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Secret-Key Generation Using Correlated
Sources and Channels
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Abstract—We study the secret-key capacity in a joint
source-channel coding setup—the terminals are connected
over a discrete memoryless channel and have access to side
information, modelled as a pair of discrete memoryless source
sequences. As our main result, we establish the upper and lower
bounds on the secret-key capacity. In the lower bound expression,
the equivocation terms of the source and channel components are
functionally additive even though the coding scheme generates
a single secret-key by jointly taking into account the source and
channel equivocations. Our bounds coincide, thus establishing
the capacity, when the underlying wiretap channel can be decom-
posed into a set of independent, parallel, and reversely degraded
channels. For the case of parallel Gaussian channels and jointly
Gaussian sources we show that Gaussian codebooks achieve the
secret-key capacity. In addition, when the eavesdropper also
observes a correlated side information sequence, we establish
the secret-key capacity when both the source and channel of the
eavesdropper are a degraded version of the legitimate receiver.
We finally also treat the case when a public discussion channel is
available, propose a separation based coding scheme, and establish
its optimality when the channel output symbols of the legitimate
receiver and eavesdropper are conditionally independent given
the input.

Index Terms—Information theoretic security, joint source-
channel coding, public discussion, secret-key agreement, wiretap
channel.

I. INTRODUCTION

NFORMATION theoretic security encompasses the study
I of source and channel coding techniques to generate secret-
keys between legitimate terminals. The wiretap channel model
[31] studies the problem of transmitting a confidential message
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to the legitimate receiver while keeping it secret from an eaves-
dropper. Secrecy is measured using the equivocation-rate func-
tion. Perfect secrecy-capacity, defined as the maximum informa-
tion rate under the constraint that the equivocation rate equals
the information rate asymptotically in the block length, is of par-
ticular interest. Information transmitted at this rate can be nat-
urally used as a shared secret-key between the sender and the
receiver. Several extensions of this channel have been studied
recently. See, e.g., [3], [11], [16], [20], [22]-[24], and [30].

In the source coding setup [1], [26], the two terminals observe
correlated source sequences and use a public discussion channel
for communication. Information sent over this channel is public
and also accessible to an eavesdropper. The terminals generate
a common secret-key that is concealed from the eavesdropper
in the same sense as the wiretap channel—the equivocation rate
asymptotically equals the secret-key rate. For some further ex-
tensions, see [9] and [10].

We introduce a joint source-channel model that combines the
aspects of both source and channel coding for secret-key gen-
eration. The legitimate terminals observe correlated side infor-
mation, modelled as a pair of discrete memoryless sources, and
communicate over a wiretap channel. One application of this
setup is in secret-key generation across sensors in a body area
network. Sensors placed at different locations on a human body
measure correlated biological signals which can be used to gen-
erate a secret-key. Further they need to communicate over a
wireless medium, in the presence of potential eavesdropping
sensors which would naturally be further away. While earlier
works [4], [5] only exploit signal correlation across sensors for
key generation, our information theoretic results indicate that
both signal correlation as well as channel equivocation must be
used to maximize the secret-key rate.

To simultaneously exploit both the source and channel
equivocations in generating a secret-key, we propose a two
step process. In the first step, the legitimate terminals agree on
a common reconstruction sequence. The source sequence is
quantized using a Wyner—Ziv codebook and the corresponding
bin index constitutes a message for a channel codebook. In
the second step, this sequence is mapped to a secret-key using
a secret-key codebook that simultaneously taken into account
the source and channel equivocations at the eavesdropper.
Optimality of our scheme is established when the wiretap
channel consists of parallel, independent, and reversely de-
graded channels.

We also study the case when the eavesdropper observes a
source sequence correlated with the legitimate terminals. Se-
cret-key capacity is established when the sources sequence of
the eavesdropper as well as the channel of the eavesdropper
are degraded versions of the corresponding source and chan-
nels at the legitimate receiver. When a public discussion channel
is available, we propose generating separate secret-keys from
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sources and channels and establish its optimality in some spe-
cial cases.

The problem studied in this paper also provides an opera-
tional significance to the rate-equivocation region of the wiretap
channel. Recall that the rate-equivocation region captures the
tradeoff between the conflicting requirements of maximizing the
information rate to the legitimate receiver and the equivocation
level at the eavesdropper [7]. To maximize the contribution of
the correlated sources, we must operate at the Shannon capacity
of the underlying channel. In contrast, to maximize the contri-
bution of the wiretap channel, we operate at a point of maximum
equivocation. In general, the optimal operating point lies in be-
tween these extremes. We illustrate this tradeoff in detail for the
case of Gaussian sources and channels.

In related work [15], [27], [32] study a setup involving
sources and channels, but require that a source sequence be
reproduced at the destination subject to an equivocation level
at the eavesdropper. In contrast, our paper does not impose any
requirement on reproduction of a source sequence, but instead
requires that the terminals generate a common secret-key.
A recent work [29], considers transmitting an independent
confidential message using correlated sources and noisy chan-
nels. This problem is different from the secret-key generation
problem, since the secret-key, by definition, is an arbitrary func-
tion of the source sequence, while the message is required to be
independent of the source sequences. Independently and con-
currently of our work the authors of [28] consider the scenario
of joint secret-message-transmission and secret-key-genera-
tion. The optimality claims in [28], however, appear limited to
the case when either the sources or the channel do not provide
any secrecy.

The rest of the paper is organized as follows. The problem
is defined in Section II and the main results of this work are
summarized in Section III. Proofs of the lower and upper bound
appear in Sections IV and V, respectively. The proof of the se-
crecy capacity for the case of independent, parallel, reversely
degraded channels is provided in Section VI. The case when the
wiretapper has access to a side information sequence is treated
in Section VII, while Section VIII considers the case of public
discussion. Conclusions appear in Section IX.

II. PROBLEM STATEMENT

As illustrated in Fig. 1 the sender and receiver communi-
cate over a discrete-memoryless-channel (DMC), p,, (-, -|-)
wiretap channel and observe components of a discrete memory-
less multisource sequence p, (-, ).

Throughout this paper assume that the source and channels
are independent i.e., (u,v) — x — (y,z) holds. Further the
source sequences are known to the terminals before the com-
munication begins, i.e., noncausally. We furthermore consider
both the case when the public-discussion channel is available
and when it is not.

A. No Discussion Channel is Available

An (n, N) secrecy code is defined as follows. The sender
samples a random variable m, ! from the conditional distribution
Pmyjon (-[u™). The encoding function f, : My x UN —

IThe alphabets associated with random variables will be denoted by callig-
raphy letters. Random variables are denoted by sans-serif font, while their real-
izations are denoted by standard font. A length n sequence is denoted by =™.
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Fig. 1. Secret-key agreement over the wiretap channel with correlated sources.
The sender and receiver communicate over a wiretap channel and have access to
correlated sources. Both the case when a public discussion channel is available
and when it is not are considered.

X™ maps the observed source sequence to the channel output.
In addition, two key generation functions k = K,,(M,,U"N)
and | = L, (VN,Y™) at the sender and the receiver are used for
secret-key generation.

Definition 1: A secret-key rate R is achievable with band-
width expansion factor (3 if there exists a sequence of (n, Gn)
codes, such that for a sequence ¢,, that approaches zero as n —
oo, such that (i) Pr(k # ) < e, (i) 1H(k) > R — ¢,
(iii)%[ (k; z™) < &,. The? secret-key-capacity is the supremum
of all achievable rates.

