valuable. Similarly, information-theoretic approaches to nonlinear PCA
using maximal correlation tools are developed in [128], and the use
of maximal correlation methods in PCA are explored in [57], [86].
Likewise, there is renewed interest in other forms of constraints on
modal decompositions to expand their range of potential applications.
For example, [81] arrives at monotonicity constraints on features [149]
via an axiomatic approach to obtaining measures of dependence.

Another promising application of the tools of this monograph is in
independent component analysis (ICA). An early use of neural networks
in ICA appears in e.g., [144], [215], and kernel methods for ICA are
developed in [17], where maximal correlation is used to approximate
mutual information as a contrast function. Combining such work with
information theoretic analyses of ICA—such as that in [172] and, for
finite alphabets, [217], [219]—may lead to still further advances.

Ultimately, the examples of activity summarized in this section are
only a sampling, and many more directions remain to be investigated.
As such, there are abundant opportunities for further research and
fruitful application across multiple communities.

The version of record is available at: http://dx.doi.org/10.1561/0100000107



Acknowledgements

The patient guidance from the Editor-in-Chief Alexander Barg, and
the detailed feedback from the reviewers are gratefully acknowledged.
All helped to significantly improve the manuscript in several respects.
Thanks also to Dr. Yuheng Bu for his careful proofreading of an early
draft.

This work was sponsored, in part, by NSF under Grant Nos. CCF-
1717610 and CCF-1816209, and the MIT-IBM Watson AI Lab under
Agreement No. W1771646, and supported by efforts with AFRL and
the Air Force Al Accelerator, and ONR.

167

The version of record is available at: http://dx.doi.org/10.1561/0100000107



Appendices

The version of record is available at: http://dx.doi.org/10.1561/0100000107



A

Appendices for Section 2

A.1 Proof of Proposition 2.1

It suffices to show that the maximum eigenvalue of BB" is at most
unity. To this end, note that via (2.10) and (2.11) we have

BB' = [\/ﬁ}_lpﬂXPX\Y\/E- (A1)

Now Py|x and Py are both column-stochastic matrices, so their
product Py|x P x|y is as well. As such, this product has maximum
eigenvalue of unity, which follows from, e.g., [114, Theorem 8.3.4] and
the fact that by definition a matrix A is column stochastic if 1TA =1".
Finally, since (A.1) is a similarity transformation of Py x Px)y, it has
the same eigenvalues.

Finally, (2.14b) can be verified by direct calculation using (2.3):

> B(z,y) V Px () >ZPX,Y($7Z/)=\/PY(Z/)

zeX :BEDC
> B(y,z)\/Pyly )pryxy V Px ().
yeY yEH

169
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A.2 DTM Characterization

As notation, let B(Py y) denote the Y x X dimensional DTM associated
with joint distribution Py y . Moreover, let BXY denote the set of all
DTMs, i.e.,

Y = B, (A.2)
and let ngy denote the set of all DTMs corresponding to distributions
with positive probabilities, i.e.,

BXY = B(relint(P**?)). (A.3)

As further notation, for a matrix A, we use A > 0 to denote that
every entry of A is positive, and, likewise A > 0 when all entries are
nonnegative.

The following proposition characterizes B *? in (A.3).

Proposition A.1. A matrix M is a DTM corresponding to a joint
distribution in relint(P**?) if and only if M > 0 and |M||; = 1, i.e.,

BLY = (M e R M > 0 and M|, = 1}, (A.4)
where || - || denotes the spectral norm of its argument.

Proof. The “only if” part of the claim is immediate. Indeed, since
M = B(Py y) for some positive Py y, it follows that M > 0. Moreover,
as developed in Section 2, ||B(Pxy)[|s = 1.

For the “if” part of the claim, consider any matrix M & RI9>IX]
satisfying M > 0 and |M||; = 1. We can construct a Py y for which
M is its DTM. To see this, first note that MM > 0, MM > 0, and
AMTM) = |[M||? = 1, where A(-) denotes the largest cigenvalue of its
argument. Then, applying the Perron-Frobenius theorem [114, Theorem
8.2.2], it follows that there exist unit-norm vectors ¥ (M) and " (M)

with positive elements such that
M M (M) = (M) and MM 9" (M) =" (M).

In turn, this implies that 1~(M) and " (M) are the right and left
singular vectors corresponding to the unit principal singular value of
M, respectively, i.e.,

My (M) =" (M) and M'9 (M) =9*(M).  (A5)

The version of record is available at: http://dx.doi.org/10.1561/0100000107



A.2. DTM Characterization 171

We now define a Py y lying on the simplex, and show that its DTM
is M. In particular, we let

-P)QY(xvy)é {PY’X:|y:E’ ﬂfex, ?JE%

where
Py x £ diag(y" (M)) M diag (4" (M), (A.6)
with diag(-) denoting a diagonal matrix with diagonal entries specified
by its (vector) argument.
That Px y is positive follows by construction, since the quantities
forming Py x are all positive. To verify that it sums to unity, observe
that

> Pxy(zy) = 1'P1

Y = 1" diag (9" (M)) M diag(" (M) 1
=3 (M) "M (M)
=" (M) Ty (M)
= 1.

Moreover, applying (A.5), we obtain that the marginals take the
form

Py(y)=P1
= diag(¢p" (M) M diag(s"(M)) 1

= diag(¢p" (M)) M zp( )
= diag(¢"(M)) 3" (M)

=" (M)* (A.7a)

and

= (M)?, (A.7b)

The version of record is available at: http://dx.doi.org/10.1561/0100000107



172 Appendices for Section 2

where 9" (M)? and 1* (M)? are vectors whose elements are the squares
of the elements of sz(M) and wY(M), respectively.
Hence, using (A.7) in (A.6) we obtain

-1 -1
M = [ diag(zpy(M))} Py x [ diag(sz(M))]
-1 -1
= {\/ PY} PY,X[\/ PX} ) (A.8)
where Py and Py are diagonal matrices whose diagonal elements are
the elements of Py and Py, respectively, which are all positive. Hence,

M is the DTM corresponding to the Pxy we have constructed, i.e.,
M — B(PX,y) .

The following generalization of Proposition A.1 characterizes pXXY
in (A.2).

Proposition A.2. A matrix M is a DTM corresponding to a joint
distribution in P**¥ if and only if M > 0, |[M]|; = 1, and cach of
M™M and MM have a positive eigenvector corresponding to their
unit eigenvalue, i.e.,

BV = M e R M >0, M|, =1,
Fp 5 (M) > 0 s.t. MM ¢pX (M) = 9~ (M),
39" (M) > 0 s.6. MM " (M) = 3" (M) }.
Proof. For the “only if” part, since M = B(Py y ) for some Py y € P
it follows by construction that M > 0, and as developed in Section 2,
||IB||s = 1 with corresponding right and left principal singular vectors
™ (M) and 3” (M) whose elements are {\/Px, z € X} and {\/Py, y €
Y}, respectively, which are positive according to our assumption at the

outset of this appendix. As such, these positive ¥ (M) and " (M)
must be eigenvectors of B'B and BB" corresponding to the unit

)

eigenvalue.

The “if” part follows from the same proof as that for Proposition A.1
mutatis mutandis. However, we must be careful when applying the
Perron-Frobenius theorem [114, Theorem 8.3.1] to M > 0 as it only
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guarantees that the eigenvectors ¢X(M) and ’l,bY(M) are entrywise
nonnegative. If an entry of ¥~ (M) or ¥ (M) were zero, then the
corresponding column or row of

Py, x = diag(y)" (M)) M diag(y™(M)),

which defines Py -, would be zero. In turn, this would imply that
Px () =0 for some x € X or Py (y) =0 for some y € Y, which would
mean that Py y ¢ :PDCx'g’ so that M could not be a DTM. Accordingly,
we add the ¥~(M) > 0 and " (M) > 0 conditions in the statement of
the proposition. |

Remark A.3. It is worth noting that a nonnegative square matrix
A > 0 has positive left and right eigenvectors corresponding to its
Perron-Frobenius eigenvalue (or spectral radius) p(A) if and only if the
triangular block form of A is a direct sum of irreducible nonnegative
square matrices whose spectral radii are also p(A)—see Theorem 3.14
and the preceding discussion in [32, Chapter 2, Section 3]. This means
that M"M and MM have positive eigenvectors corresponding to their
spectral radius of unity if and only if they have the aforementioned
direct form structure after suitable similarity transformations using
permutation matrices.

Finally, we establish the following.

Proposition A.4. The DTM function B: P**¥ — B*Y ig bijective and
continuous.

Proof. The DTM function B: P XY jg bijective because: 1) its
range is defined to be Bxxy; and 2) the proof of Proposition A.1 (and,
in turn, its extension Proposition A.2) delineates the inverse function.
To prove that B: POy g g continuous, consider any sequence
of distributions {Py y € P =1,2,...} such that for all (z,y) €
XxY
lim Pyy(x,y) = Pxy(z,y).
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By the triangle inequality, we have, for all x € X,

|P)7}($) - PX(55)| = Z P)?,Y(%y) - PX,Y(9U7?J)

y€eY

< | Pyy(2,y) — Pxy(z,y)l,
yeY

which implies that Py (z) — Px(z) as n — oo for all z € X. Likewise,
Py (y) — Py(y) as n — oo for all y € Y. Hence, we have

lim Py y(z,y) _ Pxy(7,y)
" PR @) Py)  VEx@) P ()

for all (z,y) € X x Y, which means that the elements of B(Py y)
converge to the elements of B(Py y), and where we note that the
denominator terms are positive according to our assumption at the
outset of this appendix. Therefore, the DTM function is continuous. W

A.3 Conditional Expectation Operator Representations

It is reasonable to ask why it is natural to focus on the SVD of the
CDM B corresponding to B, as opposed to other commonly used
representations of the conditional expectation operator Px|y, such as
simply

BO('T’ y) = PX,Y('T7 y)7
or Py (1)

a Ixy&,Y
Biley) = p @) Py

whose logarithm is the pointwise mutual information [60] (also referred to
as the information density [107]). While fulling addressing this question
is beyond the scope of the present development, we can show that B
generates inner product spaces with the “right” properties, and that it
does so uniquely over a reasonable class of candidates.

Our characterization takes the form of the following proposition, in
which P x|y is the representation of the conditional expectation operator
E[-]Y = y| defined in (2.11). In particular, expressing a function f as a
length-|X| (column) vector f,

E[f(X)]Y =y] = Pxpf.
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Proposition A.5. Define an inner product on RX using a distribution

Qx
(f1.6)0, = Qx(x fa(x),

zeX
yielding 62(36, Qx), and similarly use Py to convert R into 52(8, Py),
i.e.,
(g1,82)p Z Py ( 92(y)-
yeY
Then
IPX )y £l

min @ max —————— =1,
Qx ref@ex)  fllo,

and, moreover,
Qx = Px = Py Px)y
is the unique minimizer.
Proof. Note that for all Qy we have 1 € /*(X,Qy) with 11, =
T
Also, ||PX|Y1HPY = |[1]|p, = 1. Hence,

Pyyf

for all Py and Q.
refray)  fllg,

But we know that Qx = Px achieves the lower bound, which proves
the minimum. In particular, via Jensen’s inequality we have

E[E[f(X)V]’] < E[E[f(X)|v]] =E[£(X)?].

To prove that Py is the unique minimizer, suppose we use QQx # Py
for the inner product. Then consider the adjoint operator, which for
fe 62(36, QRx)and g € 32(8, Py) is defined by

Ep, [E[f(X)|Y]g(Y)] =Ep,, [f(X)g(Y)]
=Ep, [f(X)E[g(Y)|X]]

- B, [f0 Bl x) 245
So the adjoint operator is
(Piy 9)(0) = 550 B [o()1X = 2
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Now observe that

(Pxpy 1)(z) = Ox(2)’
so [|[1]|p, =1 and
2
1Py, =S czm% S 1@ > 1,
zeX x

where the last inequality follows because Py # ()x. Hence the largest
singular value of P)*qy is greater than unity. Hence, Q% = Py is the
unique minimizer. [ |

Note that Proposition A.5 shows that given Py y-, the only choice
of inner products that make Py |x and Pyy adjoints and contractive
operators (so that the data processing inequality is satisfied locally)
are those with respect to Py and Py-. It also establishes that if we are
given only Pyy, we are free to choose Py, but we must choose the
corresponding Py for the other inner product to obtain the required
contraction property.

We comment that the restriction in Proposition A.5 to inner products
corresponding to weighting by distribution is natural. In general, each
inner product corresponds to a positive semidefinite matrix A, i.e.,
(f,g)a = fT Ag. For simplicity, we neglect the orthogonal matrices in
the spectral decomposition of A, and only consider diagonal matrices
A with positive diagonal entries, which correspond to weighted inner
products. Moreover, we restrict the diagonal entries to sum to unity to
have a “well-defined” problem (indeed, allowing arbitrary scaling would
make the infimum in our proposition zero).
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B.1 Proof of Proposition 4.2

The first part of the proposition is immediate: from (4.7) we obtain
both

Ep [(2)] = 2 Po(2) h(z) = - 3 (P(2) — Py(2)) =0,

z€Z ezGZ
and
_ _P(z) - P(z) _
§(2) =/ Po(2) h(z) = T\/Tg) = ¢(2), (B.1)

where we have further used (4.6), and where to obtain the last equality
we have used (4.2). The second part of the proposition is trivially true
when h = 0. When h # 0, it suffices to note that P in (4.10) satisfies

> P(2) =Y Py(2) +eEp [h(2)] =1,
2€Z 2€Z
and that P(z) € [0, 1] whenever

o 1 - max Py (2)

min

€= min h(z)’ max h(z) max Py(z) [’
ze

Z€Z

Z€Z

177
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where we have used that since h # 0,

minh(z) <0 and maxh(z) >0,
Z€Z 2€Z

and that since P, € relint(P%),

P, < 1.
max Fo(2)

Finally, using, in turn, (4.2), (4.10), and (4.6), we obtain

_P(z) - Pyl2) _
0 = = = VPo(2) h(z) = £(2).

B.2 Proof of Corollary 4.3

To obtain the first part of the corollary, we have that given P there
exists h such that
1 P(z)

— 1
e EPy(z)

= élog(l + €h(z)) = h(z) + he(2), (B.2)

with h.(z) denoting an o(1) term, where to obtain the first equality we
have used (4.7), and to obtain the second equality we have used the
first-order Taylor series approximation log(1l 4+ w) = w + o(w). In turn,
using (4.8) it follows that

hip(2) = h(2) + he(2) (B.3)
where h, is a function such that

he(z) =0(1), € >0, z€ Z and Ep, {he(Z)} =0. (B.4)

Multiplying both sides of (B.3) by \/FPy(z) yields the (4.13).

To obtain the second part of the corollary, we use from (4.10)
that given h satisfying (4.8) there exists P such that (B.2) holds for
sufficiently small e. Subtracting the mean with respect to Py from (B.2)
then yields (4.14). [ |
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B.3 Proof of Lemma 4.4
We have

Ep[h(Z)] =) P(z) h(z)

Z€Z
= L (R + /R o) f’fo()) (B.5)
=Y VP(2)€(2) +€ > d(2) E(2) (B.6)
z€Z z€Z
= €(9,€), (B.7)

where to obtain (B.5) we have used (4.2) and (4.6), and to obtain (B.7)
we have used that (4.8), i.e., £ € JZ(PO), implies that the first term in
(B.6) is zero in accordance with (4.5). [ |

B.4 Proof of Lemma 4.5

With the feature functions

we have, for ¢ = 1,2,

Pi(2)
Py(z)

log =log(1+ €L;(2))
— eLi(2) - %8@(@2 +o(ed) (B.8)

— ¢ ¢i(2) 1 2¢i(z)2

Po(z) 2" Pol2)

o(e?), (B.9)

where to obtain (B.8) we have used the second-order Taylor series
approximation

1
log(14+w) =w— §w2 +o(w?), w—0,
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and where to obtain (B.9) we have used (4.9) from the first part of
Proposition 4.2. Hence,

PG, PR, P)
Bz BBz BBy

log

22
- ¢1<>}%(¢§<> _le ¢1<z>PO—(;§>2<z> o),
and, in turn,
PARIIR) = A8
:ZEX;PO( 28 +Z€ZZ Py(z) = Py(2)) lo ggg

+é Z $1(2)(¢1(2) — $2(2)) + o(€%)

1

= 552[”052”2 - H¢1”2 + 2”¢1H2 — 2(¢y1, Pa)] + 0(62)
1

= 562”% — Gol|* + o(¢%).
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B.5 Proof of Lemma 4.6

To obtain (4.19), it suffices to note that since

Py(z) = Py(2) + €,/ Po(2) do(2)
for some @y(z) such that |¢|| < 1, we have, for i = 1,2,

5,02y = PO = (RE) + VA do(2)
e\/Po(2) + ev/Po(2) o 2)
(P;(2) = Py(2)) — ey/Py(2) ¢o(2)
e/ Py(z) 1+6M

Py(2)
= (¢i(2) = 9o(2)) (1 + (1)),

where to obtain the last equality we have used that (l—I—w)_l/ 2 =1+40(1)
as w — 0. |

B.6 Proof of Lemma 4.8
It suffices to note that since
X (Pzw || PzPw) = Ep, [X2(PW|Z('|Z) | PW)}

=Ep, [XQ(PZ\W("W) | PZ)L

we have for all z € Z,
X (Pwiz(12) || Pw) mélgpz( )
<X*(Pzw || PzPw) < Tzf}g>Z<X2(PW|Z('|Z/) | Pw),
and, similarly, for all w € W,
XZ(PZ|W('|w) | Pz) H,lellvlv Py (w')
<X’ (Pzw || PzPw) < mgxx (PZ\W |w') || Pg),

where both the constituent minima are finite and nonzero as € — 0 due

o (4.24). |
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B.7 Proof of Lemma 4.9

The “if” part of the lemma follows from using O(e)-dependence between
Z and W in the form (4. 25(3) with Lemma 4.5 to obtain

D(Pw (-|w)|[P7) = H¢Z'WH +o(€), wew,  (B.10)
where for each w € W,
W () & Pz (z|w) — PZ(Z)7
Pyz(2)
is the information vector associated with Pz (|w), and for which
H(;‘)ZWVH < 1. Alternatively, the inequality

D(pllq) < log(1 + x*(plla)) < x*(ll),

valid for all finite Z and p,q € ?Z, which is derived in, e.g., [93, Theo-
rem 5], is sufficient to obtain this part of the lemma, using p = P,y
and ¢ = Pz Py .