We also study the case when the wiretapper observes a side
information sequence w” sampled i.i.d. p, () and correlated
with (u™, vV). In this case, the secrecy condition in (iii) above
is replaced with

1
—I(k;z",wh) < e,,. )
n

For some of our results we consider a special model when
the wiretap channel can be decomposed into a set of parallel
and independent channels each of which is degraded.

1) Parallel Channels:

Definition 2: A product broadcast channel is one in which the
M constituent subchannels have finite input and output alpha-
bets, are memoryless and independent of each other, and

Pr <{y2“2?ﬁ}m:1,...,z\,f | {l’fﬁ}mzl,...,M>

M n
= H HPr (ym(t),zm(t) | :L'm(t)> 2)
m=1t=1
where 2z, = (zm(1),2m(2),...,2m(n)) denotes the se-
quence of symbols transmitted on subchannel m, where
Ym =
symbols obtained by the legitimate receiver on subchannel m,
and where 27, = (2m(1),2m(2), ..., zm(n)) denotes the se-

’

quence of symbols received by the eavesdropper on subchannel
m. |

2Throughout this work we only require that the normalized mutual informa-
tion between the key and the eavesdropper output vanish as the block-length
goes to infinity. A stronger notion of secrecy can also be considered, which re-
quires that the mutual information approach zero as the block length increases
(see, e.g., [6] and [25]). We do not pursue this extension.
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A special class of product broadcast channels, known as
the reversely degraded broadcast channel [12] are defined as
follows.

Definition 3: A product broadcast channel is reversely de-
graded when each of the M constituent subchannels is degraded
in a prescribed order. In particular, for each subchannel m, one
of Xy, — Ym — Zm OF X;, — Zpy — Y holds. |

Note that in Def. 3 the order of degradation need not be the
same for all subchannels, so the overall channel need not be
degraded. We also emphasize that in any subchannel the receiver
and eavesdropper are physically degraded. Our capacity results,
however, only depend on the marginal distribution of receivers
in each subchannel3. Accordingly, our results in fact hold for
the larger class of channels in which there is only stochastic
degradation in the subchannels. We also consider the case when
the parallel channels are Gaussian.

2) Parallel Gaussian Channels and Gaussian Sources:

Definition 4:

A reversely degraded product broadcast channel is Gaussian
when it takes the form

Ym = Xm + nr,m:
Zm = Xm + Ne,m,

m=1,....M 3)

where the noise variables are all mutually independent, and
Mem ~ CN(0,0%,,) and ne,, ~ CN(0,02,,). For this
channel, there is also an average power constraint

M
> xn
m=1

E <P

Furthermore we assume that v and v are jointly Gaussian
(scalar valued) random variables, and without loss of generality
we assume that u ~ N(0,1) and v = u+s, where s ~ N/(0, 5)
is independent of w.

B. Presence of a Public Discussion Channel

This setup involving public discussion is first introduced in
the pioneering works [1], [26]. The sender and receiver interac-
tively exchange messages on the public discussion channel after
each use of the wiretap channel.

The sender transmits symbols xq,...x, at times 0 < ¢ <
19 < --- < %, over the wiretap channel. At these times the re-
ceiver and the eavesdropper observe symbols y;, ya, . . ., ¥, and
Z1,29,...,2Zn, respectively. In the remaining times the sender
and receiver exchange messages ¢; and ;. We consider a total
of k rounds of exchanges i.e., 1 < ¢t < k and define 7,41 =
k4 1. Note that k is an arbitrary integer in this setup. The eaves-
dropper observes {¢;, dzt}fill. More formally,

» Attime O the sender and receiver sample random variables
m,, and m,, respectively, from conditional distributions
Py juv (-|u’Y) and pmy|vN(-|vN). Note that m, — u™ —
vV — m, holds.

3However, when we consider the presence of a public-discussion channel

and interactive communication, the capacity does depend on joint distribution
Py.z1x()

e At times 0 < ¢t < 14 the sender generates ¢, =
(I)t(mm,uN ,9'=1) and the receiver generates 1; =
W (m,, v, '), These messages are exchanged over
the public channel.

e At times 7;, 1 < j < n, the sender generates x; =
X;(m,,u™ 4% ~1) and sends it over the channel. The re-
ceiver and eavesdropper observe y; and z;, respectively.
For these times we set ¢;, = 1;, = 0.

» For times i; < t < 4j41, where 1 < j < n, the
sender and receiver compute ¢y = ®;(m,., u™¥,4!~1) and
Yy = Uy(my, v, yI ¢'=1), respectively, and exchange
them over the public channel.

e At time k 4+ 1, the sender and receiver compute
k = K,(m,,u",¢F) and the receiver computes
I = L,(my, vV ym, 6F).

We require that for some sequence ¢,, that vanishes as n —

oo, Pr(k # 1) < ¢, and

(ks 2, ¢4) < e @

III. STATEMENT OF MAIN RESULTS

Below we consider the case when a public discussion channel
is not available. The results for the case of public discussion are
stated in Section III-E.

It is convenient to define the following quantities which will
be used in the sequel. Suppose that ¢ is a random variable such
that t — u — v, and a and b are random variables such that
b— a— x— (y,z) holds and I(y; b) < I(z; b) and*

I(a;y|b) > I(a; z|b). (5)

Furthermore, define

Rch = I(aa )/) (63)
R, = I(a;y|b) — I(a: 2|b) (6b)
Ry = I(t;v) (6¢)
Ry, = I(t;u) — I(t;v). (6d)
R, =1(x;y | 2). (6e)
R, =I(x:y). (60)

We establish the following lower and upper bounds on the
secret-key rate in Sections IV and V, respectively.

Theorem 1: A lower bound on the secret-key rate is given by
R, = BR. + R, (7)

where the random variables t, a and b defined above addition-
ally satisfy the condition

/8sz S Rch (8)

4The condition in (5) need not be explicitly enforced in the optimization of
Theorem 1. Suppose that (a, b) are such that the expression in (5) is violated.
We can find another choice (@', b') that satisfy (5) and achieve a higher rate in
(8). In particular, let 8’ = (a, b) and b’ = (a, b). Observe that I(a; y) =
I(a'; y) whereas I(a'; y|b') — I(a'; z|b') = 0. Note that the expression for
R;ey in (7) increases whereas the constraint set in (8) remains unchanged with
this new choice of variables.
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and the quantities R..,, Rs, R;1 and R, are defined in
(6a)—(6d), respectively. [ |

Theorem 2: An upper bound on the secret-key rate is given
by
+ _ +
key T {Ig}(i))(} {/BRS + ch (9)
where the supremum is over all distributions over the random
variables (x, t) that satisfy t — u — v, the cardinality of t is
at-most the cardinality of v plus one, and

BRy, < R

ch*

(10)

The quantities R, Ry, Ry, and R},
respectively.

Furthermore, it suffices to consider only those distributions
where (x, t) are independent. |

are defined in (6¢)—(f),

As suggested to us by an anonymous reviewer, the upper
bound in Theorem 2 can be further tightened as stated later.

Proposition 1: Anupper bound on the secret-key rate is given
by
R' = inf

key T

max {BI(t;v) + I(x;y|g) + I(x; g|z)}
Pg.y.zlx {(x,t)} (1

where the infimum is over three-receiver memoryless channels
of the form p, , ,|x(+) for which the distribution p,, ,|,(-) coin-
cides with the given channel whereas the maximization is over
independent random variables (x, t) that satisfy (10).

A. Reversely Degraded Parallel Independent Channels

The bounds in Theorems 1 and 2 coincide for the case of re-
versely degraded channels as shown in Section VI-A and stated
in the following theorem.

Theorem 3: The secret-key-capacity for the reversely de-
graded parallel independent channels in Def. 3 is given by

M
Crey = max o) {ﬁ](v; t) + ZI(Xi;yi|Z’i)} (12)

i=1

where the random variables (xq, . .
pendent, t — u — v, and

., Xn, t) are mutually inde-

M

> I(ary) > B{I(ust) = I(v; 1)}

=1

(13)

Furthermore, the cardinality of t obeys the same bounds as in
Theorem 2. |

B. Gaussian Channels and Sources

For the case of Gaussian sources and Gaussian channels, the
secret-key capacity can be achieved by Gaussian codebooks as
established in Section VI-B and stated later.

Corollary 1: The secret-key capacity for the case of Gaussian
parallel channels and Gaussian sources in Section II-A-II is ob-
tained by optimizing (12) and (13) over independent Gaussian
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distributions i.e., by selecting x; ~ N(0, P;) and u=t+ d,
for some d ~ A(0, D), independent of t and Z?il P, <P,
P, >0,and0 < D < 1.

G B (1+S
- 7
Oy = e { 98 <D ¥ S> +

i=1"’

1 1+PZ/U2
> glog <72 (14)
i:1§i§M2 1 +Pi/‘75,i
0r,i<0ec,i
where D, Py, ..., Py also satisfy the following relation:
illo 1+ i
i=1 2 ¢ 03,7:
1 1\ 1 1+ 8
>fq5ls( 5 ) 5! 15
_5{2 og(D> 20g<D+S>} (15)
]

C. Remarks

1) Note that the secret-key capacity expression (12) exploits
both the source and channel uncertainties at the wiretapper.
By setting either uncertainty to zero, we can recover known
results. When I(u; v) = 0, i.e., there is no secrecy from the
source, the secret-key-rate equals the wiretap capacity [31].
If I(x;y|z) = 0, i.e., there is no secrecy from the channel,
then our result essentially reduces to the result by Csiszar
and Narayan [9], that consider the case when the channel
is a noiseless bit-pipe with finite rate.

2) In general, the setup of wiretap channel involves a tradeoff
between information rate and equivocation. The secret-key
generation setup provides an operational significance to
this tradeoff. Note that the capacity expression (12) in
Theorem 3 involves two terms. The first term B7(t; v) is
the contribution from the correlated sources. In general,
this quantity increases by increasing the information rate
I(x;y) as seen from (13). The second term, I(x;y|z)
is the equivocation term and increasing this term, often
comes at the expense of the information rate. Maximizing
the secret-key rate, involves operating on a certain inter-
mediate point on the rate-equivocation tradeoff curve as
illustrated by an example in Section III-F.

D. Side Information at the Wiretapper

We consider the setup described in Fig. 1, but with a mod-
ification that the wiretapper observes a source sequence w”
obtained by /N—independent samples of a random variable w.
In this case the secrecy condition takes the form in (1). We only
consider the case when the sources and channels satisfy a de-

gradedness condition.

Theorem 4.: Suppose that the random variables (u, v, w) sat-
isfy the degradedness condition u — v — w and the broad-
cast channel is also degraded i.e., x — y — z. Then, the se-
cret-key-capacity is given by

oy = max { 1(8) = (W) + TOxyl2) ), 10
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where the maximization is over all random variables (¢, x) that
are mutually independent, t — v — v — w and

10) 2 6 1wst) = 1(v:0)) an
holds. Furthermore, it suffices to optimize over random vari-

ables t whose cardinality does not exceed that of u plus two.
|

E. Secret-Key Capacity With Public Discussion

We now consider the case when a public discussion channel
is also available for communication.

Theorem 5: The secret-key capacity for source-channel setup
with a public discussion channel and a wiretap channel py’z|x(~)
that satisfies either x — y — zory — x — zis

Crey = max I(x;y|z) + BI(u;v). (18)
Px

Equation (18) continues to be an upper bound in general. W

The presence of a public discussion channels allows us to de-
couple the source and channel codebooks. We generate two sep-
arate keys—one from the source component using a Slepian-
Wolf codebook and one from the channel component using the
key-agreement protocol described in [1], [26]. Thus the achiev-
ability of (18) will not be discussed. The upper bound expression
(18) in Theorem 5 is established using techniques similar to the
proof of the upper bound on the secret-key rate for the channel
model [1, Theorem 3]. A derivation is provided in Section VII.

F. Example: Gaussian Channels With and Without Public
Discussion

Consider a pair of Gaussian parallel channels

z1 =bix+ne1

Z2 = Y2

Y1 = a1x + nr,17

Yo = a2X + ny 2, (19)
where a; = 1,as = 2,and b; = 0.5. Furthermore, u ~ A/(0,1)
and v = u + s, where s ~ N(0, 1) is independent of u. The
noise variables are all sampled from the CA/(0, 1) distribution
and appropriately correlated so that the users are degraded on
each channel. A total power constraint P = 1 is selected and
the bandwidth expansion factor 3 equals unity.

1) Without Public Discussion: From Theorem 1, in absence
of the public discussion channel

1
Crey = max Req(P1, P2)+ = log

e 20
Pi,P>,D 2 1+D° (20)
such that,
1 1 1 2
sz D)= -1 | TN 21
(D) 2ogD 20g1+D 21
1
< §<1og(1 +a2Py) + log(1 + agp2)> 22)

1
Req(P1, Py) = 3 <log(l +a2P;) — log(1 + b%P1)> .(23)

Fig. 3 illustrates the (fundamental) tradeoff between rate and
equivocation for this channel, which is obtained as we vary
power allocation between the two sub-channels. We also present

— M

N1 Ne,1
X1 yi z
> >,

U U >

e,2 ne2 —
= z * 2
Fig. 2. An example of independent parallel and reversely degraded Gaussian
channels. On the first channel, the eavesdropper channel is noisier than the legit-

imate receiver’s channel while on the second channel the order of degradation
is reversed.

Ne 2

the function R, = I(t; v) which monotonically increases with
the rate, since larger the rate, smaller is the distortion in the
source quantization. The optimal point of operation is between
the point of maximum equivocation and maximum rate as in-
dicated by the maximum of the solid line in Fig. 3. This corre-
sponds to a power allocation (Py, Py) & (0.29,0.71) and the
maximum value is Riey, ~ 0.6719.

2) With Public Discussion: Fig. 4 illustrates the contribu-
tion of source and channel coding components for the case of
Gaussian parallel channels (19) consisting of (physically) de-
graded component channels. The term [(u;v) is independent
of the channel coding rate, and is shown by the horizontal line.
The channel equivocation rate I(x; y|z) is maximized at the se-
crecy capacity. The overall key rate is the sum of the two com-
ponents. Note that unlike Fig. 3, there is no inherent tradeoff
between source and channel coding contributions in the pres-
ence of public discussion channel and the design of source and
channel codebooks is decoupled.