To obtain the “only if” part of the lemma, note that for any finite

z€Z

Z and p,q € ‘.PZ, we have, using Pinsker’s inequality [70],

> (p(2) — q(2))”

min.c q(2) 2

2
Z!p
min,cz (2) \ &2

2D(qu)
~ min, ez q(2)
The result then follows setting, again, p = Py and ¢ = Pz Py, since

X(pllg) <

| /\

(B.11)

the minimum in (B.11) is finite and nonzero due to (4.24). [ |

B.8 Proof of Lemma 4.10

It suffices to note that since
I(Z;W) 2 D(Pzw || PzPw)
= Ep, |D(Pwiz(12) || Pw)]
= Ep, [D(Pzw (W) || P7)],
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we have for all z € Z,

D(Pw\z(-12) || Pw) mllzlpz( )

€

and, similarly, for all w € W,

D (P (-|w) || Pz) min Py (w')

w eW
< I(Z;W) < max D(Pz (v || Pz),
w'ew

where both the constituent minima are finite and nonzero as € — 0 due
o (4.24). [ |

B.9 Proof of Lemma 4.12

Let Q; (Ek) denote the probability of obtaining a given value £* in (4.31)
when the sequence 27" from which ¢ is formed is generated from P;, for
i € {1,2}. Then the optimum error exponent is obtained by a rule that
decides based on comparing

k
—logQ 1(0) (B.12)
m 7 Qy()
to a threshold.
For i € {1,2}, we have
.1 k . 5
im - log Qi(£7) = min  D(P|F) (B.13)

{P:Ep[n"(2)]=¢"}

2
—  min Sd—gilP o)  (B.14)

{¢A>l e(d.&)=0;,
€ 2 2

= 5 lde = ill” + o(€) (B.15)
a Z ¢za£l ( 2)7 (B16)
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where to obtain (B.13) we have used Sanov’s Theorem [76], to obtain
(B.14) we have used both Lemma 4.5 and that

Ep[h(Z)] = el¢, &), i=12andl=1,...,k (B.17)

which follows from Lemma 4.4 since (4.32a) holds, and to obtain (B.15)
and, in turn, (B.16), we have used

k
N ) A 1
o= agmin 6 - ;" = & — = (6 — €00 &)
{¢2 €(0,81)=¢1, =1
the last equality of which is obtained using, e.g., Lagrange multipliers,
together with (4.33).
Using (B.16) in (B.12) then yields

lim —1lo w—i (g — b1, &) +€2§:(¢ &) — (o 5>)
moeom gQ2(£k) _1:1 S =1 v o

k

Z elpa—1, &) + o(e%), (B.18)

F
I

where (B.18) is obtained as follows: via the triangle inequality, Py =
(P, + P,)/2 € N*(P,), so according to Lemma 4.6 we have

0=1(2) — d2(2) = ($1(2) — da(2)) (1 + 0(1)),

whence ¢1(2) — ¢o(z) = o(1).
Using (B.18) with (B.17), we obtain that an asymptotically optimal
decision rule compares the projection

k
>4 (Ea [m(2)] — Ep, [hl(Z)])
=1
to a threshold. Accordingly, via Cramér’s Theorem [76] the error expo-
nent under P; is

E,(\) = min D(P|B,), (B.19)

PeS(N)
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where

S(\) 2 {P € P*:

k

> Ep[h(2)] (Bp, [(2)] ~ Er, [m(2)])

=1

Mw

(\Ep, [1(2)] + (1 = N Ep, [lu(2)])
=1

(Bnm(2)] - Ep,[(2)]) ). (B20

Using (B.17), the constraint (B.20) is expressed in information space as

k k
Z 0, &) (61 — ¢2,&) = Z AP+ (1= A) d2,§){(P1 — D2, &)
=1 =1

i.e.,

k

<¢ Aoy + (1= 2)62). S (1 — 62, &) «sl> (B.21)

=1

In turn, the optimizing P in (B.19), which we denote by P*, lies in the
exponential family through P, with natural statistic

e

D (b1 — d2,&) lu(2),

=1
i.e., the family whose members are of the form

k
log Pp(z —92 b1 — ¢2,&) hy(2) + log Py(2) — au(6),

for which the associated information vector is

e —«92 = 02,8 §y(2) + €6i(2) — a(0)/ Po(2) + o(e),
=1

€ <¢~>07§l> = 9<¢1 - ¢27§l> +e <¢Z7§l> + 0(6)7
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where we have used (4.33). Hence, via (B.21) we obtain that the inter-
section with the linear family (B.20) is at P* = P, with

g _ Xt (d = 0 Q)N d + (L= N6y = 60,6)

S (fr — 69.6)° "
and thus
E;(\) = (P*IIP-)
0 Z (1 — ¢2,&1) fz 1 a(07)" + o(")
* 2 k 1
2 Z ¢2,§z 5 ( )+O( )
=1
_ i (CF 11— 0, &) Ny + (1=N) by — ¢i’§l>)2 +0(€%)
2 Zz=1<¢1 - ¢2a§l>2 |
(B.22)

where to obtain the penultimate equality we have again exploited (4.33),
and where to obtain the last equality we have used that

(%) = o(e?)
since 0° = O(e), a(0) = 0, and
k k
=Ep, | Y (1= 02, 8) (Z)| =€ (d1— b2, &) (¢1,&) = O(e).
=1 =1

Finally, E;(\) = E5(A) when A = 1/2; so the overall error probability
has exponent (4.35). [ |
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C.1 Proof of Lemma 5.4

Via (5.13), we have

S ¢2Wi2) g (2)

Z€Z

1 {Z Pziw, (z|lwi) Pzjw, (2|w;)

62 Z€Z PZ(Z)
= > (Pyw, (zlw;) + Pyjw, (2]w;))
z€Z
+y PZ(z)] 0,
z€Z

where the first sum within the brackets is 1 since, using the pairwise
marginal and conditional independencies,

Prw, (zlw;) Pzyw, (z|w;) P, z(w;|2) Py, z(w;|2) Py (2)
Py(2) Py, (w;) Py, (w;)
P,y z(wy, wi|z) Py(2)

Py, w, (wi, wy)

187
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= Pyw, w, (z|w;, w;).

C.2 Proof of Lemma 5.5

Due to the conditional independence among the Wk,

k
PZka(z|wk) = PPEEZ)’“) 11 Pw, 1z (wil2)

with

= Py(z)+€\/P Zqﬁ Wito(e), (C.2)

where to obtain (C.2) we have used Fact 5.6. In turn, summing (C.2)
over z we obtain
m(wF) =1+ o(e), (C.3)

where we have used that since gbZ'WZ € JZ,

Z \/7¢Z|W

Hence, using (C.2) and (C.3) with (5.14) in (C.1), we obtain (5.15).
[ |
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C.3 Proof of Lemma 5.8

First, note that the (4, j)th entry of A?Z A, is aEiZalj, where a; ; and
ay ; denote the ith and jth columns of A; and A, respectively. Hence,

IE[HA;FZAQH%] :E{Z(aEiZaQ,j)z] = Z]E[(aEiZaQ,j)Q] (C.4)

Next, with Z;; denoting the (i, j)th element of Z, note that

E|(afZas;)’| = E|(al;Q1; Z Quja0,)°] (C.5)
éé:l[‘i é512,3
= lanll” HaszQE[(esz 61)2}7 (C.6)
=Z
—4<11

where to obtain (C.5) we have used Definition 5.7 with orthogonal
matrices Q;; and Qg j, and to obtain (C.6) we have chosen Q, ; and
Qy ; so that

él,i = HaMH (S5 and éQ,j = Hasz e;.
In turn, substituting (C.6) into (C.4) yields
E[HAlTZAﬂm :E{Zfl] > llara] flaz,
Y]
2 2
=E|Z81| Y- llarl” Yllazyl
@ J

= E[Zfl} 1Al || Azl (C.7)

Finally, with Q; denoting the permutation matrix that interchanges the
first and [th columns of the identity matrix, it follows from Definition 5.7

with Ql = QZ and Q2 = Q] that Zingn, and thus
E{HZ”%} = k1k2E[Z121]7

which when used in conjunction with (C.7) yields (5.28). [
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C.4 Proof of Proposition 5.10

Without loss of generality, as discussed in Section 4.4 we assume that f k
and ¢* are normalized according to (3.6¢) and (3.6d), so the associated
feature vectors 2~ and E | respectively, satisfy (3.13).

We first analyze the error probability in decisions about the value
of V based on S*. To begin, we have

~Egug [logpy (€1 (Py), )]

EVS(f% = lim

m— 00 m
B - —logpy (el (Py), f* v, vl)
= Egrig ln%gnoo - (C.8)
= Epi[BV5 (€ (Py), £5,v..00)], (C.9)

where to obtain the (C.8) we have used standard pa1rw1se exponent anal-
ysis. Specifically, (with slight abuse of notation) p¥ (€Y (Py), f*, v v)
denotes the pairwise error probability distinguishing distinct v and v’

in V based on sk, and

(vl = argmin pVISE€(B), fF00),  (C.10)
{v' €V: v£v'}

whose dependence on f* and €~ (Px) we leave implicit in our notation.
Finally, in (C.9) we have used the notation

V|S(€Y(PY) f v,v') £ lim IngV‘S( E( v), f v, )

m—00 m

for any distinet v and v'.
Now

EVS @Y (Py), fF,0,0)

2 k
=S (@ - ) o) e
=1
@B - o) ()
2
= %H(EX)TBTQ)YW(% - ev/)H2 + o(€%), (C.13)
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where to obtain (C.11) we have used Lemma 4.12 with ¢Y|V and gZ)YlV

as defined in (5.23a), to obtain (C.12) we have used (5.24), and in
(C.13) we have exploited elementary vector notation (with an abuse of
notation as discussed in footnote 5). Moreover, for fixed v and o',

Ere [EV5(CF (Py), fF,0,0))]
B | =BT Ve, )

2 Y|V 2
CErm || VIE] ,
— BE" |5 + , C.14

where to obtain (C.14) we have used Lemma 5.8.
Then since (C.14) does not depend on v or v, it follows from the
law of total expectation that (C.9) satisfies

Erig [EV‘S(GZ(PY), £F o, )]
2
5 ERIE[H(I)YWHF}

=X |2 2
4|H| |V| HB"" HF_’—O(6 ) (0'15)
spYIV
=E,

Y‘V 220’ + o(€7), (C.16)

where to obtain (C.16) we have used Lemma 3.1 with the relevant
constraint in (3.13) induced by our choice of normalization (3.6c). More-
over, the inequality in (C.16) holds with equality when we choose =~
according to (3.14a), i.e., the optimal features are fk = ff.

We analyze the error probability in decisions about V based on T’ K
similarly. In particular, we obtain

Y65 = lim —Erig [bgp;/'T(eZ(PY)’gk)}

Bl ] v e o
4|‘EJHV\ F '
EYV k4 o(e?), (C.18)

for any =" satisfying (3.13), i.e., any choice of (normalized) g
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We obtain the error probability in decisions about the value of U
from symmetry considerations. In particular, it suffices to interchange
the roles of U and V', and X and Y—so B is replaced with its adjoint—in
the preceding analysis, which yields that

, Eps 2™ ]
EUIT(gk) S F GQZUE—FO(EQ
41X] Ul =

X|U

L]
with equality when gk = g,’f , and
EYS(1%) = B¢V & ket o),

for any choice of (normalized) f*.
It follows that the inequalities in (5.32) simultaneously all hold with
equality for the choices fk = ff and gk = gf . |

C.5 Proof of Proposition 5.13

Without loss of generality, as discussed in Section 4.4 we assume that f k
and ¢" are normalized according to (3.6¢) and (3.6d), so the associated
feature vectors =~ and B, respectively, satisfy (3.13).

We first analyze the error probability in decisions about the value
of V* based on S*. To begin, the error exponent in decisions about V;

satisfies

2
€ —=X\T / Y|V,

= S IE) B @~ &) I + o) (C20)
2

< = max|(8%) B ¢} |" + o) (C.21)
2 v,ev; i
2
€ = T Y[V, 2 2

<5 =7 gg@iHB on V|7 + o) (C.22)
2
€ YV, 2

< — i _

<5 glggﬂlB i o(e”) (C.23)
2

2601V + o () (C.24)

_ & 7Y |V;
=3 glg\;ﬂlB by,
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Y|V

IN

o(e?) (C.25)

< maXHB
2 ev;

[

= HB AYViII? 4+ o(e?), (C.26)

where (C.19) follows from standard pairwise error analysis with the
pairwise error exponent in distinguishing distinct v; and v, in V; de-
noted using Ems((f?’k (Py), £, v;,v}), to obtain (C.20) we have adapted
(C.12) in the proof of Proposition 5.10, to obtain (C.21) we have used
the triangle inequality, to obtain (C.22) we have used Fact 5.12, to

obtain (C.23) we have used that ||EX||S = HEYHS = 1, and to obtain
(C.24) and (C.25) we have used the decomposition
YIVi _ gYIVi sYIVi
v, v; v
where H@};W’ QZM < (C.26), we have introduced the
notation
YIVia  argmax HBT UYJVZ' 2

{% C 0, €V, }

and note that since V¥ is a multi-attribute, by Lemma 5.4 the matrix
Lk - -
oY1V 2 {Qg}:\vl ¢Z|Vk} (C.27a)
has orthogonal columns, so

~ k ~ k
@YVHTeYV —1 (C.27b)

Hence, for each i € {1,...,k},

. Vi|S k k
eg},},l(ag); o BV (@R (Py), 1)
€ Y )y -

< max min —HB Y|V H + o(e?) (C.28)
et (py). gt IS
= max  omin SBTeE P +o@)  (C29)
&)Y\VZ J<i
(&Y\V’)T&)Y\VZ:I 2 ~
= ° max min 6—||BT<15||2+O(62) (C.30)

SCRXY . dim(8)=i #€S: |ll=1
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2
= % o7 + o(e?), (C.31)

where to obtain (C.28) we have used (C.26), to obtain (C.29) we have
used (C.27), to obtain (C.30) we have used the definition of a subspace,
and to obtain (C.31) we have used Lemma 5.11.

We further note that the inequalities leading to the right-hand side
of (C.31) hold with equality for all ¢ € {1,...,k} when we choose

V, = {+1,-1} and ¢V ="V =),
fori=1,...,k (so Py,(+1) = Py,(~1) = 1/2), and
=X X
E” =¥,

with \Ifgl(c) as defined in (3.15). In particular, the equalities leading to
(C.26) all hold with equality with these choices so (C.28) holds with
equality, and, via Lemma 5.11, (C. 31) holds when 8 is the space spanned
by the columns of \Il and ¢ = 'L,bZ .

We similarly analyze the error probability in decisions about U
based on S*. In particular, the error exponent in decisions about U;
satisfies

EBYB (@M (Py), £* H¢X‘U +o(e), (C.32)

where we have used the decomposfcmn

X|U; _ 7X|U; <X|U;s
(:bui l_d)ui l(sui ‘

with ||¢ " || = 1 and |6, 7| <

HXIUi & aremax ||¢X|U

_X|U.
{d’ui‘ i uieui}

Analogously, we note that since U* is a multi-attribute, by Lemma 5.4
the matrix

XIU* & (X0 . GXIU] (C.33a)

has orthogonal columns, so

~ k -~ k
(@XIVHYTeXIV — 1 (C.33b)
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Hence, for each i € {1,...,k},

s i EUB (IR (Py), 1)
€ X

< max min H H (C.34)
SCR™Y : dim(8)=i €8: [pll=1 2
2

= 5 +o(&). (C.35)

In this case, it is straightforward to verify that the corresponding
inequalities leading to (C.35)—and so to (C.32) as well—all hold with
equality when
W = {+1,-1} and ¢}V = —*|V = gXIU:,
~ ik = ik
for any '@flU satisfying (C.33b), and when =X = @f‘U .
The associated error probabilities for decisions about U ¥ and VF
based on T" follow from symmetry considerations. In particular, it
suffices to interchange the roles of U and V, and X and Y—so B is

replaced with its adjoint—in the preceding analysis. This immediately
yields that for ¢ € {1,...,k},

. ; X
et i EOT(E (Px).g") = ol +o(®). (C.30)
67 x )9 -

which is achieved by the choices
— {+1,-1} and ¢ " = —¢™" = ],

fori=1,...,k (so Py, (+1) = Py,(~1) = 1/2), and

=" =W,
with ®{;) as defined in (3.15).
And it likewise yields, also for ¢ € {1,...,k}, that

2

. . k k €
ol i BT (Py).g") = 5 +o(e?), (C.37)
e7 Y )9 -
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which is achieved by the choices
V= {+1,-1} and ¢} = ¢ " ="
~ ~ k
for any @Z'V satisfying (C.27b), and when = = @Z‘V .
It follows that the inequalities in (5.36) simultaneously all hold with
equality for the choices fk = ff and gk = gf. and (5.37). |

C.6 Proof of Corollary 5.15

First, note that

RO "4) = By ) ©39
_HPU\X ujz™) (C.39)
k

1=1
b O PX|UZ-($]|U1)
T r o0 150 (.10
1\ * k m
~(3) HII0+ewsi@) (@
i=1j=1
1\ * k m
:<2> (1—1—621%2]2*(36]) + o(c)
=1 j=1
(C.42)
1\ i
:(2> <1+6m;uisi*>+o(e), (C.43)

where to obtain (C.38) we have used the Markov structure (5.8a), to
obtain (C.39) we have used that U* is a multi-attribute of X™, to obtain
(C.40) we have used (5.8b) and (5.8d) with (5.18b), to obtain (C.41)
we have used (5.37a), and to obtain (C.42) we have used Fact 5.6.
Next, from symmetry considerations, we obtain the analogous result

kj,m m 1 F i *
ka‘X Y m (V72" y ):(2> <1+6m2viti>+o(e), (C.44)

=1
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We then obtain (5.41) by substituting (C.43) and (C.44) into

k Kk
PUk’Vklxm’Ym(u Lot 2™ y™)
=P &

U ‘Xm Y7n(uk|l’m,ym)P k

k
Vv |Xm7Ym (’U |33m, ym),

which is a consequence of the Markov structure (5.8a).
Finally, using the preceding results we have

k k, k ,k

P k| k Lk k _PUk7v’“|sf,Tf(“ V18 t)
Uk;‘Ska Vk(u |S*7t*7v )_ ki k ,k
PEEIN] ka‘sf7Tf<U ‘S*at*>

Pyi ik xm ym (uF, oF|z™, ™) + o(e)
Pykjym (@"y™) + o(e)
Py (u*[2™) Pyyym (@"ly™) + o(e)
ka|ym(v’“!ym> +o(e)
=P &

U |Xm(uk|xm) + O(G),

which combined with (C.43) verifies (5.43a), and (5.43b) follows from
symmetry considerations. |

C.7 Proof of Proposition 5.16
The following lemma is useful in our proof.

Lemma C.1. Given ¢ > 0 and configurations G (Py) and €?(Py) for
e-attributes U and V, respectively, we have

m =1+ 6(u,v), (C.45)
and
I(U;V) = ¢ ueuz VpU(u) Py (v) 6 (u,v)? + o(e), (C.46)
where -
o) 2 (0)") B!, (C.47)
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Proof of Lemma C.1. First, we obtain (C.45) via
Pyy(u,v) Py v (ylv) Py x (y|z) Pxu(z(w)

Py (u) Py (v) zeX,yey Py (y)

= Y |Pyxu(yzlu) + Pxyv(z,ylv) — Pxy(z,y)
zeX,yeY

Py (ylv) — Py (y)
Py (y)
_ Pxy(z,y)
VPx(x) Py (y)
Pxjy(zlu) — Px(z)
Px(x)
=14 € 5(u,v), (C.48)

+

with &(u,v) as defined in (C.47). In turn, we obtain (C.46) via
I(U;V) = D(Pyy | PuPy)

= Y Puyvuwo) Py (u,v)

ey % Py () By (0]
4

= Z Py v (u,v) {626(% v) — %&(u,v)z + 0(64):| (C.49)

ueU,veV
= > Py(u) Py(v) [1+ €5 (u,0)]

ueU, eV 64

. [52&(u,v) ~ Sou ) + 0(64)] (C.50)
4
=S Y P Ao’ + o), (C.51)
ueU,weV

where to obtain (C.49) we have used (C.45) and the Taylor series
expansion log(1 + w) = w — w?/2 4 o(w?), where to obtain (C.50) we
have again used (C.45), and where to obtain (C.51) we have used that

Z Py (u) Py(v)a(u,v) =0

ueU,veV

as a consequence of (5.25), since 7 (u,v) takes the form (C.47). [ |
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Proceeding to the proof of Proposition 5.16, we have

4
€ ~
I(U* v = 5 Zk P () P(v®) 5(u", 0*)? + o(e) (C.52)
< ¢ ~ k 2+ 4
—5313:1}20(“’”) o(€)
=5 ((0"") B ) 4 o) (C.53)
Ak k . 9
:5(22(&'%) B¢X‘UJ‘) + o(eh) (C.54)
i=1 j=1
¢ y|vE\T X|U*) 2 4
=5 1@) B2 L 4ol (C.55)
4
= S @A) TB SN AN o) (C.56)
4
< % (maXH(ﬁYVi 2> (mafol-"XUi 2)
@B @2 4 o) (C.57)
4
< SBEYE + () (C.58)
64 k
<S> ot o), (C.59)
i=1

where to obtain (C.52) we have used (C.46) of Lemma C.1 with U = U"
and V = V¥ so
st 2 (61 ) BN, (C.60)

n (C.53) we have introduced the notation

k k k k
X\U" a X|U YIVY a YV
oM Ll and g7 241"

max VUmax

where
(ufnaxa Ullrcnax) = al"gkm}fix 6(Uk, 'Uk)z.
u v

To obtain (C.54) we have used Lemma 5.5 together with the notation
XIVi 2 X|U and @Y1V 2 gV

max max
v;
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with
o max max
Umax (ul ) y Uk )
max max
Umax = (/Ul ) » Uk )7

and in (C.55) we have introduced the notation
[¢X|U1 . ¢X|Uk:|

{¢Y\V1 ¢Y|Vk} )
To obtain (C.56) have used the factorizations

k
XU

(1>

k
IV

(1>

k ~ k k
XU _ XU AXIU
k ~ k k
YIV' _ YV AYIV 7

where, due to Lemma 5.4,

@X|U’“)T(i)X|U’“ _ ((i)yw’“)T(i)yw’“ 1

)

k k
and where AXIY" and AYIV" are diagonal matrices, to obtain (C.57)
we have repeatedly used Fact 5.12, to obtain (C.58) we have used
the properties of the factorization, and to obtain (C.59) we have used
Lemma 3.1. Finally, it is straightforward to verify that the inequalities
leading to (C.59) all hold with equality when we choose the particular
configurations (5.37), i.e., when

o=, wy e {+1,-1} (C.61a)
wVi— vl we {41, -1). (C.61Db)

To obtain (5.46), first note that, starting from (C.60),
k k
5’(Uk,7)k) _ (¢UYIJV )TB ¢;>L{;€|U

k ! k X|U.
= (Z ¢UYiVi> B (Z uj‘ f) + o(1) (C.62)
=1

=1

k T k
= (Zvizp}”) B (Zuj 1/;]?() + o(1) (C.63)
=1 1

Jj=1
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Uj Uy (’%Y)TB @ng +o(1)

|
M=

@
Il
—
.
Il
—_

u; v; 0 + o(1), (C.64)

|

w
Il
—

where to obtain (C.62) we have used Lemma 5.5 to obtain (C.63) we
have used (C.61), and to obtain (C.64) we have used (2.12a).

Hence, using (C.45) in Lemma C.1 with U = U” and V = V" and
substituting (C.64), we obtain

Py s, 0") = Pa(uf) P (o) (14 € 6 (uf, o)

vt v U 1%
1 o 2
:714: 1+€ Zuiviai +O<€ ),
4 i=1
viz., (5.46). [

C.8 Proof of Proposition 5.18

First, we note that, in accordance with the discussion of Section 4.2,
the conditions of the proposition imply that U * has a configuration of
the form €Y . Next, we have

e(140(1))

1
HUY) = o 3 D(Py () | Py) (C.65)
k
¢ yu® 2 9
= JEr > llen |* + o(e?) (C.66)
k
¢ XU 2 9
T Rt > B ukl "+ o(e) (C.67)
k
62 - XU, ’ 2
= oL S B Y| +o(e) (C.68)
o i=1
2k ,
=5 2 B&™ | +o(e?) (C.69)
i=1
¢ XU 2 9
:EHB(I) [+ o(€)
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2
=SB &Y AYTE 4 o) (C.70)
2
€ -~ k 2 k 2
< SIBSR AT o) ()
¢ = XU 12 2
< SIBEW 2 + o)
62 k ; )
< — : .
<5 22205 + o(e”), (C.72)

where to obtain (C.65) we have used that all configurations u* are
equiprobable due to condition 1, to obtain (C.66) we have used Lem-
ma 4.5, to obtain (C.67) we have used (5.22) with U = U*, to obtain
(C.68) we have used Lemma 5.5, and to obtain (C.69) we have used
that constraint 2 implies that

R (C.73)
fori=1,..., K —1, since

> Py (w) ¢n " =0,

To obtain (C.70) we have used the notation

(I>X|Uk N [¢X\U1 ¢X\Uk}

with factorization
(I>X|Uk _ (i)X|UkAX\Uk

where, due to Lemma 5.4,
~ k ~ k
(XY TXIV —1 (C.74)
k
and AYV is a diagonal matrix whose ith diagonal entry is H¢X‘Ui I <
1+ o(1). To obtain (C.71) we have used Fact 5.12, and to obtain (C.72)

we have used Lemma 3.1 with the constraint (C.74). Furthermore, the
inequalities leading to (C.72) hold with equality when we choose

X\t X
¢ =),

with \Ilf,i) as defined in (3.15), so the optimum configuration is (5.37a).
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The corresponding result, including (5.37b), for the maximization
of I(Vk;X) subject to I(V;;Y) < €2/2 and the other corresponding
constraints follows immediately from symmetry considerations. |

C.9 Proof of Proposition 5.21

First, without loss of generality let us choose §(-) such that
0(e) > e, (C.75)

in which case, we have, for all € sufficiently small,

Pxy € NECX%}(PXPY) (C.76)

c NXY(pyPy) (C.77)

C Ny (Px Py) (C.78)

C N%(PXPY), (C.79)

where (C.76) is given, where (C.77) follows from (5.53), where (C.78)

follows from (C.75), and where (C.79) holds when € < 2.
Next, from (5.64) and (5.63) it follows that for w € W,

b W z,y) = oW (wy) +0(1), TEX, yey,  (CS80)
wherein
1 2
[u P = 3 (VR ) o @)+ Px(@) o ()
z,y
:§<2Py<y> w" (@) +ZP ' >2>
(chX'WH +len™ ) (C.81)
<1. (C.82)
Hence,
Pryiw (ylw) € Njsts oy (PxPy), weW. (C.83)

Furthermore, due to (C.79) and (C.83), we may apply Lemma 4.6
with Py = Px yw (- -Jw), P, = Pxy, Py = PxPy, and Py = Pyy to

XYW, 8 Px yyw(z,ylw) — Px y(2,y)

b V20(€) \/Pxy(z,y)

(C.84)
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yielding
XYW (5, ) = G5V () — 6% o(1)
b W (@, y) + o(1), (C.85)

where to obtain (C.85) we have used both (C.80) and that (C.78) implies
|B(y, )| < 6(¢). Combining (C.85) with (C.82), we conclude

PX,Y|W(' ‘ ) N%(l—i—o(l)) (PX,Y)7 weW. (086)

As a result, for all w € W,
D(Pyy (- -\w)HPX,Y (O g™ |I* +o(5(e))  (C.87)
@ &n"" P +o((e),  (C88)

where to obtain (C.87) we have used the special case of Lemma 4.5,
and to obtain (C.88) we have used (C.85). In turn,

I(W;X,Y) = > Py(w) D(Pxyw(,|w)|Pxy)
weWw
) Z Py (w) || o™ |* + 0(3(e)) (C.89)
wEW
Z Py (w)(llgas™ I + | |I*) + 0(5(e)),
weW

(C.90)

where to obtain (C.89) we have used (C.88), and where to obtain (C.90)
we have used (C.81).

Hence, we seek to minimize (C.90) subject to the constraint (5.65).
To this end, let us define

X" 2 [5(c) @1V /Py, (C.91)
"W £\ [5c) 8"V /Py, (C.92)

where, consistent with the notation and terminology in Definition 5.9,
5V g a |X| x |W| matrix whose wth column is ¢X|W where &YW

is a Y| x |W| matrix whose wth column is ¢Y‘W and where Py is a
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|W| x |W| diagonal matrix whose wth diagonal entry is Py, (w). Then
we can equivalently express the constraint (5.65) in the form

B=&"" (&*")" (C.93)
and the objective function (C.90) as

107:X,¥) = S (18¥ [+ 8V |2) + 0(5(0) > B + o(5(e).
(C.94)
where to obtain the inequality we have used Lemma 5.20 with (C.93).
It is straightforward to verify that the inequality in (C.94) holds
with equality subject to the constraints in (5.62) when we choose the
configuration for W according to

W={x1,...,£(K —-1)} (C.95a)
X\W X|\w _ 0; X - B
o; =—¢_; &i6(e)¢“ i=1,...,. K -1 (C.95b)
W= YW [T Y i1, K -1 (C.95¢)
! ' G 0(€)
1
where o
2o O

Specifically, with the choices (C.95) we have
lou™ <1 and [lg," ] <1

since
K-1 R
Y oi=|Bl. <e<de)
i=1

7
from Pxy € NSCXH(PXPY) as given and the choice (C.75), so the
constraints (5.63) are satisfied. Moreover, we satisfy constraints(5.66)
by the symmetric construction of our information vector sets. And we
satisfy the constraint (5.65) by construction since

—1
YIW (@ XIW)T o $5) 7 = B
)UJEZM?PW(UJ) w (d) = 5(6 ) —B7
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where last equality follows from (2.30). Finally, evaluating the leading
term in (C.90) we obtain

% 5 Byl e - 2 (2 Y ) -3,
=1 6(6 B =1 "

weW

so the inequality in (C.94) is achieved with equality.