IV. ACHIEVABILITY: PROOF OF THEOREM 1

We demonstrate the coding theorem in the special case when
a = x and b = 0 in Theorem 1. Furthermore via (5) we require
that

I(x;y) > I(x; 2) (24)

Accordingly, we have that (6a) and (6b) reduce to
Ren = I(xy) (25a)
Reg=1(x;y) — I(x; 2). (25b)

The more general case, can be incorporated by introducing
an auxiliary channel a — x and superposition coding [8] as
outlined in Appendix A. Furthermore, in our discussion later we
will assume that the distributions p;, and p, are selected such
that, for a sufficiently small but fixed § > 0, we have

/BRWZ = Rch — 30. (26)

Remark 1: We note that the optimization over the joint dis-
tributions in Theorem 1 is over the region SRy, < R.y. If the
joint distributions satisfy that SRy, = a(R. — 36) for some
a < 1, one can use the construction for a block-length an and
then transmit an independent message at rate R using a per-

fect-secrecy wiretap-code. This provides a rate of
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Fig. 3. Tradeoff inherent in the secret-key-capacity formulation. The solid curve is the secret-key-rate, which is the sum of the two other curves. The dotted curve
represents the source equivocation, while the dashed curve represents the channel equivocation (23). The secret-key-capacity is obtained at a point between the

maximum equivocation and maximum rate.
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Fig. 4. Secret-key-rate in the presence of a public discussion channel in the Gaussian example (19). The solid curve is the secret-key-rate, which is the sum of
the two other curves. The horizontal line is the key rate from the source components. Regardless of the channel rate, the rate is 0.5 bits/symbol. The dashed-dotted

curve is the key-rate using the channel I(X; y|Z).

a(ész + Roq) + (1 = a)Rey = Roy + BRya,

as required.

The rate-expression stated in Theorem 1 is achieved in the

limit § — 0.

The rest of the proof is structured as follows. We first describe
an ensemble of codebooks as illustrated in Fig. 5 and the asso-
ciated encoding and decoding schemes at the receiver and at the
eavesdropper (with appropriate side information) for each such
codebook. We then show in Section IV-E that the error prob-
ability averaged over the ensemble of these codebooks can be
made arbitrarily small. This implies the existence of at-least one
codebook with the desired error probability. Finally our secrecy
analysis in Section IV-F for this particular codebook completes
the proof.
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—

Wyner-Ziv Codebook

Random Permutation

[—l\

MWZ

Secret-Key Codebook

zZ >

SK

MSK

Fig. 5. Construction of the codebook ensemble. The set 7 consists of a2 2V7(Ui®) sequences, each sampled uniformly from the set Ty of typical sequences.
The Wyner—Ziv codebook is formed by arranging these sequences into Ny bins, each consisting of Myyz sequences. The elements of set 7 are then randomly
permuted to form the set II(7 ). The elements of II(7) are then arranged to form the secret-key codebook as shown.

A. Codebook Construction

Throughout § > 0 and » = §/8 > 0 are constants. Let5,

Mz = exp,y(N(Rs — 1)) (27a)
Nwz = expy(N(Ry, + 27)) (27b)
Maxc = expy(n(1(x;2) - 6)) @70
Nsk = expy(n(BRs + Re, — 0)) (274)

Substituting (6a)—(6d) and (26) into (27a)—(27d) we have that

A
Niot = Msk - Nsk = Mz - Nwz

= expy (N(I(t;u) +m)). (28)

* Selection of 7: Construct a set 7 consisting of Ny se-
quences, each sampled uniformly from the set 73" of typ-
ical sequences®.

* Wyner—Ziv Codebook: Construct CWV? as follows. Parti-
tion the set 7 into Nyyz bins, BYY?, ... BN/Z each con-
sisting of Mz codeword sequences so that bin BYYZ con-
sists of sequences numbered (i — 1) - Mz + 1 toi- Mz
in 7. The sequences in bin B}'% are enumerated as

BYE = {iNV2 e}

N (29)

+ Secret-Key Codebook: Construct C5¥ as follows. Ran-
domly permute the elements of 7 to construct another
set TI(7). Partition the elements of TI(7") into Nsk bins
BYX, ..., BRE, . each consisting of Mgk sequences. The
bin BSK cons1sts of sequences that are numbered (i —
l)MSK—i— 1,...,iMsk inTI(7). The sequences in bin B%
are enummerated as

SK _ [,N,SK N,SK
B = [N, k)

SWe use the notation exp, (x) = 2% throughout the paper.

(30)

5Throughout we use the notion of strong typicality. See e.g., [13, Chapter 2].

+ Channel Codebook Construct C“H consisting of Nyy7 se-
quences {x{‘7 . ,x}\l,wz} each of which is sampled from
the typical set T3'.

Remark 2: We note that our codebook construction does not
require binning as in the wiretap codebook construction [31].
The analysis of the error probability however reveals that our
source-channel codebook should also constitute a good code for
an eavesdropper when revealed the secret-key (36), analogous
to the wiretap codebook.

The codebooks are revealed to all the three terminals. As il-
lustrated in Fig. 5, note that while the Wyner—Ziv codebook is
obtained by arranging the elements of 7 in a Nwyz X Mwz
table, the secret-key codebook is obtained by first randomly per-
muting the elements of 7" and then arranging these elements into
a Nsk X Mgk table. In the analysis of the error probability, av-
eraged over the ensemble of codebooks, this construction guar-
antees that two sequences belonging to the same bin in the se-
cret-key codebook are independently assigned to the bins of the
Wyner—Ziv codebook (cf. 172).

B. Encoding

+ Given a sequence u™ the encoder searches for an element
tN € T such that (uV, tV) € T _. If no such sequence
exists then an error event & is declared

e The encoder computes the Wynzer-Ziv bin index ¢

(vaz(tN). The function ®wyz : 7 — {1, 2,..., Nwz}
is defined as follows:
By (tN) =i, if tN e BVZ (31)

¢ The encoder then selects the codeword xg and transmits it
over n uses of the discrete memoryless channel.

* The encoder computes the Secret-key k = ®g (tY). The
function Pk : 7 — {1,..., Ngk } is defined as follows:
Bk (tN) =k, if tV e BYK, (32)
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Fig. 6. Source-Channel Code Design for secret-key distillation problem. The source sequence U is mapped to a codeword in a Wyner-Ziv codebook. This
codeword determines the secret-key via the secret-key codebook. The bin index of the codeword constitutes a message in the channel codebook.

C. Decoding at Legitimate Receiver

The main steps of decoding at the legitimate receiver are as
follows.
* Given a received sequence y", the receiver looks for a
unique index 7 such that (x*,y™) € T}, _. An error event
& happens if x;* is not the transmitted codeword or no such
x;* is found.
+ Given the observed source sequence v'¥, the decoder then
searches for a unique index j € {1,..., Mz} such that
(t;V% vN) € TY .. An error event & is declared if a
unique index does not exist. )
¢ The decoder computes k = <I’SK(tg W2
as the secret-key.

The encoding and decoding steps are illustrated in Fig. 6.

) and declares k

D. Decoding With Side-Information at the Eavesdropper

We construct a decoder at the eavesdropper when the se-
cret-key is revealed as side information i.e., the decoder outputs
IV when it is revealed (k, z") by the following steps:

* The eavesdropper constructs a set Z = {7 | (x",z") €

T2 ).
It searches for all sequences in BEK, whose Wyner—Ziv bin
index belongs to 7, i.e.
7. = {tVt" € B¥, dwz(tV) e I} . (33)
Let &£, be the event that the set 7. does not contain the
sequence t"V selected by the sender or contains more than
one sequence.

E. Error Probability Analysis

We show that averaged over the ensemble of codebooks

Pr(51 U 52 @] 53 @] 54) — 0 (34)

as n — oo. This implies the existence of at-least one codebook
in ensemble with this property. Since

4
Pr(£1UEUEUE,) < Z Pr(&),
=1

it suffices to show that Pr(&;) — 0 foreachi = 1,...,4.

Recall that & is the event that the encoder does not find a typ-
ical codeword in the Wyner—Ziv codebook. Since the number of
sequences Nyo; = 2NT(G0+N jt follows from standard argu-
ments that this event happens with vanishing probability. Since
the number of channel codewords equals Nz = on(I(xy)=8)
the error event £, which denotes the failure at the legitimate re-
ceiver to decode the channel codeword satisfies Pr(€;) — 0.
Since the number of sequences in each bin satisfies Mz =
2N(I(tv)=n) | the event &3 that the decoder fails to uniquely de-
code tV satisfies Pr(&3) — 0.

A proof for the fact that the error event £, also happens with
a vanishing probability when ¢ < §/4, i.e.

Pr(&4) — 0 (35)
as n — oo is provided in Appendix B.

Now consider a codebook C for which the error events have
vanishing probability. For this codebook the legitimate receiver
will be able to decode the secret-key k with high probability.
Also since Pr(&€;) — 0, applying Fano’s lemma

%H(tN|k7z") — o, (1). (36)

F. Secrecy Analysis

In this section, we show that for the codebook selected above,
the equivocation at the eavesdropper is close (in an asymptotic
sense) t0 Fiey.
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First we establish some uniformity properties which will be
used in the subsequent analysis.
1) Uniformity Properties:

Lemma 1: For any code C in the random codebook ensemble,
the resulting random variable @y satisfies the following:

1
EH((DVVZ) = ﬂRVVZ + 077(1) (37a)
1

EH(tN|<I)WZ) = BI(t;v) + 0,(1) (37b)
%H(@szn) — I(xiy) - I(x;2) + 0y(1).  (370)

The proof of Lemma 1 is provided in Appendix C.

Remark 3: Equation (37a) states that the Wyner—Ziv
bin index produced, is nearly uniformly distributed over
{1,..., Nwz}. The second condition (37a) states that in given
a bin BV” Z all the codeword sequences in this bin are selected
with a nearly uniform probability. To interpret the last rela-
tion, recall that the Wyner—Ziv bin index is a message for the
channel codebook. Hence (37c) states that the equivocation rate
of the message at the eavesdropper is governed by the channel
equivocation.

We now complete the secrecy analysis using Lemma 1.

H(k|z") = H(k, tN|z™) — H(t"|z", k)

= H(tN|z") — H(t"|z", k) (38)
= H(t", ®wy|z") — H(tN|2z", k) (39)
= H(t"|®wz, 2") + H(®wyz|z") — H(tV|z™, k)

= H(tN|®wz) + H(Owz|z") — H(tV|2", k) (40)
=nfI(t;v) +n{l(x;y) — I(x;2)} + oy(1) 41)
= n{Rkey + 0y(1)} (42)

where (38) and (39) follow from the fact that ®vwy is a de-
terministic function of ¢tV and (40) follows from the fact that
tV — ®wyz — z" holds for the proposed code construction,
and (41) follows via (37b) and (c) in Lemma 1 and via (36).

Thus we have that
“H(k|z") = Riey + 0y(1)

as required.

V. CONVERSE: PROOF OF THEOREM 2

Given a sequence of (n, N) codes that achieve a secret-key-
rate Ry.y, there exists a sequence €, such thate,, — O asn —
00, and

1
~H(K|y",v") < e, (43a)
n
1
—H(k|z™) > —H(k) — ep. (43b)
n
We can now upper bound the rate Ry, as follows:
’fLRkey = H(k)
= H(kly", v™) + I(k;y", v™
< nen + I(ksy™ v™) - I(k ") +1(k;z") (44
< 2ne, + I(k;y™, v) — I(k; z") (45)
=2ne, + I(k;y™) — I(k;z") + I(k; vV |y™)
< 2ney +1(kiy") = I(kiz") + I(k,y"sv™) - (46)

where (44) and (45) follow from (43a) and (b), respectively.

Now, let J be a random variable uniformly distributed over
the set {1,2,...,N } and independent of everything else. Let
= (k.y", L+17U1 Yand t = (k,y", vy, 0t ), and
vy be a random variable that conditioned on J = ¢ has the dis-
tribution of p,,. Note that since vl is memoryless, vy is inde-
pendent of .J and has the same marginal distribution as v. Also
note that t — vy — vy holds since the source sequences are
memoryless.

I(k/ynv ZI k y V1|VL+1)
=1
N
< Z (k7.yn7v/i]§{»1;vi)
i=1
N
< Zl(k y" 1+17Ui laVi)
1=1
=NI(k,y", VJ+1 u1 VJ|J)
=NI(k,y", VJ+1 U1 JV]) I(J;vy)
=NI(t;v) “n

where (47) follows from the fact that v is independent of .J and
has the same marginal distribution as v.

Next, we upper bound I(k;y™) — I(k;z™) as below.
Let p,, denote the channel input distribution at time ¢ and
let p,, ,, denote the corresponding output distribution. Let
Py = % > r_, Px and let p, and p, be defined similarly.

I(k;y™) = I(k; 2") <I(k;y™|z")
<I(x™;y"|z"™) (48)
< ZI(Xi§.Vi|Zi) (49)
=1
<nl(x;y|z) (50)

where (48) follows from the Markov condition kK — x™ —
(y",z") and (49) follows from the fact that the channel is
memoryless and (50) follows from Jensen’s inequality since
the term I(x; y|z) is concave in the distribution p, (see, e.g.,
[19, Appendix-I]).
Combining (50) and (47) we have that
Riey < I(x;y|z) + BI(v; 1) (51

thus establishing the first half of the condition in Theorem 2. It
remains to show that

BLI(t; u)

N

—I(t;v)} < I(x;y)

is also satisfied. Since u”* — x™ — y™ holds, we have that

nl(x;y) > 1(x";y")
> 1(u™;y™)

ZI(uN;yn7 k) — I(vN;y", k) — ney,

(52)
(53)
(54
where the last inequality holds, since
I(u™;kly™) = I(v™;y™, k)
= —I(v™y") + I(u™ k™) = 1(vY
< I(u™skly™) = I(vN s kly™)

< ne,.

skly™)
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The last step holds via (43a) and the fact that H (k|y™, u™
Continuing (54), we have

) > 0.

nI(x;y) > I(u™;y™ k) — I(vN;y™, k) — ne, (55)
N
Z um.y k|uz 1‘/1111) _I(me k|ul 1VL]§{>1)
=1
+ ne (56)
N . .
= Zl(ui;y", k, uiflvﬁ_l) — I(vi;y™, k, uiflvﬁ_l)
i=1
+ ne, (57)
= N{I(us;y", k,u{ "'V | T)
- I(VJ;yn7 k7 Ui]71V‘J]V+1|J) + €n}
= N{I(us;t) = I(vs;t) + I(vs; J) = I(us; J) + en}
= N{I(u;t)— I(v;t) +en} (58)

where (56) follows from Csiszar’s Lemma (see, e.g., [8, Section
V1) which states that for any triple (M, y™, z™) with an arbitrary
joint distribution p(M, y™, z™) and any n > 1 we have that

I(M')/”)—I(M'z”)
—ZI (M; yily'

Furthermore (57) follows from the fact that (u;, v;) is indepen-
dent of (u'~*, v/ ;) and (58) again follows from the fact that
the random variables v; and v are independent of .J and have
the same marginal distribution as v and u, respectively.

The cardinality bound on t is obtained via Caratheordory’s
theorem and is shown in Appendix D.

Finally, since the upper bound expression does not depend on
the joint distribution of (¢, x), it suffices to optimize over those
distributions where (¢, x) are independent.

L) = I(Mzly' 1, 2]l ). (59)

A. Proof of Proposition 1

Following [14] we introduce a fictitious memoryless channel
Pg.y.z|x(+) whose marginal distribution p,, |, (-) coincides with
the original channel transition probability.

aney = H(k)

:H<k|yn7v ) (ky7 N)

<nen + 1(kiy™",vN) = 1(k; g") + I(k;g") (60)

= nen + 1(kiy") = I(k;g") + I(k;v™N|y™) + I(k: g")

< men + I(kiy™) = I(kig") + 1(k,y";v™) + I(k; ™).