It remains only to choose 4(-) satisfying (C.75) and lim,_,qd(e) =0
The leading term in (C.90) with the configuration (C.95) does not de-
pend on this choice, so we focus on the o(d(€)) term, which is minimized
by the choice d(e) = e, yielding (5.72). In turn, (5.73) is obtained by
rewriting (C.95) using (5.61a)—(5.61b) and (2.17). [ |

C.10 Proof of Corollary 5.22

We have, for the extended model (5.74),
Pyem Ym|W( "™,y w)
= Pym(2™) Py, (y™)
T (1 + sen(w) 1B fiy ) (1 + senw) 1B g ()
=1
= Pyn(z™) Py, (™) (14 m sgn(w) [|B2 ) + o(ve)
- PXm,Ym(xm, ym)(l + m sgn(w) |]B|]1/27"|*w|) + o(v/e),
where to obtain (C.96) we have used (5.73) and (5.74), to obtain (C.97
we have used that X,Y are sub-e¢ dependent so (5.51) holds, together
with Fact 5.6 and (5.78), and to obtain (C.98) we have used that since
sub-e dependence implies |B(y, x)| < € for all z € X and y € Y,
Pxy(x,y) = Px(x) Py (y) + O(€) = Px(x) Py (y) + o(Ve),
whence
Py ym(z™,y™) = Pym (z™) Py (y™) + o(Ve).
Finally, substituting Py, from (5.73) and using (C.98) in
PXm,Y’"|W(fUma y" |lw) Py (w)
Pym ym (=", y™)

PW|X’",Y”(U’|$m7ym) =
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yields (5.77). [

C.11 Proof of Corollary 5.23

For the first part of the corollary, note that (5.83) and (5.72) together
imply (5.82). To show (5.83), we begin by defining

XYW, a PX,Y\Wi(l’asz‘) - PX,Y(J% Y)

i V2e,/Px y(x,y)

Then, since

w; €Wo.  (C.99)

Px yw,(z,yl + 1) = Px yw (2, yli)
Px yyw,(,y| = 1) = Px yyw (@, y|—1).

we have
X,Y|W,; XYW _ XYW
P41 Wi = ; W= b; | +o(1) (C.100a)
¢)_(,1Y|Wi _ )_(£Y|W _ V)_(ZZY\W +0(1), (C.100b)

where gZ)fU(’Y'W and %’Y‘W are as defined in (C.84) (setting d(e) = ¢)
and (5.64b), respectively.
Next, note that

PX,Y\Wi($7y|0)

1
=5y 2 (1= Pw,(0) Pxyiw,z0y(2,9) (C.101)
wi0)
1 ~
N (1-25;) Z a5 Px y|w, 20y (2, ) (C.102)
Vg i)
1 ) | |
= 51-35) {j;i}aj (Px,y\w(%m]) + PX7Y‘W(I,y|_])),
(C.103)

where to obtain (C.101) we have used that the events {W; # 0}, i =
1,..., K — 1 form a partition of sample space, to obtain (C.102) we
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have used (C.95d), and to obtain (C.103) we have used that

Px yw, 20y (2, )
~ Pxyyw, (2,y141) Pw (5) + Px yiw, (2, y[—1) Py (=7)
Py (3) + Py (=J)

1 . .
= 5(P)(75/W[/(x, yli) + Px yw(, y|ﬁ7))-

Hence,
o = ! 5 XY|w XYW
’ S 2(1-4y) {j%i} o; (67" + 02 (C.104)
:2(115) Z G, (¢XY|W+¢XY|W) o(1) (C.105)
Y{d g}
=olD. (C.106)

where to obtain (C.104) we have used (C.103) with (C.84) (setting
0(e) =€) and (C.99), to obtain (C.105) we have used (C.100), and to
obtain (C.106) we have used (5.64b) with (C.95b)—(C.95¢) to conclude
that the term in parentheses is zero, since for w € W,

vng\W = sgn(w) m (mm{u' + \/mw)fﬂ> (C.107)

From (C.100) with (C.82), and from (C.106), we conclude

Py yyw, (- |w;) € N%Ho(l))(PX,Y)a w; € W,
whence
D(Px yw, (19 Px,y) = €||¢; (€)
||¢Xv‘/'W||2 +ole) j=+1
el ™ IP +0(e) j=-1 (C.108)
o(e) ji=0,

where to obtain the first equality we have used the special case of
Lemma 4.5, and to obtain the second equality we have used (C.100)

XYW,
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and (C.106). In turn, we obtain (5.83) via

I(Wi; X,Y) = > Pw.(j) D(Pxyw,(13) | Pxy)
JEW,
— 2Py (i) |61 + o(e) (C.109)
=0; + o(e), (C.110)

where to obtain the (C.109) we have used the first equality in (C.95d),
and to obtain (C.110) we have used the second equality in (C.95d) and
that

627 = gt SRt @) + P vl 0)

(C.111)
o
U (C.112)
O"w‘ €
To obtain (C.111) we have used (C.107), and to obtain (C.112) we have
used (5.63).
Turning now to the second part of the corollary, consistent with
Definition 5.19,

C.(U,V;) = min I(W;;U,, V). (C.113)

PWi‘Ui’Vi: U;<W; =V,

by adapting the analysis of Proposition 5.21 we used to obtain C,(X,Y).
In particular, from (5.47) we have that the counterpart to (2.3) is

Py, v (ui, v;) 1

\/PUi(ui)\/PVi(vi T2

for u;,v; € {—1,+1}, and that to (2.8) is

(1>

B;(uj,v;) (1+& 0, u;v;) + 0(&)

— —
2gVi é(lPUi)T
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Note too that the counterpart to (2.29), i.e.,
B2 7] [P -mr] [P

IBill = &0y + 0(&) <& Bl + 0(&) < &e+ o),

satisfies

SO
PUZ-,VZ- € N€26+O'(€2)(PUZ-PVZ-)'
Hence, the counterpart of (5.72) in Proposition 5.21 for the new variables
(U'L'v V;) is
C.(U;, Vi) = &0, + o(%).
as €,€ — 0, and thus (5.84) follows. [ |

C.12 Proof of Corollary 5.24

Since the event W; = j is the event W = ji for j € {—1,+1}, the cases
w; = £1 in (5.86) follow immediately from Corollary 5.22. The case
w; = 0 in (5.86) is then determined by the constraint that the result is
a distribution. |

C.13 Proof of Corollary 5.25

First note that (5.88b) is readily obtained from (5.44b), exploiting that
u; and v; are uniquely determined in the cases z; = +2. Second, note
that

PWi\Zi,Xm,Ym (wi‘zi, mm, ym)

= Z PW%‘UwV; (wl|uz’UZ) PUiv‘/'leiﬁvaym(ui’vi|Zi’:L‘m’ym)’
{(ug,0): (C.114)

;v =2}
which is obtained by exploiting (5.87) and the structure in W; implicit
in (5.80). To obtain (5.88a) from (C.114) we use that

_ 1 - -
PWi\Ui,\/i(wi’uiv v;) = 5(1 + sgn(w; 2;) \Ez) + O(E\/E)u

which is obtained by adapting Corollary 5.22, and that the second factor
in the summation in (C.114) is unity when z; = +2 since u; and v; are
uniquely determined in these cases. |
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C.14 Proof of Lemma 5.26

First, note that with

p(w) = (14 w)log(l +w), w € [—1,00) (C.115)
we have
Z PX( (ZJ fz gz > (0116)
zeX,yeY
which is convex in oF = (o1,...,0}) since p is convex. In turn, we have
max I(X Y)
o 6[0 1]
=  max I(X Y) (C.117)
o 6{01}
= max Z Px(z) Py (y) (H ]lfi*(g;)g;(y)> P(Z fi*($)2>
zeX,yeY €S €S
(C.118)
= max > Px(x 1og<1 +> fi= ) (C.119)
zeX €8
=> Px(x log<1 + Zfz ) (C.120)
zeX =1

where to obtain (C.117) we have used that the left-hand side is the
maximum of a convex function over a convex set, so achieved on the
boundary of the set, to obtain (C.118) we let

S&{ie{l,....k}: 0, =1},

and use that when o; = E[f;(X) g; (Y)] = 1 we have f;'(X) = g; (V)
with probability one, so

oD GEW| = £00?

with probability one, to obtain (C.119) we have used that

-1
S P ) T2 g ) = (1 + f;(x)z>

y€Y 1€8 1€8
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since Y, cy Pxy(7,y) = Px (), and to obtain (C.120) we have used
the monotonicity of log(-), so I(X;Y) is maximized when 8 is as large
as possible, i.e., § = {1,...,k}. Finally, to obtain the first equality in

(5.91), note that when oy = --- =g, = 1,
I(X;Y) = I(fE(X); g5(Y) (C.121)
— H(fF(X) — H(fF(X0)|d5 (V) = H(fF(X)),  (C.122)
=0

where to obtain (C.121) we have used (the analysis yielding) (2.24), and
to obtain (C.122) we have used that fF(X) = ¢g¥(Y) with probability
one. |

C.15 Proof of Proposition 5.27

To obtain (5.92), first note that in (5.90) we have
IW:; X, Y)=I(W; X))+ I(W;Y|X) =I(W; X) (C.123)
=0
due to the first Markov constraint. Next, we define the additional CDMs
BX,W and BW,Y with entries [cf. (2.28) and (2.29)]
Py w(z,w) — Px(w) Py (w)
VPx ()P (w) ’

Bxw(z,w) = reX, weW

and

Byw (5, w) = Py w(y, w) — Py (y) Py (w)
PR VPyw)/Pr(y)

respectively, and note that that the Markov constraints in (5.90) can

weW, yey,

be expressed in the matrix form
BY,W = B BX,W and BX,W = BTBY,W?
whence
I-B'B)By,, =0. .
( )Bxw =0 (C.124)
2A
Since B has SVD [cf. (2.30), (3.15), and (3.16)]
~ T
B =W )3 1) (k1)

)
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it follows that A has SVD

T
A =T (I — e 1) (Pl )
and, thus, singular values 1 — a%, B a%(_l.

Accordingly, if oy < 1, then A has full rank and (C.124) is satisfied
if and only if B x,w = 0, i.e., X and W are independent, in which case
C(X,Y) =I(W;X) =0, as the second case of (5.92) reflects. But if,
instead, o; = 1, the columns of B x,w must lie in the nullspace of A,

i.e., By must have an SVD of the form

5 X wH\T
Bxw = \I!(k)A(\II ), (C.125)
where A is an k x k diagonal matrix with diagonal entries Ay,..., A\, €
[0, 1], with k defined as in (5.92), and ¥" is an orthogonal matrix."
It remains only to determine the optimizing choices of A{,..., A; in

(5.90) for this case. For this, applying Lemma 5.26 with W replacing Y,
we conclude that the optimizing A, ..., in (C.125) are all unity and

k
I(X;W) = H(f¥(X)) = Y Px(z)log <1 +>° fi*(a?)2>.
=1

zeX

'Note, in particular, this implies |W| = k suffices.
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Appendices for Section 6

D.1 Proof of Proposition 6.1

Our proof makes use of two lemmas. The first is the following vector
generalization of Bernstein’s inequality [51, Theorem 2.4].

Lemma D.1 (Bernstein Inequality (Vector Version)). For some dimension
d, et Zy,.... 7, € R? be independent zero-mean random vectors such
that for some constant ¢ > 0,

P(|1Zl| <e)=1, i=1,....n.

Moreover, let ¢ € (0,c?] be a constant such that

;ﬁjlﬁ[nzﬂ <

Then, for all 0 < § < &/c,’
~ 1 &
~SN"Zj||>4) < LN
: —5)—6Xp{4 85}

1
P <
i=1
The second lemma is the following.

n

'As noted in [51], this bound does not depend on d.
214
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Lemma D.2. Given dimensions k; and ky and any matrices A, A,y €
RFk2 e have, for every k € {1,... min{ky, ko }},

k
> loi(Ay) = 0i(Ag)] < VE (AL — Aglp. (D.1)
i=1
Proof of Lemma D.2. We have
k k
D loi(Ar) — 0i(Ag)] <D oi(A — Ay) (D.2)
i=1 i=1
k
<Vk > oi(Ag - A,)? (D.3)
i=1
min{k,,kq}
< \/%\ S oA - Ay’
i=1

= VE|A; = Ay, (D.4)

where to obtain (D.2) we use the following standard inequality (see,
e.g., [113, Theorem 3.4.5]):

Lemma D.3 (Lidskii Inequality). Given dimensions k; and ky and any
matrices A, Ay € RF*2 e have, for every k € {1, min{k, ko }} and
1 SZl <7:2 < - <’lk Smin{kth},

k
Z’Uz‘j (Ay) — Uij(A2)| < [|A1 = Asllwys
=1

where o1 (-) > -+ > Opin{k, k,} (*) denote the ordered singular values of
its (matrix) argument.

In turn, to obtain (D.3) we use the Cauchy-Schwarz inequality, and
to obtain (D.4) we use the definition of the Frobenius norm. [ |

Our proof of Proposition 6.1 proceeds as follows. First, for each
i € {1,...,n} let Z; denote a random |Y| x |X| matrix with (y,z)th
element
s Lix,=z,v,=y} — Px (%) Py (y)

Zilz.y) = A hw  ehved
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Accordingly, the Z, ..., Z, are ii.d. and E[Z;] = B. Now
satisfies

({X_:cY =y} — PXY(%Z/DQ

1Zille = >3

xeDCye‘a Px(z) Py(y)
2
= > (Lxmevimy) — Py (@) (D.6)
Do zex yey
Z Z Lix,=2, Y=y}
PO Lexyey
-2 Z Z ]l{Xiiac,Yi:y} PX,Y(Z'7 y)
zeX yeY
+Y > Pxyl(z, y)zl (D.7)
reX yeY
= 32 2 027 (D.8)

bo

where to obtain (D.6) we have used (6.16), and where to obtain (D.8)
we have used that in (D.7) the first term within the brackets is unity, the
second is upper bounded by zero, and the third term is upper bounded
by unity since

Z q(2)? < Z q(z) =1, any (countable) Z and ¢ € P*. (D.9)

2€Z Z€Z
Moreover,
;gE{HZiHﬂ = E[Hzlm b0
Po %%"ar [E{Xl—x Yi= y}] (D.11)
T %%[PKY(W/) - PX,Y(m,y)ﬂ (D.12)
- 2013 = (D.13)
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where to obtain (D.10) we have used that Z,,...,Z, areii.d., to obtain
(D.11) we take the expectation of (D.6), to obtain (D.12) we have used
that

var {]l{Xl:w,ley}} = Pxy(v,y) — Pxy(7, y)’
since IL{ X =z, Y, =y} is a Bernoulli random variable, and to obtain (D.13)

we have used that the second term in (D.12) is upper bounded by zero.
Finally, for 0 < § < \/k/2/py we have

]P(Ekj&- — o > 5) < IP(HB —Bllp > 5) (D.14)
pt i il = = F = \/E .

1 -5 )
=Pl|=-)> Z;]| >— D.15
(”; P \/%> (1)
1 p(2)<52n
< - .
exp{4 [ (D.16)

where to obtain (D.14) we have used Lemma D.2, to obtain (D.15) we
have used that

zn:Zi, (D.17)

and to obtain (D.16) we have used Lemma D.1 with [cf. (D.8)] ¢ =
V2/pg and [cf. (D.13)] & = 1/p3 (and construed the associated Z; as
vectors). [ |

D.2 Proof of Corollary 6.2

First, we have

k k

=1 i=1
= 1B/l + IBllx)
<k(1+B],) (D.19)
<k(1+B]r), (D.20)

where to obtain (D.18) we have used the triangle inequality, to obtain
(D.19) we have used that ||A[ ) < k[|A] for any matrix A € R ™"
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and k € {1,...,min{k, ko }}, and to obtain (D.20) we have used the
standard inequality

|A]ls < ||Allg for any matrix A. (D.21)

In turn,

(Pxy(z,) — Px(z) Py(y))*
Bl = 2 2 = @A)

5 2
< ZZ[PX’Y(W+PX(93) PY(?J)] (D.22)

2
zeX yeY Do
1
<<+ 1 (D.23)
Po
2
< - (D.24)
Po

where to obtain (D.22) we have used (6.16), and to obtain (D.23) we
have used (D.9).
Next, with the event

k 1 [k
&£ |6, -0y > 6, 0<6< —4/=,
i=1 po 2

k 2
i=1

(S-ei)

V2 2 1 p2 §*n
<&+ K14+ X2 S Y D.2

2
we have

(&)

+E

55] P(Es)

*We use (-)° to denote set complement.
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where to obtain the inequality we have used that P(€5) < 1, (D.20)
with (D.24), and (6.17) in Proposition 6.1.

To obtain the tightest bound, we optimize (D.25) over ¢, yielding
(6.18). In particular, we have

k 2 NG 2 2 2
2 1 pydn
E A, — - < i 2 2 - - _ B0
(i:l‘al UZ|> ] _méln(é o <1+ p()) eXp{4 8k })

2 2
2
= B g k214 V2) e pon
pomn Po 8k

E

(D.26)
8k (3
< —| - .
S <4 + 10g(lm)> (D.27)
6k + 8k log(kn
= 5 ( ), (D.28)
bom

where to obtain (D.26) we recognize that the right-hand side of (D.25)
takes the form of (6.19) with the mappings

V2 2 1/4 np2
— 1214+ X2 Y b= 20 — 52 D.29
a < + 0 e’”, Y w , ( )

and apply Lemma 6.3, and to obtain (D.27) we have used that py++1/2 <
2 since pg < 1/2 as min{|X|, [Y|} > 2, and that log(2) > 1/2.
It remains to determine conditions under which

2 2
5% tog | 12 (1 + ﬂ) el p(’"] (D.30)

2

o Po 8k

satisfies the conditions of Proposition 6.1, viz.,
k

0<w, < 3
2pg

(D.31)

Proceeding, since from (D.30) we have

k 1 k[1
w, < 82— (log(4kn) +-— log(8)> < — [6 log(4kn)},
pon &~ 2ppln
<0
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where to obtain the first inequality we have again used that py+v/2 < 2.
Hence, the second inequality in (D.31) is satisfied when n is sufficiently
large that n > 16 log(4kn).

Moreover, since from (D.30) we also have

8k 2 n 8k n
Wy = pg—nlog k(po—i-ﬁ) 61/48} > — log(>,

where to obtain the inequality we have used that k > 1, pg > 0, and
e'/* > 1. Hence, the first inequality in (D.31) is satisfied when n > 4,
which we note is satisfied when our condition for satisfying the second
inequality in (D.31) is. Indeed, satisfying n > 16log(4kn) even for k =1
requires n > 96. [ |

D.3 Proof of Corollary 6.4

First, note that

=1
where
o1+ 61 = B, + B
<1+ |Bg (D.32)
<14 Y2 _mtV2 (D.33)
Pbo Po
2
< —, D.34
= (D.34)
whence i .
1 N 1 R
52( i -0} S;Z!Ji—ai. (D.35)
i=1 0 =1
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To obtain (D.32) we have used (D.21) and that B is contractive, and

to obtain (D.33) we have used (D.24) in the proof of Corollary 6.2, and

to obtain (D.34) we have used that pg < 1/2 as min{|X|, [Y|} > 2.
Hence, we obtain (6.25) from (D.35) via

1&E 1 &
P( > (67 —of 5) SP<Z|5i—Ui| > 5>
2i:1 Po ;=
k
:P<Z‘6z‘—0¢| 2p05>

=1

where to obtain the final inequality we have used (6.17), which holds
for 0 < pgd < \/k/2/py. Moreover, we obtain (6.26) from (D.35) via

& 2
1 6k + 8k log nk
‘22 _Uz (Z’O’z z) ] > pn ( ),
-1 0
where to obtain the final equality we have used (6.18). [ |

D.4 Proof of Proposition 6.5

Our proof makes use of two lemmas. The first is the following matrix
generalization of Bernstein’s inequality [265, Theorem 1.6].

Lemma D.4 (Bernstein Inequality (Matrix Version)). For some dimensions
dy; and dy, let Zy,...,Z,, € RU%% he independent, zero-mean random
matrices such that for some constant ¢ > 0,

P(HZZ‘HsSc):l, i=1,...,n.

}ga

cov(W) £ E[(W — E[W])(W — E[W])"].

Moreover, let ¢ € ( | be a constant such that

{H Zcov Zcov (Z7)

where for an arbitrary random matrix W

S
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n

Then, for all 0 < ¢ < ¢/e,
fzz

1 2
IP’( 25) < (d1—|—d2)exp{—35n}.
=1l 8¢

n
The second of these lemmas is as follows.

Lemma D.5. Given A;, Ay € R¥™ and k e {1,..., min{ky, ko}}, we
have

0<[lAw] |AL® 2[5 < 4k [|A]] [|A; — Ayl (D.36)

ok -

where 'z/)ZA denotes the right singular vector of A corresponding to o;(A),
and
A A A
wh 2 (et ],

which has orthonormal columns.

Proof of Lemma D.5. The left-hand inequality follows immediately from
Lemma 3.1. For the right-hand inequality, we have

A4 \I' Ay \Il

le — e

= Z(\»Aw:*lrf ~ A )?)
=1
k

< [lAw P - A || (D.37)
i=1

k
= D [lAww | A
i=1

(1Aase ) + A=)

k
< 2)[Aq ], o[ Ar ] - (1A (D.38)
i=1
k A A
<2 A, X (1A - 4w
i=1
+laze - lasw|) (0.39)

k
<2 ||A1||SZ(|‘7¢(A1) —0i(Ag)| + (A — AQ)%AZH) (D.40)
=
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k

<2 ||A1||SZ(fUi(A1) —0i(Ag)| + || Ay — A2||S) (D.41)
=1

< 4k (Al A — Al (D.42)

where to obtain (D.37) we have used the triangle inequality, to obtain
(D.38) we have used Fact 5.12, to obtain (D.39) we have again used
the triangle inequality, to obtain (D.40) we have used that ||A1'l,bA1 | =

o;(Ay) and ||A21p2A ?|| = 04(Ay), and the (reverse) triangle inequality,
to obtain (D.41) we have again used Fact 5.12, and to obtain (D.42)
we have used the following standard inequality [114, Corollary 7.3.5(a)]
[257, Theorem 1]:

Lemma D.6 (Weyl Inequality). For every A, A, € RF1>*2 - we have,
with K £ min{k;, k. },
[Bax o (A1) — 0;(Ag)] < [|A1 — Ay (D.43)

Our proof of Proposition 6.5 proceeds as follows. First, with fz as
defined in (6.10a) and 9;* as defined via (6.14a), we have

Ep, [[Epyy GO = By, X))

= [Bwh)lp — [BEG [  (D44)
< 4k[BJ, B - B, (D.45)
<4k|B - B, (D.46)

where to obtain (D.44) we have used (6.28), to obtain (D.45) we have
used Lemma D.5, and to obtain (D.46) we have used that HBHS <1.
Now let B; denote an Y| x |X| matrix with (y,z)th entry

. Ix —s v,=
B(il?’y)é . )
' Py (x) Py (y)
and let
Z,2B,—B
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which we note is consistent with the definition (D.5) in the proof of
Proposition 6.1 and thus E[ZZ} = 0. Then we have

1Z:]l, = B, - B,

1
=1+ (D.48)
Px(X;) Py (Y;)
<1+ 1a c, (D.49)
Po

where to obtain (D.47) we have used the spectral norm triangle in-
equality, to obtain (D.48) we have used that ||Bl|; = 1 and B, has a
single nonzero entry so (with the usual abuse of notation as discussed in
footnote 5) ey, and ey, are its principal left and right singular vectors,
respectively, and to obtain (D.49) we have used the definition of py.
Next, we have
1 & ~ ~
- ;COV(Zi) = [Jcov(Zy)]] (D.50)
1= S

= |E[(B; - B)(B; - B)"]||,
= |E[B,B;] - BB"||,

< BB, +[[E[B,B; ], (D.51)
P

= 1+ max M (D.52)
yeY X Px(,l?)
1

<14+ —max P T D.53
Po vey % X|Y( ) ( )

=1+ i, (D.54)
Po

where to obtain (D.50) we have used that the Zq, ..., Z, are identically
distributed, to obtain (D.51) we have again used the triangle inequality,
to obtain (D.52) we have used that 03 = 1 is the principal singular
value of BBT, and that Elﬁrf is a diagonal matrix whose (y, y)th entry
is Ty, -,/ (Px (X1) Py (y)), so E[P)llng] has (y,y)th entry

1y _ 1,
E {1—?; ] = Pxy (@' y) s
Px(Xy) Py (y) xlexzy/ey ’ Px(2") Py (y)
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and to obtain (D.53) we have again used the definition of py. Moreover,
interchanging the roles of z and y, we have, by symmetry,

1 & ~
- E cov(Z}
n 4

=1

where to obtain the second equality we have used (D.54).

n

=14 —2¢ (D.55)

s i=1

Finally, we have

Py (En, [IEry, [FECOII = [Ery, [ECOT] 2 6)

S 0
gIP’(HB—BHS > 4k) (D.56)
<P ljﬁz >0 (D.57)
- ne _ Ak '

OXI+\HDexp{ i§<1+;i&m>(il>2} (D.58)

2
< Ux|+\HDeXp{—p°57l}, (D.59)

64k>

where to obtain (D.56) we have used (D.46), to obtain (D.57) we have
used (D.17), to obtain (D.58) we have used Lemma D.4, and to obtain
(D.59) we have again used that py < 1/2 since min{|X|, Y[} >2. 1

D.5 Proof of Corollary 6.6

First, adapting our notation from (6.27) for convenience,

fia () 2 Bp [[Epy, [FECON = [[Epy, [F£ O] )]
= B[l — BEG [ (D.60)
< B |;
< |IBIZ %% Iz (D.61)
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k
Z Pl (D.62)
::k, (D.63)

where to obtain (D.60) we have used (D.44), to obtain (D.61) we have

used Fact 5.12, to obtain (D.62) we have used that ||BJ|, < 1, and to

obtain (D.63) we have used that the singular vectors have unit norm.
Next, with the event

&2 {m(ff) =0}, 0<o<ar,
we have that the left-hand side of (6.32) is bounded according to

Eje[a (F)?] = Epu [fia ()% E5]P(ES) + E o [a () €5 | P(E5)

o
< &+ K(0] + 1Y) exp{pg4k; } (D.64)

where to obtain the inequality we have used that P(E5) < 1, (D.63),
and Proposition 6.5.

To obtain the tightest bound, we optimize (D.64) over 6, yielding
(6.32). In particular, we have

2
E [ﬂz(ff)z} < min<62 + K2 (X + 1Y) exp{po5 n})

64k
B
— S g [(12]-+ 1) por] + [1 — log(6)])
2
< f(log[(yx\ + [¥l)pon] —3), (D.66)

where to obtain (D.65) we recognize that the right-hand side of (D.64)
takes the form of (6.19) with the mappings

Pon 2
a=k(X|+Y), b="0,  w=4 D.67
(x1-+ 19) 2 (D.67)
and apply Lemma 6.3, and to obtain the last inequality we have used
that log(64) > 4.
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It remains to impose the constraints 0 < §, < 4k on the minimizer
0., which we equivalently express in the form 0 < w, < 16k> using
(D.67). Substituting (6.20) from Lemma 6.3 for w, and using a and b
from (D.67), the constraint w, > 0 imposes (6.31a), viz.,

w1
1= (d+ 1)

Meanwhile, the constraint w, < 16k* imposes (6.31b), viz.,

bon bon
o > tog( P05 (%] + 1))

D.6 Proof of Proposition 6.7

To obtain Proposition 6.7, we adapt the proof of Proposition 6.1, re-
placing the use of the Frobenius norm of Lemma D.2 with the following
spectral norm bound.

Lemma D.7. Given dimensions k; and ky and any matrices A, A, €
RFk2 e have, for every k € {1,... min{ky, ko }},

k
> loi(Ar) — 0i(Ag)| < Ek[|A; — Aslls. (D.68)
Proof of Lemma D.7. We have
k
Z|01(A —0; A2 | < ZU A2 < k ||A1 A2Hs7

where the second inequality follows from Lemma D.3. |

In particular, to establish Proposition 6.7, we replace (D.14)—(D.16)
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in Appendix D.1 with

k

o - d
PN 6, -0y >6) <P(|B-BJ|, >~ D.69
(Yool =) <p(18 - B> ) (0.69)
L

n ~
> 2
i=1 s

52
< (1% + Y1) exp{—kaQn}, 0<s<k, (D.71)

5
> k) (D.70)

where to obtain (D.69) we use Lemma D.7, then, as in the proof of
Proposition 6.5, to obtain (D.70) we use (D.17), and to obtain (D.71) we
use Lemma D.4 with (D.49) and (D.55) providing ¢ and ¢, respectively,
and that py < 1/2. [ |

D.7 Proof of Proposition 6.8

We adapt the proof of Proposition 6.5, replacing the use of the spectral
norm bound of Lemma D.5 with the following Frobenius norm bound.

Lemma D.8. Given A;, Ay € R¥ ™ and k e {1,...,min{ky, ko}}, we
have

O<||A\Il |A,® A2HF<4WHA1|| |A; = Ay, (D.72)

e —
where ‘I!ﬁc) is as defined in Lemma D.5.

Proof of Lemma D.8. First, reproducing (D.40) from the proof of Lem-
ma D.5, we have

A Ay 12
AT Gl — AT a3

k
<2)lAy. (Zra o.(Ag) + S (A, —A2>w;*2|\).

i=1
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For the second sum in (D.73), we have

k 2 k
(ZH(Al—AM?ZH) <k |I(A; — Ay)pl2|? (D.74)
=1 =1
=k ||(A1 A2
<k|A, -A

@l

2||F, (D.75)

where to obtain (D.74) we use the Cauchy-Schwarz inequality, and to
obtain (D.75) we use Lemma 3.1, recognizing that the right-hand side
of (3.1) is upper bounded by ||A|?. Hence, using Lemma D.2 to bound
the first term in (D.73), and (D.75) to bound the second, we obtain
(D.72). n

To establish Proposition 6.8, starting from (D.44) in Appendix D.4,
but using Lemma D.8 instead of Lemma D.5, the bound (D.46) becomes

EPY {H]pr\y [f* ]H - ||pr\y [f* ]H ]
= B 5 - B ¥
< 4Vk|B - B, (D.76)

In turn, (D.56)—(D.59) then becomes [cf. (6.29)]

P s (Ep, [[Epy, [P = [Epy, [FAO]IF] 2 0)

§P<||B—B||F > M) (D.77)
- < if:z > 4\%) (D.78)
i=1 S
2 2
< exp{i - pf;;,j}, 0<d<@/p/k/2.  (D.T9)

where, as in the proof of Proposition 6.1, to obtain (D.78) we use (D.17),
and to obtain (D.79) we use Lemma D.1, with (D.8) and (D.13) again
providing ¢ and ¢, respectively. |
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D.8 Analysis of the Feature Quality Measure (6.35)

To begin, we have

) s
= (2 ) BEG) — (¥ly) B,
= [[(®{) " BEG, — (Ef) B
— () "BEG) + (Blyy) BEG|,
=[S — Bqpy) — (Fliy) " (B = B)F (D.80)
where ﬁ(k) is a diagonal matrix whose diagonal elements are 64, ...,dy.

This measure exhibits similar sample complexity behavior to that
obtained in Section 6.2.2. To see this, note that in this case we have

H(Ew)—ﬁ(m)—(‘i’?@)) (B-B)¥ k)HF
< [IZw) - k)HF+||‘I’ B = B)EG s (D.81)

where we have used, in turn, the triangle inequality for the Frobenius
norm, and Fact 5.12, and where the spectral norm is unity because \il%;g)
has orthonormal columns. Moreover, the first term in (D.81) satisfies,
using Lemma D.7,

k
1B = Bwlle <D loi — &5l < k[|B-BJ|, (D.82)
=1

while the remaining term satisfies

(B —B)¥G, |, < JZMB—E)Q (D.83)
=1
< zk:ai (B - B) (D.84)
=1
<k[B-BJ, (D.85)

where to obtain (D.83) we have used Lemma 3.1, and to obtain (D.84)
we have used (6.23). Using (D.82) and (D.85) in (D.81), and, in turn,
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(D.80) yields
IE[££(X) g2 (V)] = E[f5(X) g5 (V)] |l < 2k [B - BJ|.  (D.86)

Thus, we obtain a bound of the same form (to within a factor of two)
as that for the measure (6.27), for which we obtained

Ep, [[Epy, [FFCON = [[Epy, [FFCO]N] < 4k (B -B|,. (D.87)

As such analogous sample complexity bounds follow.

Finally, as in Section 6.2.3, we can similarly replace the use of the
spectral norm with the Frobenius norm. In particular, (D.82) can be
replaced with

k
1B — Bl <D loi — 6l < VE|B =B, (D.88)
=1

where we now use Lemma D.2 instead of Lemma D.7. Using (D.88),
and the simple upper bound

~ A A

|8 - B)E, < [B-BJ, |5, <[B-B|, (D59
=1

instead of (D.85), in (D.81) yields

IE[££(X) g (V)] = E[f5(X) gk (V) || < (1+ VE) B - BJ|,
<2Vk|B-Bl,, (D.90)

the second (looser) inequality of which matches (to within a factor of
two) that for the measure (6.27), for which we obtained

Epy |[Epy, L] = [Bpy, [ CON] < 4VE(|B - Bl|,. (D.01)

As such analogous sample complexity bounds follow in this form too.

D.9 Proof of Proposition 6.9

First, note that 85F, 85, and S§ are non-empty as they contain Py y,
and bounded since P**? is bounded in RF*Y 1y addition, our proof
makes use of the following lemma.
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Lemma D.9. For any Pyxy € relint(P**?) and § > 0, let 85(Pxy),
85(Px.y), and 85(Px.y) be as defined in (6.39). Then

P1. S5F(PX7Y),8§(PX7Y) - relint((])xxy) are compact sets for every

0 <6 < Byin(Pxy), with By, (+) as defined in (6.41).
P2. 85(Pxy) C 845 z(Px.y) for every 6 > 0.

P3. 85(Pxy) C 83(Px.y) C 8isx(Px.y) for every 6 > 0.

Proof of Lemma D.9. To establish property P1 for 85(Pyx y), fix any
0 < 0 < Byin(Px,y), and consider the set”

M3(Pyy) & {M e RFF. M > 0, [M]|, =1, [M - B, <},

We first show that M5(Px y) is closed. To this end, take any sequence
{M,, € M5(Pxy), n =1,2,...} such that M,, - M € R 55
n — oo. Then, clearly M > 0 and ||M]|| = 1 (by continuity of the
spectral norm). Moreover, we have

”M - B”s < ||M - Mn”s + HMn - BHS
< lim M~ M,||,+4
n— oo

<9,

where the first inequality is the triangle inequality, the second inequality
follows from using the fact that M, € Mj(Pxy) and then letting
n — oo, and the final inequality holds because M, — M. Hence,
M5(Px y) is closed.