(61)
Following the steps leading to (50) we can establish that

I(k;y") = I(k; g") < nl(x; ylg) (62)

and with t = (k,y", v,;,u{ ™", J) we have via (47) that

I(k,y™;vN) < NI(t;v) (63)
and finally
I(k;g") <I(k;g™) —I(k;z") + I(k;z")
<I(kig") = I(k;2") +ne, (64)
<nl(x;g|z) + nen (65)
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where (64) follows from the secrecy constraint with respect to
the receiver who observes z" [cf. (43b)] and the last step can be
established in a manner analogous to that in (50). Substituting
(62), (63), and (65) into (61) and normalizing by n we have that

Ryey < BI(t;v) + 1(x;y|g) + 1(x; g]2). (66)

The remaining constraint does not involve g and directly follows
from (58).

Following the discussion in [14] we can interpret the bound
(66) as follows. We split the total secret-key into two parts. The
first part is kept secret from the fictitious user only and its rate is
upper bounded by I(x; y|g) whereas the second part is shared
with the fictitious user and kept secret from the eavesdropper.
Its rate is upper bounded by I(x; g|z). The claim is that the
secret-key capacity in the original problem cannot exceed the
sum of two rates split in this way.

VI. REVERSELY DEGRADED CHANNELS

A. Proof of Theorem 3

First we show that the expression is an upper bound on the
capacity. From Theorem 2, we have that

Cley < max I(x;ylz) + BI(t; v)
X,t

where we maximize over those distributions where (x, t) are
mutually independent t — v — v, and

—I(t;v)).

For the reversely degraded parallel independent channels, note

that
M
y) < Z I(x;; y:)

ZI X3 Yilzi)

with equality when (xi,...,xps) are mutually independent.
Thus it suffices to take (xi, ..., ,Xpr) to be mutually indepen-
dent, which establishes that the proposed expression is an upper
bound on the capacity.

For achievability, we propose a choice of auxiliary random
variables (a, b) in Theorem 1, such that the resulting expression
reduces to the capacity. In particular, assume without loss in
generality that for the first M T channels we have that x; —
¥; — z; and for the remaining channels we have that x; — z; —
vi.-Leta = (x1,x2,...,xpr) and b = (Xaz+41,-- -, Xar) Where
the random variables {x; } are mutually independent. Note that
this choice of (a, b) is feasible, i.e., it satisfies I(b; z) > I(b;y)
and I(a; y|b) > I(a;z|b). It follows from (6a) and (6b) that

I(x;y) > B(I(t; u)

I(x;y|z) <

M

Ry =Y I(xi:yi) (67)
=1
Mt

X3 Zi) (68)

eq = ZI(Xi§)/i>_I(
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Mt

M
= > 106 yilz) =Y I(xiyilz) (69)
i=1 i=1

where the last equality follows since for x; — z; — y;, we have
that I(x;; y;|z;) = 0. Substituting in (7) and (8) we recover the
capacity expression.

B. Gaussian Case (Corollary 1)

For the Gaussian case we show that Gaussian codebooks
achieve the capacity as in Corollary 1.

Recall that the capacity expression involves maximizing over
random variables x = (x1,...,xa), and t — u — v

Crey = »_ I(xii yslz:) + BI(t; v) (70)

subjected to the constraint that E[Zﬁl x?] < P and

ZI<XL'§}/1’) > p{I(t;u) = I(t;v)}- (71)

Let us first fix the distribution p, and upper bound the objec-
tive function (70). Let R 2 1 S°M I(x;;y:) and v = u + s,
where s ~ N(0, S) is independent of u. We will use the condi-
tional entropy power inequality due to Bergmans [2],

exp(2h(u + s|t)) > exp(2h(u|t)) + exp(2h(s)) (72)
for any pair of random variables (t, u) independent of s. The
equality happens if (u, t) are jointly Gaussian.

Note that we can express (71) as

R+ h(v) — h(u) > h(v|t) — h(u|t) (73)
= h(u + s|t) — h(u|t) (74)
> %log (exp(2h(ult) + 27eS) — h(ult).  (75)
Letting
h(ult)) = élog 2weD (76)
we have that
5 (77

2 PR+ h(v) —h(@)) =1

Rearranging we have that
M 3 g
> I(xiiy) > 5 [log(1+ 5 ) —log(1+8)|.  (78)
=1

The term I(t; v) in the objective function (70) can be upper
bounded as

I(t;v) =h(v) — h(v|t)
— h(v) = h(u + s|t)
<h(v) - %10g(exp(2h(u|s)) +2meS)  (79)
1. 1+8
=38 + S (80)

where (79) follows by the application of the EPI (72) and (80)
follows via (76). Thus the objective function (70) can be ex-
pressed as

. 1+S8
Crey :ZI(Xi;Mi|Zi)+ §IOgD—|—S

(81)

where D satisfies (77).

It remains to show that the optimal x has a Gaussian distri-
bution. Note that the set of feasible distributions for x is closed
and bounded and hence an optimum exists. Also if p, is any op-
timum distribution, we can increase both R and I(x;; y;|z;) by
replacing p, with a Gaussian distribution (see, e.g., [21]) with
the same second-order moment. Since the objective function is
increasing in both these terms, it follows that a Gaussian py also
maximizes the objective function (70).

VII. SIDE INFORMATION AT THE WIRETAPPER

A. Achievability—Theorem 4

The coding scheme is a natural extension of the case when
w = 0. In particular, the construction involves a subset 7
of TN partitioned into a Wyner—Ziv codebook CWZ and a se-
cret-key codebook CS¥. In addition the channel codebook C°"
is a subset of the set T'. As before, the Wynzer-Ziv codebook
consists of Nyyz bins, each consisting of a total of My code-
words, where we select Myz = exp,(N(I(t;v) — n)) and
Nwz = expy(N(Ry, + 2n)). However the parameters of the
secret-key codebook are selected to reflect the side information
at the eavesdropper. The secret-key codebook consists of a total
of Ngk bins, each consisting of Mgk sequences, where

Msk = exp, (n(I(x;2) + BI(w;t)) — 0)
Nsk = exp, (TL([)’RS + Rey — 5))

(82)
(83)

reflect the increase in number of codewords in each bin to ac-
count for the side information at the eavesdropper. Furthermore
we replace Ry in (6¢) with

Re=1(t;v) = I(t; w) (84)
and the resulting secret-key rate in (7) is
Rig = BRs + R 4 (85)

as reflected in the exponent of Ngk. Finally since the channels
are assumed to be degraded note that R, and Re_(1 in (6a) and
(6b) are defined as

Rch :I(Xay>
Rey =1(xy) = I(x;2) = I(x; y|2).

eq

(86)
(87)

The channel codebook consists of a total of exp(nR., — nd)

codewords as in the no-side information case. Furthermore as
in (26), we present the coding scheme for

Rwz = Rep — 36 (88)
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and the case when Rywyz < Re, — 36 follows by a time-sharing
argument. Thus the total number of codewords is

Niot = NywzMwz = Nsk Msk

=expy (N(I(u;t)+n)). (89)
The encoder is analogous to the case without side informa-
tion described in Section IV-B. The transmitter upon observing
N finds a sequence tN € 7 that is jointly typical. If there is
more than one sequence, any one of the candidates is selected
at random. The encoder declares the bin index of " in the CSK
as the secret-key codebook whereas the bin index of tV in W%
is used as the message for the channel codebook. The resulting
codeword x™ is then transmitted over n channel uses. The de-
coding at the legitimate receiver is as described in Section I'V-C.
We summarize the main steps below
+ The decoder searches for a unique sequence in C°" that
is jointly typical with y™. If successful, it obtains the bin-
index of the Wyner—Ziv codebook.
It then searches for a unique sequence in this bin jointly
typical with vV
* It declares the bin-index of the resulting sequence in the
secret-key codebook to be the secret-key.
The decoding at the eavesdropper, with the knowledge of the
key described in Section IV-D, needs to be modified to take
into account the additional side information w? . The decoder
searches for a sequence in the set BSK that is (a) jointly typical
with w?, ie., (W™, 1) € TMJXE and (b) the Wyner—Ziv bin
index h; = (I)WZ(t,i\;’S ) is such that Xy, is jointly typical with
the received sequence z", i.e., (xh] ) ) €Ty ..
Analysis of the error probability at encoder and the legitimate
decoder follows from the no-side information case as there are
no modifications in the Wyner—Ziv codebook and the channel
codebook whereas the secret-key codebook is only used for a
lookup. To compute the error probability at the modified eaves-
dropper, note that the failure event can be expressed as

Msk

U #

J=1,3#3o

F=%F (90)

where jo denotes the index of the secret-key in B3X i.e., tV =
V.

t,]: SK and Fo denotes the event that the sequence selected by

the transmitter fails to be in the typical set of the eavesdropper
. N,SK .

while F; denotes the event that the sequence t, " for j # jo

appears in the typical set of the eavesdropper. Thus we have that

ZPr

J#Jo

Pr(F) < Pr(Fo) + 1)

From the law of large numbers it follows that Pr(Fy) — 0.
Furthermore we can express

Fi =7

where J; denotes the event that x,?j is jointly typical with z"

N,SK N) c TN

and Z; is the event that (t;;", w tw - Following the

analysis in Appendix B leading to (174) we have that

J# Jo 92)

Pr(J;) < expy(—n(I(x;z) - 4¢)) ©3)

663

and furthermore since t,]c\ "SK s selected independent of w” for
J # jo we have that Pr(Z;) < exp,(—N(I(t; w)— 3¢)). Since
the events J; and Z; are due to atypical channel and source
events, respectively, they are mutually independent and hence

Pr(F;) = Pr(Z;) Pr(7;)
= expy {—n(I(x;z) + BI(t;w) — €')} (94)
where ¢’ = 3¢ + 4e. Using (82) we have that
Pr(F) < Pr(Fo) + Msk PI‘(.'F]') (95)
= Pr(Fo) + expy(—n(6 — €')), (96)

which vanishes as n  — oo. In the secrecy analysis in
Section VII-B we use the fact that any codebook satisfying (96)
also satisfies, from Fano’s lemma

1
NH(tN|k, w”, z") = o0,(1). 97)
B. Secrecy Analysis—Theorem 4

We show that the equivocation condition at the eavesdropper
(1) holds for the code construction. This is equivalent to showing
that

1
—H(klw",z") =
H(K|w™, 2")
5(160) = 16w + Txle) +0,(1) 98
which we will now do.

We first provide an alternate expression for the left-hand side
(LHS) in (98)

H(k|w™,z") = H(k, tN W™, z") — H(tY |k, w?, z")
(99)
H(eN|wh, 2") — H(tY [k, w?, 2")
= H(tN|wh,z") — No,(1) (100)
H(tN, dwz|w",2z") — No,(1) (101)
= H(®wz|w",z") + H(tN |®wz, w™) — No, (1) (102)

where (100) follows from (97), (101) follows from the fact that
Oz is a deterministic function of tV, while (102) follows from
the fact that tV — (w?, ®wyz) — z" forms a Markov chain.
The right-hand side (RHS) in (98) is established by showing that

CH(@walw®,2") > T(x:yl2) + 0,(1) (103a)

1

~H (Y| Bz, w™) = B(I(t; v) = I(t; ) + 0n(1)
(103b)

To interpret (103a), recall that ®vwy is the message to the
channel codebook. The equivocation introduced by the channel
codebook 1 H(®wz|z") equals I(x;y|z). Equation (103a)
shows that if in addition to z", the eavesdropper has access to
w? , a degraded source, the equivocation still does not decrease
(except for a negligible amount). The intuition behind this
claim is that since the bin index ®vyz is almost independent
of vV (see Lemma 2 below), it is also independent of whV
due to the Markov condition. Equation (103b) shows that the
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knowledge of w” reduces the list of "V sequences in any bin
from exp, (N (I(t;v))) to expy (N (I(t;v) — I(t; w))).
To establish (103a)

1 1
EH((I)VVﬂWN./Zn) Z EH(@wz|Zn,VN) (104)
1 1 .
= —H(®wz|z") — —I(Pwz; v |2"
n ( vvz|2) " ( wz; V |Z)
1
> I(x;y|z) + 0y(1) — EI((IJWZ; vN|z™)  (105)
1
> I(x;y|z) + 0,(1) — ﬁl(¢>wz;vN) (106)

where (104) follows from the fact that w — vV —
(Pwz,z™), (105) from Lemma 1 and (106) from the fact that
vV — ®wy — z" so that

1 1
~I(Pwz; vViz") < ~1(Pwz; vV). (107)
Thus we need to show the following.
Lemma 2:
1
—I(Pwz; vY) = 0,(1). (108)

N

Proof: From Lemma 1 note that
%H(‘I)wz) = I(t;u) — I(t;v) + oy(1)
and hence we need to show that
CH(@walv™) = I(50) = T(5v) 4 0, (1)

as we do below.

1 r 1
—H(@W2|VA) = NH((I)WZ/ fN|VN) —

1oy
i NH(TA|VN,‘I’WZ)

1 7
:NH(HWVN) + 0p(1). (109)
Where (109) follows since each bin has
expy (N(I(t;v) —n)) sequences, (from
typicality arguments) we have that

Mwz =
standard joint

1
ﬁH(erN, Pywz) = o,(1). (110)
Furthermore
i Ny, N _i N|.N i N _i N
NH(t |v )—NH(V |t )—i—NH(t ) NH(V )
(111)

_i N | N i Ny _
= FHONEY) + G HEY) = H(v) (112)

_ %H(VNVN) +I(u t) — H(v) + 0y(1)
(113)

where (112) follows from the fact vV is an iid. se-
quence whereas (113) follows via (179) since we have
that H(t") = H(T'wgz, ®wz). Furthermore, define .J to
be an indicator variable that equals 1 if (vV,tV) € T‘f;tn
and zero otherwise. From standard typicality arguments,

Pr(J = 1) = 1—0,(1) and Pr(J = 0) = o,(1) and by
counting the number of jointly typical sequences in 7. for
each tV € ’Tt”E we can show (see, e.g., [13, pp. 2.32—2.34])

%H(VN“'N,J: 1) = H(v|t) + o,(1). (114)
Hence
L a0 = LHON Y, ) + 210V
N N ’ N
= %H(VN“'N?J) + 0,(1) (115)
= %H(VN“'N, J=1)Pr(J=1)
1
+ NH(VN|1'N7 J =0)Pr(J =0)+ o0,(1)

1
= NH(VN“'N,J: 1) +0,(1) (116)
= H(v|t) + 0,(1) (117)

where (115) follows from the fact that H(J) < 1, since .J is
a binary random variable, and (116) follows from the fact that
Pr(J = 0) = 0,(1) and the last step follows from (114). Com-
bining (117), (113) and (109) completes the proof. [ |