Next, we show that M§(Pyy) C BYY  with BY*Y as defined in
(A.3). Due to (A.4), it suffices to show that M > 0 for every M €
Mj5(Px y), which we obtain by noting that for every € X and y € Y,
we have, with M (x,y) denoting the (y, z)th entry of M,

M(z,y) = B(z,y) — [M(z,y) — B(z,y)| (D.92)
> B(z,y) — M — Bl (D.93)
> Bpin(Pxy) — 0 (D.94)
>0, (D.95)

3As in Appendix A.2, we use A > 0 to denote that all the entries of A are
nonnegative.
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where to obtain (D.92) we have used the triangle inequality, to obtain

(D.93) we have used that for an arbitrary matrix A with entries a, ;,

T ..
lai | = le; Aejl < legll[|Alls]le; ]| = |Alls, alld, 7,

with the inequality due to Lemma 3.2, where to obtain (D.94) we have
used that M € M§(Py y) and (6.41), and where to obtain (D.95) we
have used the given constraint on 4.

Now via Proposition A.1 it follows that 85(Py y ) is the preimage
of M5(Pxy) C BX*Y under the DTM function B(-), so 85(Pxy) C
relint(?xxy). Furthermore, since, as shown in Proposition A.4, the re-
stricted DTM function B: relint(?xxy) — B is continuous, 8s(Px.y)
is closed because Mj(Pyx y) is closed [235, Corollary, p. 87]. Since
85(Px y) is also bounded, it is compact [235, Theorem 2.41].

Property P1 for SE(PX’Y) is obtained in a directly analogous manner.
In particular, since the Frobenius norm is also continuous and satisfies
the triangle inequality, it suffices to follow the same analysis, but now
with respect to the set

Mi(Pyy) 2 (M e R M >0, M|, =1, [M-B||s <6},
To obtain property P2, we use the fact that [cf. (D.76)]
X |12 £ X |12 5
1B |7 — B[] < 4vF B - B,

which is obtained in precisely the same manner as (D.76), from which
it follows immediately that SC;F(PX,Y) - Siéx/E(PX,Y)'
Analogously, to obtain property P3, we use the fact that [cf. (D.46)]

2 £ 2 -~
1B w3 7 — B &[] < 4k (|B - B,

which is obtained in precisely the same manner as (D.46), from which
it follows immediately that 83(Pxy) C S{L;k(PX,y). Finally, for the
remaining part of property P3, we use the standard norm inequality
|Alls < [|[A]|p, for any matrix A, obtaining 85(Px.y) C 8;(Pyy). W

Proceeding to the proof of Proposition 6.9, with the notation (6.43)—
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(6.45) we have, via Sanov’s theorem [76, Theorem 2.1.10],

E_(85(Pxy)) = E.(85(Pxy)) (D.96)
E_(85(Pxyy)) = E.(85(Pxy)) (D.97)
E_(8§(Pxy)) < E(8§(Pxy)), (D.98)

for 0 < 6 < Bp(Pxy) with Bp;,(-) as defined in (6.41), where
to obtain (D.96) and (D.97) we have used that ’J’xxy\Sg(ny) and
‘Pxxy\Sf;(PX,y), respectively, are open sets (with respect to ‘Pxxy),
since SE(PX’y) and 85(Py y) are closed according to property P1 of
Lemma D.9. Hence, (6.42a) follows according to

E(Sig\/E(PX,Y)) > B (Sia\/E(PX,Y)) (D.99)
E_(85(Pxy)) (D.100)
= E,($§(Pxy)), (D.101)

where to obtain (D.99) we have used (D.98), to obtain (D.100) we have
used that
X X
PNk - C PSS,
which follows from property P2 of Lemma D.9, and to obtain (D.101)
we have used (D.96). Analogously, (6.42b) follows according to

E(Sis(Pxy) ) E_(8§s1(Pxy)) (D.102)
E_(85(Pxy)) (D.103)

= E* (85(Pxy)) (D.104)

> B, (85(Pxy)), (D.105)

where to obtain (D.102) we have used (D.98), to obtain (D.103) we
have used the first subset relation in

PN, € PSS € PSS, (D.106)

which follows from property P3 of Lemma D.9, to obtain (D.104) we
have used (D.97), and to obtain (D.105) we have used (D.96) and the
second subset relation in (D.106). [ |
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D.10 Proof of Lemma 6.10

Our proof makes use of the following special case of Sanov’s Theorem
[76, Theorem 2.1.10, Exercise 2.1.19], [71, Theorem 2.1]:

Lemma D.10. For every distribution Py € TPZ’, and every closed and
convex subset 8 C P of probability distributions that has non-empty
interior, we have that the empirical distribution PZ formed from n i.i.d.
samples of P, satisfies

1 A .
Jlim ~logP(Py €8) = - min D(Qz||Py),
where the minimum is achieved by a unique distribution.

Without loss of generality we may restrict our attention to the case
in which E[h(Z)] > 0. For any v > 0, define the sets

87 2 {Qz € P Eq, [(2)] = (1 + ) Elh(2))}

87 2 {Qz € 9% Bo,In(2)) < (1 - ) ER(Z)]},
where

Eg, [h(Z)] 2 3 Qz(2) h(2).
z€Z
Furthermore, since we will eventually let v — 0, we may assume that

0<~< min{ (maxzez h(z) _1>’ (1_ min, ¢y h(z)) }7

E[n(Z)] E[n(Z)]
so that
tmip h(2) < (1= ) E[(Z)] < (1+7) E[h(2)] < maxh(z),

where min, ¢y h(z) < max,cq h(z) because var[h(Z)] > 0. Hence, S;F
and 8, are closed and convex sets that have non-empty interiors. Using
Lemma D.10, we have

1 A .
Jim - logP(P7 € 87) = = min_D(Qz]|Pz) = ~D(Q%[1P7)
z€ v
(D.107)
1 A - . -
lim ~logP(P7 €8;) = — min D(Qz|P7) = —~D(Qzl|Pz),
n QZES'Y
(D.108)
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where the (unique) minimizing distributions Q7 € Sffr and Qy € 8, are
members of the exponential family

Q7(20) = Pz(z) exp{0 h(z) — ()}, z€2Z,

with natural parameter 6§ € R. Recall that the (infinitely differentiable)
log-partition function

a(0) = log(Elexp{6 h(Z)}])
has derivatives®
o (0) =Eq,.plh(Z)] and o () = varg, (. [h(Z)] >0,

where the second derivative is positive because every element of Z has
positive probability under @z(+;#). The minimizing distributions are
Q5 = Qu(+ 0,) and Q; = Qz(-;0_), where the optimal parameters
6, >0 and 6_ < 0 are chosen to satisfy (cf. [71, Example 2.1])

' (04) =Eq, 0 [M(2)] = (1 +7)E[(Z)],

& (0-) =Eq, 0 [M(Z2)] = (1 - 1) E[R(Z)).

Now assume that

_ DQ4IPz) . DQz|Py) 1(E[R(2)’
1 — e 27 = ] = — D.
e ST Ty P
and define
85 28tus; = {QZ € P*: |E§Zh[?é)z])] —1 > 7}. (D.110)

Since 8? and 8, are disjoint, we have
P(Pye8y) =P(Pse8))+P(Pes]).
Hence, via the Laplace principle it follows that

1 N _
~ lim ElogP(PZ € 87) =min{D(Q}|P7), D(QzI|IP2)}, (D.111)

n—oo

/

!/ "
, and

4 . . /
In this section we use
derivatives.

as notation for first, second, and third
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where we have used (D.107) and (D.108). Applying (D.109) to (D.111),
and recognizing (D.110), we obtain (6.46) as desired.

Thus, it remains only to show (D.109). To this end, consider the
function

d(0) £ D(Qz(:0)|Pz), 0€R
It is straightforward to verify that

d(#) = 6a'(0) — a(h)
d) =6 a”(e)
d"(0) =a"(0) +6a"(9),

which means that d(0) = d'(0) = 0, and d"(0) = &”'(0) = var[h(Z)].
Hence, by Taylor’s theorem we have

i) 1
lim W T3 var[h(Z)]. (D.112)

Now given any 7 € R, there exists a unique 6, such that
o (6-) =Eq,(0,)[M(2)] = (1L +7)E[h(2)],

. ArT— . . n . s
since o' is increasing (since o is positive). Next, observe that

_d(6,) e,) . 62
Ly - = lim 02 ;ﬂ%?
~ var[h(2)] (.. 0, 2
-2 (llﬂ%r)
_ var[h(Z2)] [ d, 2
B 2 <d7— T=0>
_ var[h(2)) (E[h<2>]>2
92 O//(O)
E[n(2)]*
= Tl )]’ (D.113)

where the second equality follows from (D.112), the fact that 6, — 0 as
7 — 0 (by the continuity of the inverse of a'(-)), and the continuity of
t— t2, where the third equality follows from the definition of derivative
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and the fact that 6, = 0 (since o/(0) = E[h(Z)]), where the fourth
equality holds because
~ (% )‘1
7=0 0 0=0

@,
dr
To = = — b
E[h(2)]
and where the fifth equality holds because o (0) = var[h(Z)].
In turn, setting 7 =~ > 0 and 6, = 0, > 0 yields
D(Q%|P
im 2@2IP2) _ ﬂ;) (D.114a)

2 - )
y—0" v =0T T

with

and setting 7 = —y < 0 and 0, = 0_ < 0 yields

lim D(LW = lim d(%). (D.114b)
+ —
v—0 Y T—0 T

Finally, replacing the right-hand sides of (D.114) with (D.113) yields
(D.109). n
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Appendices for Section 7

E.1 Proof of Proposition 7.1

From (7.2), it follows immediately that

M= 3 B(, () (B1)

yel(z)
max P(E,(x E.2
< {g(m)cg;|g(z)|l}y€§($) (&y(2)) (E.2)
= Y P, (), (E.3)

yed™ ()

where
y1 (x) = argmax P (€, (x)) (E.4a)
yeY

yi(xr) =  argmax P(&,(x)), ie{2,...,1} (E.4b)

YY1 ()i 1 ()}

It remains only to evaluate the constituent event probabilities, which
are obtained as follows:
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= Z ka|y( ’y) % \X( §|:L’)

k k k
{’U Wo + U :vo}

Z % \Y Py |X( oFla),
wherein, using (5.37b) and (5.38a),
oy 00 Ry 019
= H(PWY(UAZJ) PV,-lX(Ui|x))

(PY|V¢(:‘/’W) Py (v;) Pxv.(z]v;) P\G(”i))
Py (y) Px(z)

|
. -
: > |l
—

Ti
‘ = =

I

[\

ol
==

.
Il
—

((1 +€v; gf(y)) (1 + €v; 0y fi*(m)))

‘ \V]
—

I
[~}
ol
— =

[1(1+evilon £ (@) +ai @) +€03 (1) 57 ().

[\
<.

Il

—_

‘ =

~
—
oM
<
—~~
8
=
I
[\
B
—~

S (1evi(o: [ (@) +6i W) +€0; f(2) 67 (W)

2 =1 v;
1 k 2 * *
:?H(1+6 o; fi (%) g; (y))
=1
:21k<1+6220fz gz()>+0(62)7
=1

the nonvanishing term of which we note is a monotonic function of the
quantity being maximized in (7.6). [ |
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Appendices for Section 8

F.1 Proof of Proposition 8.1

First, without loss of generality we impose the constraints
Elg(Y)]=0 and  E[s(y)] =0, (F.1)

since other solutions are simple reparameterizations.
It is convenient to first establish the following special case of Propo-
sition 8.1.

Lemma F.1. Let the hypotheses of Proposition 8.1 be satisfied, together
with the further constraints

pns =0 and Ag =1L (F.2)
Then

_ min > Ps(s) D(Pys(:|s) || Pyis(:ls))
Py 5([8)€P5 (Py) ses

1 2
= 1Y) = JE[[puspy )] +o(e"),  (F.3)
and is achieved by the parameters

9(y) = gu5(y) = gy (y) + o(e) and B(y) = B, 5(y) £ o(e), (F.4a)

241
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Pyis(yls) o Py (y) exp{s" sy (4) } (14 o(1)). (F.4b)

Using Lemma F.1, we establish Proposition 8.1 as follows. First, let
us assume Ag is nonsingular, and let

52 A2 (s - ps) (F.5)
=0 and A;=1
Then we may rewrite ~}g,fg(y]s) in the form
Plyls) = Pr(y) exp{5"a(y) + Bly) — a3} (F.6)
& P33 (y15) (P.7)
where
3(w) £ AL0(v) (¥.8)
Bly) & nsg(y) +B(y) (F.9)
G(35) £ aps + AJ%3), (F.10)

and for which E[§(Y)] = 0 and E[3(Y)] = 0.
Using these definitions, we have
- & -1/2
9x,5(Y) = Epg (1) [S] +o(e) = Ag / (ms)y (y) — mg) +o(e), (F.11)

where to obtain the first equality we have used Lemma F.1, and to
obtain (F.11) we have used (F.5). Combining (F.11) with (F.8) yields
(8.4a). Similarly, via Lemma F.1 we obtain

B*,S(y) = O(E)v
which when combined with (F.9) yields (8.4b). In turn, we obtain (8.2)
via
N minﬂj ZPS(g)D<PY|s 3) |l PY|S 13))
Py 5(1s)€P5 (Py) 5es
~ ]_ 2
= 1Y) = 3E |y )] + o(e”)

= 1(7:5) — S B[ A5 2 sy (V) — 5) ] + 0(),
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where to obtain the first equality we have used Lemma F.1, and to
obtain the second we have used (F.5) and the invariance of mutual
information to coordinate transformations.

It remains only to establish Lemma F'.1.

Proof of Lemma F.1. First, note that
D(Py||PysPs) = I(Y;S) —E[STg(Y) — a(S)], (F.12)
£0(g,8)

so we seek to maximize £(g, ). Moreover, note that since v2-divergence
is an f-divergence, it satisfies a data processing inequality [69], so S,Y
are e-dependent for any choice of f that induces S.

Fixing s € 8, note that Pyg(:|s) € NY(Py) and, in addition,
PY |0 (-|s) = Py. As a result, it follows that the optimizing P}ié( |s) is
such that Pfié( |s) € N!(Py), and thus we may restrict our search to
parameters (g, 3) in this neighborhood.

In turn, defining

sy 2 PY(yls) — Py (y)
’ ev/ Py (y) 7

it follows from (8.1) that

2 Z¢Y|S 2 _ Z Py(y) (exp{STg(y) + B(y) — a(s)} - 1)2 <€,

y€eY y€Y

s g(y) + By) —a(s) = o(1).
1

Hence, for the Taylor series expansions (in €)

SO

- Z g (y) + o(€?) (F.13a)
=0
2
Bly) =D €8 (y) + o) (F.13b)
=0
2 . .
s) = Z eza(z)(s) + o(é?), (F.13c)
=0

'In this analysis we assume the existence of these Taylor series. Moreover, we
use superscript notation ) to denote the ith derivative (with respect to e€.)
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wherein ¢ (y), B (y), and a(i)(s) for ¢ € {0,1,2} do not depend on e,
it follows that
519" W) + 89) = aVs). (F.14)
But due to (F.1), in the Taylor series (F.13) we must also have
E[¢?(YV)] =0 and E[B?(Y)] =0, ic{0,1,2}. (F.15)

Taking the expectation of both sides of (F.14) with respect to Py then
yields that

a%(s) = 0. (F.16)
Next, with
) 25T +80), =12 (F.17)
and using the Taylor series
Ly
e’ =Y —w + o(wh),
i=07"

we obtain that Z(s) = e via (8.1), can be expressed in the form

Z(s) =Y Py(y) exp{s"g(y) + Bv) }

yeY

2
=Ep, lexp{z eiTs(i)(Y) + 0(62)}]

=1
—Ep, [(ZO DY +o(e)
(>

7=0

2
=1+ cuvls)+ o(é?),
i=1

62jjl!7_8(2)(y)j + 0(62)) (1 + 0(62)>‘|

with
vi(s) £ Bp, 7V (V)] =0 (F.18a)
Uy(5) 2 Ep, B D)+ @) = %EPY 7Y(v)?],  (F.18b)
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where we have used (F.14) with (F.16) to conclude 79 =0, and that

S

Ep, [fP(V)] =0, i=12,...

due to (F.15).

Next, using the Taylor series

1
log(1+w) =w— §w2 + o(w?),

we obtain that a(s) = log Z(s) is of the form

a(s) = (i fui(s)) - ;(i a’vi(s))Q +o(e).

So in the Taylor series (F.13c) for a(s), we obtain

04(1)(8) =v(s) =0 (F.19a)
0 (s5) = vy(s) — %Ul(s)Q — uy(s). (F.19h)

We write £(g, 3) in (F.12), which we seek to maximize, in the form

2

Ug.8) =Y € E[STg (V) = a(9)] + o() (F.20)

1=0
- 22: CE[STgD (V) - aD(8)] 4 o(e?) (F.21)

=1

= eE[S"gV (V)]

+ R[S gD ()] = EE[P(9)] +o(e?)  (F.22)
= E[ST¢D (V)] — EE[aP(9)] + o(e), (F.23)

where to obtain (F.20) we have used (F.13), to obtain (F.21) we have
used that

E[STgO (V) - al?(5)] = —E[8O (V)] =0,

due to (F.14) and (F.15), to obtain (F.22) we have used (F.19a), and
to obtain (F.23) we have used that the second term in (F.22) is o(e?),
which follows from the fact that for any ¢

E[STgW (V)] = E[ST]E[¢" (V)] +0(e) € O(e),
N————

=0
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since PS,Y S :N:Exxy(PSpy).
Hence, we write (F.23) in the form

Ug,B) = la(g™, BY) + o(?), (F.24a)
with
B (g™, 8M) 2 E[ST¢V (V)] — EE[a® ()], (F.24b)

where we note Zg(g(l), B(l)) € O(¢*). In addition, we note that there is
no dependence on g(o) and B(O) in (F.24b). Indeed, they can be freely
chosen subject to the constraints (F.15), and those choices have no
effect on the resulting P{i" 5(+|s); for example, we may choose

9w =0 and Oy =0, allyey.

Proceeding, to express the second term in (F.24b) in terms of g(l)(y)
and B(l)(y), note that, using (F.18b) and (F.17),

va(s) = 3 Epy [V (V)]
= S Er [Te V() + 5V (¥)), (.25)

¢ Ep, [a(Z)(S)] = ¢ Ep, [v2(S)] (F.26)
2

= SEp, [En[(STgV )1+ 80 (¥)7] (P21
2

= SEp [lsV )] + 5 Er, [BV(¥)],  (F28)

where to obtain (F.26) we have used (F.19b), to obtain (F.27) we
have used (F.25) and (F.2), and where to obtain (F.28) we have used
Lemma 5.8 with (F.2) (and k; = k and ko = 1).

Since B(l)(y) only appears in (F.24b) through the second term in
(F.28), we conclude that its optimum value is

88(y) = 0. (F.29)
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Combining the remainder of (F.28) with the first term in (F.24b), we
then have, by the Cauchy-Schwarz inequality,

~ € T
(g™, %Y) = cEp, , [(s -3 g(l)(y)> g<1)(Y)]

2

i !

(F.30)

o]

where the inequality holds with equality when

T
)] g“wﬂ

SgVy),  (F31)

g(l)(Y) X EPS|Y B

€ 1
5~ 59| =Ep,, [8] -
for some nonnegative constant of proportionality, i.e., when
gV (V) = cEp,, [9] (F.32)

for 0 < ¢ < 2/e. In this case,

(g, 813) = e(1- 3¢ )Er, [[En, , S]]

1 2

=501-01- ec)’)Ep, [HEPSW[ Il }

1

< S Ep, [[Epg, [SIIP]. (F.33)

where equality is achieved when ¢ = 1/e. Hence, the optimum value of
g (y) is

(1) 1

g*,S(y) = g uS|Y(y)7 (F34)

which we note has E[gilg(Y)] = 0, as our constraints (F.15) dictate. In

turn, substituting the right-hand side of (F.33) into (F.12) via (F.24),
we obtain (F.3) as desired.

Moreover, the corresponding g, s(y) and 3, s(y) satisfy (F.4a) as
desired, i.e., P{§|5(y|s) takes the form (F.4b). [ |

The version of record is available at: http://dx.doi.org/10.1561/0100000107



248 Appendices for Section 8

F.2 Proof of Corollary 8.2

First, without loss of generality we impose on f the constraints (3.6¢),
SO
Hg = 0 and AS = I, (F35)
Next, note that since f is injective, by the invariance of mutual infor-
mation to coordinate transformations, the first term on the right-hand
side of (8.2) is I(X;Y"), which doesn’t depend on f. Accordingly, we
have, specializing the second term on the right-hand side of (8.2) to the
case (F.35),
_ R 21 5 = X (|2
f. = argmaxEp [[Ep, , [f(0]] = arg max[B &,
where B is as defined in (2.29), E% is the |X| x k matrix whose ith

column is the feature vector associated with f;, the ith element of f,
and the maximization with respect to =Y is subject to the constraint

)

which corresponds to (3.6¢). Accordingly, applying Lemma 3.1, we
obtain

=X b's

= = ‘Il(k:)a

ie.,
filz) = fi(z), i=1,...k,
Finally, to obtain (8.10a) we use (2.26b) in (8.4a) with (F.35), and
(8.10b) follows immediately via (8.4b). [ |
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G.1 Proof of Fact 9.3

Suppose M is k; X kq. Let ¢ZL and w,R denote the left and right singular
vectors of M corresponding to o;(M), for ¢ = 1,..., min{kq, ks }. Then

Wb @i [ "

are eigenvectors of A with eigenvalues 1+ o;(M) and 1 — ¢;(M), re-
spectively. The remaining max{ky, ko } — min{k, ko} eigenvalues are 1
and, if ky > kq, correspond to eigenvectors

rR\T]T
o @)
for j = ky 4+ 1,...,ky. Likewise, if k; > ky these unity eigenvalues
correspond to eigenvectors

T 17

(@n" o],
for j = ko 4+ 1,..., k. Hence, we conclude that the eigenvalues are
nonnegative if and only if o;(M) <1 for ¢ = 1,...,min{ky, ko }. [ |

249
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G.2 Proof of Corollary 9.5
Applying (9.18) we have
* T
E[g"(V)[X] =E[(G") Y|X]
s\ T
= (G") AyxAX'X
= (G)(G) B (F) A
=3 (0 AYAY'X
=2 (F)'X
=3 f(X)

and, analogously,

G.3 Proof of Lemma 9.8

First, we have

(App +c— (Aug +¢)) (AAQAT) H(App + ¢ — (Apug +©))
= (up — 1) ATATTAG AT A(up — pg)
= (np — 11g) "AQ (1P — Q) (G.1)
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Second, we have
—1/2 —1/2)2
[(AAQA™) " (AApAT - AAGAT) (AAGAT)
= tr((AAQAT) TA(Ap — AQ)AT(AAQAT) TA(Ap — Ag)AT)

(G.2)
= tr(A7TAG (Ap — AQ)AG (Ap — Ag)AT)
= tr(Ag' (Ap — AQ)AG' (Ap — Ag)) (G.3)
= (A" (Ar — AQ) A (G.4)

where to obtain (G.2) we have used Lemma 9.9, to obtain (G.3) we
have used the invariance of the trace operator to cyclic permutations,
and to obtain (G.4) we have again used Lemma 9.9. Combining (G.1)
and (G.4) with (9.35b), we obtain (9.36). [ |

G.4 Proof of Lemma 9.11
With )
- s | Z
oe [W] , (@.5)

via (9.3), we have

T I W
Ay =E[CCT] = L@ZW -l

Thus,

(N0, Ag) || M(0,1)) = L[ Ae T

2

1[ 0 e<I>Z|W]

=5 T

2| [e(@ZV) o,

=& |@?"|2. (C.6)
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G.5 Proof of Lemma 9.12

We obtain

D(Pgpw (-|w)|[Pz) = D(Pgy, (1) Pg) (G.7)
:€2U~}T( Z\W)T Z|W~

+ 5| (1= e @) |
(G8)
= | @ @)

2| 2V

= 227 + o(),

where to obtain (G.7) we have used Lemma 9.8, and to obtain (G.8)
we have used (9.35b) and the fact that

Z = 6¢‘Z|WW + 477802
where &7V is as defined in (9.40) and

T 2 x Z|W Z|IWA\T
Elviztiz) = 1- @2 (@)%,

|
G.6 Proof of Lemma 9.13
We have
Ep,, [D(Pyw ([W)|IP7)] = E[ 87" W || + o(e*) (G.9)
= @V|2 + o(?) (G.10)

D(PzwllPzPy)(1+0(1)),  (G.11)

where to obtain (G.9) we have used Lemma 9.12, to obtain (G.10) we
have used Lemma 5.8 (with k; = Ky, and ky = 1) since W is spherically
symmetric, and to obtain (G.11) we have used Lemma 9.11. [ |
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G.7 Proof of Fact 9.14

Let the ith singular value of A be A;. Then it suffices to note that
log|I — A AT =log [](1 — €X)
i

= ]0g<1 — ¢ Z A+ 0(62)>

=€ Z A7 4 ofe?)

= —|A[lF + o(e”).

]
G.8 Proof of Lemma 9.15
We have
D(Pyw (-|w) || Pz) = D(Pgy (@) || Pz) (G.12)
1 ZIW -2
. 2{62 &7 |
+ tr<<1 S A C SR I>
62 2
- 5H<I>Z‘W15H +o(e?) (G.13)
1 _
= §D(PZ|W<"w)HPZ)+O(62)7 (G.14)

where to obtain (G.12) we have used the coordinate invariance of KL
divergence, to obtain (G.13) we have used Fact 9.14, and to obtain
(G.14) we have used Lemma 9.12. [ |

G.9 Proof of Corollary 9.16

We have
I(Z;W) =Ep,, [D(Pzw (-{W) || Pz)]
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Ep,, [D(Pzw (W) || P2)] + o(€) (G.15)

D(Pyw || PzPw) + o(€%), (G.16)

N =D =

where to obtain (G.15) we have used Lemma 9.15, and to obtain (G.16)
we have used Lemma 9.13. |

G.10 Proof of Lemma 9.17

First, via (9.46) and the invariance of divergence to coordinate trans-
formations we have

1 “1,P P -1
D(Pxy|lQx,y) = 3 [U"((A?(y) Ay — I) —log|A% 5 (A%f/) \],
(G.17)
where
p |1 Bp e |1 BS
AX,Y = |J§P ] and AX',Y = ]~3Q I (G18)
Next, using (G.18) with (9.54) we obtain
_ I+B.B ~B} B L
(A ;) "afy = 1T EeBe TBe L Bl @
=T 7 = - 5 T
_ T+ B~5(BQ~— Bp) (Bp —Bg) |+ o)
By — B, 1+B,(By—Bp) !
SO

tr((A)QZv’?)ilA?(’Y—I) = QtF(BQ(BQ — BP)T) + 0(62)
= 2By —2tr(BuBE) +o(?).  (G.19)

Finally, using Fact 9.14 and the block matrix determinant identity we

obtain
log|A%y| = log]I — BEBp| = —Bp|[% + o(%) (G.20a)
log| A% | = log|T - BGBg| = —|Bolfy + o(<”), (G-20b)
so substituting (G.19) and (G.20) in (G.17) yields (9.49). [ |
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G.11 Proof of Proposition 10.2

Given X = {zy,..., 2y} C R** and Y = syt C R™Y | con-
sider (without loss of generality) arbitrary zero-mean, unit-variance
features f: X — R and g: Y — R, whose corresponding feature vectors
are EX € 7% and £Y € Jy, respectively.

In addition, let fi,(z) = (Eé)Tx and gy,(y) = (Eg)Ty denote the
linear MMSE approximations to f and g, respectively, i.e.,

&8 = argminE{(EgX — f(X))z} (G.21a)
£gEeR™ X

£l = arg mlnE[(é(T; Y — g(Y))Q}. (G.21b)
£ eR™Y

Without loss of generality, we assume that Ay =1 and Ay =1, since if
not they can be converted to this form by linear transformation. Then,
from standard linear (MMSE) estimation theory it follows that

& =E[f(X) X" =XPy ¥ (G.22a)

apX

& =E[gV)Y"] =Y /Py ¢, (G.22b)

oYy

where X and Y are matrices whose columns are the vectors in X and
Y, respectively, and where the matrices IT* and IT" characterize the
associated projections.

Next, note that if f is linear, i.e.,

fla)=¢ou (G23)
for some (g, then
(%) e = VPx X"¢ = €°

since X T (g is a vector whose zth element is f(z).
Now for any feature f with feature vector £X, the feature vector
£¥ 2 B¢X corresponds to the feature g(y) = E[f(X)|Y = y]. To see
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this, it suffices to note that £Y has elements

= > Bla,y) & (2)

zeX

Z\/ipwxyu \ Px(z)/ Px () f(x)

zeX

=\/Pr(y) > Pxy(zly) f(z)

zeX

=9(y)

In turn, specializing f to the case (G.23) yields
T
B (ITY) ¢ = VPy E[¢G XY,
and specializing the resulting g in (G.22b) with (G.21b) yields

"B (1Y) ¢ = argminE (£ Y — E[¢¢ X|V])?]

EqeR™Y
:argn}}nE{(EgY— C(T;‘X)Q} (G.24)
EERTY
= Ay Ayvx Ca (G.25)
— Bu (o (G.26)

To obtain (G.24) we have used
E[(€8Y - ¢ X)°| =E[(6Y —E[¢S X[Y])’]
+E[(¢ X —E[¢E X[Y])’]
—2E[(¢E X — E[¢d X[Y])
(€3y ~E[cEx|v])].

where we note that the second term does not depend on &g, and
that the last term is zero due to the orthogonality property of MMSE
estimators. In turn, to obtain (G.25) we recognize (G.24) as a linear
MMSE estimation problem, whose solution depends only on the first
and second moments of (X,Y), and to obtain (G.26) we use (9.11).
Finally, since (G.26) holds for all g, we obtain (10.3) as desired. W
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G.12 Proof of Fact 9.22

It suffices to note that

G.13 Proof of Proposition 9.24

Without loss of generality, we restrict Sy and T{;) so that they are
normalized with respect to Py and Py, respectively, i.e., (F, G)) €
L as defined in (9.27). Accordingly, we have the representations (9.29)
in which 2% and Y satisfy (9.31).

For the MMSE estimation of V' based on S, the MSE is

APEL) () Fu) = A A1, A

= tr(Ay) — - [AY? (@) ' BEY|R. (G27)
where we have used (9.65b), so
5‘;/|S(F(k)):ERIE[)‘V|S(e Y(Ay),Fp))]
_ _ 1 41% 2
= (Ay) = - w(A) B[l V] [BEY [ (G29)
2
€y |
Ztr(Av)l e E|[|® }Zm], (G.29)

where to obtain (G.28) we have used Lemma 5.8, and to obtain (G.29)
we have used Lemma 3.1. It further follows from Lemma 3.1 that the
inequality (G.29) holds with equality when we choose = according to
(9.32a).
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For the MMSE estimation of U based on S, the MSE is

U|S 1/2 1/2
A8 (eEx(Ax), (k))_tr(A/AmS()AU/)

= tr(Ap) —ex A (@Y1) =YL, (G30)
A (F) = Eram W (€55 (Ax), Fiay)]
= tr(Ap) ~ e (A B[ @R = (G3)
2
= tr(Ay) [1 - KE;;X E[H@X'UH;]] (G.32)

for any (admissible) choice of F (1), where to obtain (G.31) we have used
Lemma 5.8, and to obtain (G.32) we have used that HEXHi = k due to
(9.31). Hence, the unique Pareto optimal choice of Fy in (9.71) is as
given by (9.32a).

Via a symmetry argument (corresponding to interchanging the roles
of X and Y, and U and V, and noting that B and B” share the same
singular values), it follows that

2
\V|T _ &k Y|V 2
Ae " (Gy) = tr(Ay) [1 Ky Ky E[H‘I’ ||F]]

2
SU|IT & X\U
(@) > d) |1 - g B[] 3o

with equality in the latter when G is given by (9.32b). Hence, the
unique Pareto optimal choice of Gy in (9.71) is as given by (9.32a).
Finally, we note that we obtain (9.72) by recognizing that

E[H:I)XIUH;} - EYIV_E[HQY\VHQ

EX|U _ _
KKy Ky Ky
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G.14 Proof of Proposition 9.25
For the MMSE estimation of V' based on S, the MSE is, starting from
(G.27),

N (EEY (Ay), Fy,)

&2 HA1/2 Y‘V)TB =X 2

=tr AV HF

= tr(Ay) —
= tr(Ay) — e A2 Q7 AYY (‘I’Y‘V) BE"|; (G.33)
> tr(Ay) — & A A2 (@) B =YD (G34)
k
> tr(Ay) — &b A (KY+k) Z (G.35)
>k— e (Kyk+k) Zaf, (G.36)

i=1
where to obtain (G.33) we have expressed &YV in terms of its SVD
VIV _ YIVAYIV (QY|V)T’ (G.37)
where the Ky X k matrix &YV has orthonormal columns, i.e.,
(@Y")TeYIV =1, (G.38)

AYWVisak xk diagonal matrix, and QY|V is k x k orthogonal matrix.
To obtain (G.34) we have (repeatedly) used Fact 5.12 and the fact that
QYlV is orthogonal, and to obtain (G.35) we have used that =~ satisfies

(9.31), that

Ky +k
A VIE = 2" < == (G-39)

since V is a Gaussian multi-attribute and so satisfies the property of
Definition 9.20, and applied Lemma 3.1 with the constraint (G.38).
And to obtain (G.36) we have used the last constraint in (9.74), which
implies that none of the singular values of Ay are smaller than unity.

Finally, it is straightforward to verify that the inequalities leading to
the right-hand side of (G.36) hold with equality when

VIV _ Ky tk
k

L2 (G.40Db)
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and

[

=0, (G.41)

For the MMSE estimation of U based on S, the MSE is, starting
from (G.30),

Ag‘S(GKX (Ax), F(k))
= tr(Ay) — & A7 (@) Y|

F
> tr(Ag) = & A [ATE @) BN (Ga2)
> tr(AU — &AL (Ex + k) (G.43)
where to obtain (G.42) we have used Fact 5.12, expressing &1V in
terms of its SVD

MV = X AXIV (QXIV)T, (G.45)

where the Ky x k matrix &Y has orthonormal columns, i.e.,
(@5 TeXIV —1, (G.46)

A g a b x k diagonal matrix, and QX‘U is k X k orthogonal matrix.

To obtain (G.43) we have used that &IV satisfies (G.46) and B~
satisfies (9.31), Lemma 3.1, and that

Kx+k
k
since U is a Gaussian multi-attribute and so satisfies the property
of Definition 9.20. To obtain (G.44) we have used the penultimate
constraint in (9.74), which implies that none of the singular values
of Ay are smaller than unity. Finally, the inequalities leading to the

right-hand side of (G.44) hold with equality when, for example,

|a™7)Z = 8M17)7 < (G.47)
S S

MV = ,/@ L 7)8 (G.48b)

and % is chosen according to (G.41).
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Via a symmetry argument (corresponding to interchanging the roles
of X and Y, and U and V, and noting that B and B” share the same
singular values), it follows that AV |T(€§(X (Ax), Gry) is minimized by
choosing (G.48) and

2 =0, (G.49)

and that \Y |T(€£§Y(Ay), G (k) is minimized by choosing, for example,
(G.40) and (G.49). The unique Pareto optimality of the choices then
follows. Finally, (9.75) is obtained by combining the characterizations

Axy =ex A5 and Ayy = e A2 DYV (G.50)
with (G.48b), (G.40b), and (9.34). ]

G.15 Proof of Proposition 9.26

First, since mutual information is invariant to coordinate transforma-
tions, without loss of generality we may choose Ay = Ay =1, in which
case U = U and V = V. Then, using the conditional independencies
associated with the Markov chain (9.63) we have

Ayy =E[E[UVT[X,7]]
=E[E[U|X]E[V"|V]]
_ eXeyE[(i’X'U)TX ?T(I)Y\V}
= exey (X0 TBTRYIV. (G.51)

Hence, with

LA U I A
C 2 As = uv
M w e [AEV I ] ’

we have
1
I(UQ V) = —ilog]A@]

1
=-3 log|T — Ayy Al |

2 2
=S @ ) B+ o(ed) (G.52)
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IN

2 2

ExE L ~

4%XHB@XWﬁM@”VﬁHAXWKHA”WE+O&§%J
(G.53)

Gxéy Kx+k Ky+l€

where to obtain (G.52) we have used (G.51) with Fact 9.14, to obtain
(G.53) we have used the SVDs (G.45) and (G.37) with (repeatedly)
Fact 5.12, and to obtain (G.54) we have used both Lemma 3.1 with
(G.46), and both (G.47) and (G.39). Finally, it is straightforward to ver-
ify that the inequality (G.54) is achieved with equality when &YV and
&~V are chosen according to (G.40b) and (G.48b), respectively, which
correspond to (9.75b)—(9.75¢). With these choices, (G.51) specializes to

Kx+k [Ky+k
AUVZEXQW¢ 2 ¢ A (@(ﬂ B' W%)

B Kx +k Ky+k2
= €x€y k k (k)

where we have used (9.57b). [

IN

G.16 Proof of Corollary 9.27

It suffices to note from Corollary 9.16 that U and V so constrained
correspond to €y ( - and €y (1 + o(1))-multi-attributes with

X—q/KX k and ey Ky—i—k (G.55)

In particular, the multi-attribute property (9.61) specialized to U is
obtained via

1851712 = Ao (@17 T2 X17)

1 _
= 5 Amax (A}EUAxlew
€x

_ X|U;
cpax, e

Ky +k
k

(14 o(1)),
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where to obtain the second equality we have used that Ay =1, and to
obtain third equality we have used that A}UA)_(lA xu is diagonal. To
obtain the inequality, note that with ey as defined,

K
2+O(€§{)§62:€§<< Xk—I-k)’

I(U; X) = || ¢~1%

whence Ke 4k
2
[ < == o(n)).

The corresponding result for V follows from symmetry. Finally, sub-
stituting for ex and ey in the right-hand side of (9.77) yields (9.79),
|

G.17 Proof of Corollary 9.28

First, (9.84) holds from the conditional independence in the definition
of an attribute. Next, since the variables are jointly Gaussian, it suffices
to obtain the associated second moment characterization. In particular,
using that @~V = lIlgli) and (9.24a) we have

ElU|X] = (@)X = S, (G.56)
and

Ay =1-E(@Y1) @M =1 () AxF() = (1- )L
(G.57)

whence (9.85a). And via a symmetry argument (corresponding to inter-
changing the roles of X and Y, and U and V'), we obtain (9.85b) from
(9.85a).

Next,

Pyvisty g, (W V18 L)
Pyt i, 0150k L)
_ Pyyixy(u,vlz,y)
~ Pyixy(vlz,y)
= Pyx (ulz)
= Py, (ulsi). (G.58)

* *
Byis50 iy v (Uls): try, v) =
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Verifying (9.86a), and (9.86b) follows from symmetry considerations.
Finally, to obtain (9.87a) we have

= (Tfy) BX
= B (Th) ' X
= €S S,
and
AV|X N (@YW)TE BT(I)Y\V
—1-& ()" BBT®"
—1- X (BT 5,
=1- X,
Via a symmetry argument, we obtain (9.87b) from (9.87a). |

G.18 Proof of Proposition 9.29

First, since the constraints on U and V' coincide with those of Corol-
lary 9.27, from the proof of the latter we obtain that U and V are
ex(14+0(1))- and €y (14 o(1))-multi-attributes with ey and €y as given
by (G.55).

As such, for the maximization of I(U;Y’) we have

I(Y;U) = I(Y;U)

2

_ %XHB & V|2 1 o(eX) (G.59)
2

= B AN oK) (G.60)
2
€ ~ ~

< B ERIANTZ + o(ck) (G.61)
2
€Y 1~ = Ky +k

< X|B <1>X|UH§(2> Fo)  (G62)
62 k ) )

< E;O’i + o(€e), (G.63)

The version of record is available at: http://dx.doi.org/10.1561/0100000107



G.19. Proof of Proposition 9.30 265

where to obtain (G.59) we have used Lemma 9.11 with Corollary 9.16,
to obtain (G.60) we have used the SVD (G.45), to obtain (G.61) we
have used Fact 5.12, to obtain (G.62) we have used the (G.47), and
to obtain (G.63) we have used Lemma 3.1 with (G.46). Finally, it is
straightforward to verify that the inequalities all hold with equality when
@1V is chosen according to (G.48b), which corresponds to (9.80a).

Via a symmetry argument (corresponding to interchanging the roles
of X and Y, and U and V, and noting that B and B" share the same
singular values), it follows that

[\

k

I(V;X) < o7 + o(e?),
1

i=

where the inequality holds with equality when &YV is chosen according
to (G.40b), which corresponds (9.80b). [ |

G.19 Proof of Proposition 9.30

To simplify the exposition, we first consider the case Ky = Ky = K.
First, as defined in (9.24), S* £ S(k) and T" £ S(i) are invertible
transformations of X and Y, respectively, with [cf. (9.17)]

AS* =Ap=1 and AT*S* =X

and S* & X < W <Y < T7, a special case of which is

S; e W T, i=1,...,K. (G.64)
Then
I(W; X,Y)
= I(W;S*,T") (G.65)
K . .
=3 I(W; S TE|(SH) T () (G.66)

@
Il
—

IS, T W, (S (1) ™) — ISy 1755 (%)~ (7))
=0

.

s
I
—_

(G.67)
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= il(vv; SETY) + I((S™) (T 87, T W) (G.68)
= >0
> Zl I(W; 87, T7) (G.69)
=i I(W3S)) + I(W;, T|S7) (G.70)
=§; I(W;S7) + (I(S;, W T}) — I(S55 1)) (G.71)
= Z; (W3 S7) + (W3 T7) = I(S75 T) (G.72)
27; I(E[S]IW];S7) + IE[T] W] T7) — I(S73T7) (G.73)
= iR +(Dgr) + Ry (D) — 1S5 T7) (G.74)
= ;il D1 _52 (G.75)

where to obtain (G.65) we have used the invariance of mutual informa-
tion to coordinate transformation, to obtain (G.66) have used chain rule
of mutual information, to obtain (G.67) we have used the chain rule
of mutual information and note that the second term is zero since the
SF, Ty are independent of (S*)"™!, (T%)"™!, to obtain (G.68) we have
used the chain rule of mutual information on the first term in (G.67),
to obtain (G.69) we neglect the second term in (G.68), to obtain (G.70)
we use the chain rule of mutual information, to obtain (G.71) we use
the chain rule of information on the second term in (G.70), to obtain
(G.72) we have used (G.64), to obtain (G.73) we have used the data
processing inequality, and to obtain (G.74) we have used the definition
of the (Gaussian) rate-distortion function (see, e.g., [63, Chapter 10]).
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Now
Dg: =E[(S7 — E[S{|W])*] =1 -E[E[S}[W]’] (G.76)
L5 *
Dy =E[(Ty —E[T;|W])*] = 1 - E[E[T;|W]] (G.77)
25,

and

E[E[S;T}|W])*
E[E[S; W] E[T; [W]]’
E

5

IA

[E[s7|W)*| B[E[17 W)

<O, (G.78)

where we have used the Cauchy-Schwarz inequality.

Hence, the lower bound (G.75) is minimized by maximizing (1 —
8¢+ )(1 — d,+) for each i € {1,..., K}, subject to the constraint (G.78),
which is a étraightforward exercise, yielding ¢ g = 5Tf = 0;, whence

I(W;X,Y) > Zlog(H‘”).

1_Ui

To show that the lower bound is achieved, choose W such that
W, X,Y are jointly Gaussian, and let W € R® be zero-mean with
Ay = 1. Finally, choose

Mgy = Apeyy = 212, (G.79)

Then using Fact 9.22, we confirm that with W so defined, S™ <+ W <« T*
since

T

Finally, exploiting the resulting conditional independence structure, we
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(W38, T%) =Y I(W; SF, 1)
K
=Y I(Wi; S7) + I(Wis T) — I1(S5 T7)

K
Z {log( = Agrw,) +1og(1 = Apeyy )

.
Il
—

+1og(1 = Agrqr)]

i=1 v
The extension to the case Ky # Ky is straightforward. In particular,
when Ky < Ky, we write

B=v's (¥4
where the Ky x Ky matrix ¥ is formed from the first K x columns

of \IIY, and where the Ky x Ky matrix X_ is formed from the first

K rows of 3 (the rest being all zeros). In the associated analysis, we
then replace (G.79) with

Agy =2

Ay = B2
Likewise, when Ky > Ky we write
B=v'3> (v

where the Ky x Ky matrix U~ is formed from the first Ky columns
of \IIX, and where the Ky x Ky matrix X_ is formed from the first
Ky columns of ¥ (the rest being all zeros). In this case, the associated
analysis replaces (G.79) with

As*W _ 21 /2

Ageyy = _52
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The result in both cases can be expressed in the form

1/2 1/2
Axy = Ao =

(K)
Ay = AV i 3,
and, in turn, (9.90). [ |

G.20 Proof of Corollary 9.31

e[S
el

we have, as a straightforward exercise in linear algebra,

With

E[W|X,Y] =E[W|S*, T"]
= Ay s A A

I X
_[nl/2 512 (K)
{<m <m]zm) I

and

Awixy = AW|S*,T*
T —1
=I- AW|A*AA*AW|A*
-1

-1
=(I- E(K))(I+ E(K)) )

G.21 Proof of Corollary 9.32

It suffices to verify that W so defined has Ay and Ay, matching
(9.90), i.e., that

-1
e Aun] = aud [o, %] A A
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= [Awx Awy] (G-80)

holds. But from (9.80) and (9.81) with € = 1, and using Fact 9.22 with
(9.18), we have
N
Avx Ayy Yy 1 0

and Ayy = (g, and from (9.90) we have

[AWX AWY} = 22;(2) [(FZFK))TAX (G?K))TAY} '

Hence, with the choices (9.96), it follows that (G.80) holds. [ |

G.22 Proof of Lemma 9.35

First, note that
E[|V(y) - V()]
=E[tr((V(y) = Vo)) (V(y) = Vo)) )]
= tr Ay (v, T [E[V () - Vo(@)] | (G.81)
= tr(Ayyy) + tr(Ayix) + [E[VIY = y] = E[V|X = 2]|",
(G.82)

where to obtain (G.81) we have used the trivial identity E[ZZ"] =
AZ+E[Z]IE[Z]T, and to obtain (G.82) we have used that V (y) and V,(x)
are independent and distributed according to Py (-|y) and Py x(-|z),
respectively.

Finally, substituting (9.85b) and (9.87a) from Corollary 9.28 into
(G.82), we obtain

k

k
E[[|[V(y) = Vo(@)|*] = 2k =k = > 0f + & Y (9:(y) — 03 fil)?

i=1 i=1

and the lemma follows. [ |
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G.23 Proof of Proposition 9.36

First, we rewrite (9.111) in the equivalent form
vy T - X \T -~
(®w) 7=2au () 2 (G.83)
Next, we note that the objective function Py (y) in (9.112) is a monoton-
ically decreasing function of ||7||, and thus we seek to find the minimum
norm solution §*(z) to (G.83). Via familiar linear algebra results—see,
e.g., [114, Problem 7.3.P9]—the solution follows as

% T T .

Rewriting (G.84) in terms of y and x and using standard pseudoinverse
properties then yields (9.113). |

G.24 Proof of Proposition 9.39

We have
D(Pyy || PEY) =B - BW2 + o(c) (G.85)
K
> 3 of +o(e), (G.86)
i=k+1

where to obtain (G.85) we have used Lemma 9.17 with B as defined in
(9.11) and

B® 2 ACV2AR A2 (G.87)
and to obtain (G.86) we have used Lemma 7.3 together with the fact
that rank(]:%(k)) < k since rank(Ag];) ) <k and Ay and Ay are positive
definite. Finally, it is straightforward to verify that the inequality (G.86)
holds with equality when B = ]~3>(kk), with ngk) as given in (9.57). W

G.25 Proof of Proposition 9.40

First, with the gain matrix [cf. (9.5)] Ty|x = Ay x A)_(l we rewrite the
optimization in (9.121a) as

i arg min ]EPX,Y [HY — fy'xX||2:|
Ty |x: rank(Ty | x)<k
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= arg min (EPX,Y {HY — Fy|XXH2]
Iy x: rank(T'y | x)<k _ )
+Epy [[|(Typx = Pyp) X[°]) (G.88)

_ argmin = Ep_ [H(ry|X - fy|X)Xyﬂ (G.89)

Fle rank(I‘Y‘X)<k

AY? (G.90)

= arg min [(Ty)x — fY|X) HF7

f‘y|X : rank(f‘y‘x)gk

where to obtain (G.88) we have used the orthogonal properties of the
error in the MMSE estimate, and to obtain (G.89) we have used that
the first term does not depend on f‘y| x-

In turn, with

ALTyx AP = Ayx AP and A 2Ty A, (G91)
we can rewrite (G.90) in the form
B IIliIl~ (Fy X — f‘y X) 1/2 5 IIllI'l A — A N
Ty |x: rank(Fy|X)§k|| | | HF A: rank(A H ||F

(G.92)

since rank(A) < k if and only if rank(I‘y| x) < k since Ay is nonsin-
gular. Hence, with the SVD for A expressed in the form (9.121c¢), it
follows form Lemma 7.3 that the minimum on the right-hand side of
(G.92) is achieved by the choice

A=W (F) " = AT (F)
i.e., using (G.91),
Ly x = Ay x A @, (‘i’fl(c))TAgcl/Q
= Ay () TAY) (B3 AL
= (AR EY AV Ay )

where we obtain the second and third equalities using standard pseu-
doinverse properties. Finally, since

k)o =
A(X%/ = AXI‘}T/|X>
we obtain (9.121). [ |
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