To establish (103b), we begin by observing that
1 . 1
—H(tN|(I)VVZ7 WA) = —H(WN|fN,(bwz)
n n
1 1
+ EH(tNFI)VVZ) — EH(WNM)VVZ) (118)
1 1 1
= —HWNtN) + —H(tN|®wz) — —H(wWY |dw
SH(w 7)) + —H (7 | @wz) — —H(w™ [wz)
(119)
1
= BH(w(t) + EH(fN@wz)
1 N
- EH(W |(I)Wz) + 07)(1) (120)
1
= BH(w|t) + I(t;v) — gH(WN|‘I)WZ) +0,(1) (121)
= BH(w(t) + BI(t;v)
1 - 1
— ;H(WA) + ﬁI(WN; Oywz) + op(1)

= BH(w|t) + BI(t;v) - %H(WN) +o,(1)  (122)
= BH(w|t)+ BI(t;v) — BH(w) + 0,(1) (123)
= pI(t;v) — BI(t; w) + 0,(1) (124)

where (119) follows from the fact that &y, is a determin-
istic function of ¢V, and (120) follows through an argument
analogous to that used to establish (117) and (121) follows
from (37b), is established in Lemma 1, and (122) follows from
Lemma 2 since ®wyz — v¥ — w? and (123) follows from
the fact that the sequence w" is i.i.d.

C. Converse—Theorem 4

Consider a sequences of (n, N) codes that achieves a se-
cret key rate of R. Let 3 = N/n. Then using Fano’s Lemma,
H(kly™, vYN) < ne,, and from the secrecy constraint.

1
—I(k;z", wh) < e,.
n
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Combining these inequalities, we have that

NRyey < I(k;y", VN) — I(k;z", w?
< I(k;y™ vV | 2", w™) + 2ne,
<H@™ | 2"+ HWY | wh)

—H(y™ | 2", w™ k) — HWN | y", 2", w™, k) + 2ne,
<H@™ | 2"+ HWY | wh)

)+ 2ney,

_H(yn |Zn7WN7k7Xn>_H(VN |yn7zn7WN7k)
+ 2ne,
=H(y"|z")+ H(Y | wh) - H(y" | 2,x")
—HWYN | y™, 2", w, k) + 2ne, (125)
Z Xuyz|zz +H( N|W )
H(Ny™, wh, k) + 2ne, (126)

<nl(xy|2)+ HON | wY) = HEN )y, w™ k) + 2ne,

(127)

where the (125) follows from the fact that (w™, k) —
(z",x™) — y™, and (126) follows from the Markov condition
z" — (y", w™, k) — v¥ that holds for the degraded channel,
while (127) follows from the fact that I(x;y|z) is a concave
function of p,, (see e.g., [19, Appendix I]) and we select
px(’) = 230 pu (). Now, let t; = (k, ul,vi~1,y"), Jbea
random variable uniformly distributed over the set [1,2,...N]
and t = (J, k, u]JVHvJ’l,y") we have that

N
H(VN|y", wh, k) = Zl‘[(v,;|vi_1,y"7 wh, k)
i=1

> ZH(VHVFly)/n

N
=Y H(wlv7hy" wi,ul s, k)

7W ’ 1,+l k)

(128)

where we have used the fact that (w'~' wj,)
(V=1 y™ w;, u4, k) — v; which can be verified as follows:

—

N i-1 N . n
i+1, Y 7ui+17y7k)

i-1 N i1
E{p(Vi|Wi7Ui:u7W Wiy, Vo,

u;=u

p(vi | wi, wiThw,

N
TASI A k) X

_ i—1 N i—1 N n
p(ui—u|Wi7W yWip1, V yUir1, Y 7k)}

= Z p(v; [wisui=u)p (u; =u|w,vtuly,y" k)
u;,=u
:p(VZ | Wiavl_17uﬁ17yn7k) (129)
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where (129) follows from the fact that since the sequence v is

sampled i.i.d., we have that

i—1 N i—1

Vi_)(Ui,WL‘)—’(W Wiy, V 7U£Y|—17.yn7k)

and since u — v — w, it follows that:

i—1 i—1

up — (v ,uﬁ_l,y"7 w;, k) — (w 7Wi]_\(_l).

Since, vy and wy are both independent of .J, we from (127)
that

Riey < I(x;y|z) + BI(t; v|w) + 2¢n.

Finally, using the steps between (55)—(58) as in the converse
for the case when w = 0, we have that

I(x;y) 2 B(I(t;u) — I(t;v)) (130)

which completes the proof.

VIII. PUBLIC DI1SCUSSION CHANNEL

We establish the upper bound on the secret-key capacity in the
presence of interactive communication over a public discussion
channel.

Proof: We have the following:

nR = H(k) (131)
= H(k|l) + I(k; 1) (132)
<ne, + I(k;l) (133)

where the last inequality follows from Fano’s lemma. Also from
the secrecy constraint we have that

") <e,

1
_I(ka ¢k7/l/}k7
n

which results in the following:

nR <ne, + I(k; 1,9, ¢*, z"m)
<2ne, + I(k; I|F, ¢*, z™)
<2nen + I(my,u™;m

(134)
(135)
vy R, ¢k, 2™ (136)

where the last step follows from the data-processing inequality

since k = K(m,, u™,9*) and I = L(m,, v, y", ¢F). [ |
Using the chain rule, we have that
I(mg, u™;my, v, y" [*, ¢", 2") (137)
= I(mz, UN; my7 VNaynfl/Jka ¢k7zn)
— I(mg, u™; 9", ¢, 2") (138)

USRS {Fj + G]}

J=1

2l

j=

= I(my,u™;m

— I(mg, uN; Tt gt F +c}y} (139)
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where foreach j = 1,2, ..., n we define F}, G;, Fj and G via
(140)—(143) at the bottom of the page.
We now bound the expression in (139). First note that

I(m,, uN,my’ N i1 g1y C(my, oL g
= I(my, u™;m, VN[t gt

< I(mg,u ,% 1 my, v g

= I(m,, u® my, NW’“ 2 QS“ 1)

<I(my,u™ ,my7 N 1| 9

= I(my, u™;my vN |12, g1 2)

where the third and fifth step follow from the fact that ¢;, _1 =
iy 1(mg, u™, ¢ 72) and ¢y, 1 = iy 1(my, vV, 9 72),
Recursively continuing we have that
I(mxa UN; my, VN|¢i1_1: (ﬁil_l) < I(mxa u™
=I(u™;vN) = NI(u;v)

where we use the facts that m, — u — m, and that
(u™, vV) are discrete and memoryless. Also note that

Wy 2 g g

,ymy, VN)
(144)

N—>VN

Fj—Fj :I(mT uN;yj,zj|my,

where (145) follows from the fact that x; =
X;j(m,,u™ 9% ~1) and that since the channel is memoryless
(Mg, my, uN VN gii=1 pii=1 yi=1 Zi=1) s %o s (y: 70
holds. The last two steps follow from the fact that conditioning
reduces entropy.

Finally as shown in the steps between (148) and (149), shown
at the bottom of the page, an upper bound G'; — G is established
as

G; -Gy <
( UN;myaVN?.yj|¢ij+l_17d)ij+1_lazj)
_I(mzaUN;myaVvaj|¢ij_17¢ij_lazj)' (147)

Furthermore since ¢; 1 = ®;,,, _1(my, u™,¢%+ ~?) and
Vijro1 = V4, —1(my, v, ¢"+172) we have that
I(mx,uN N7yj|¢ij+1—17¢ij+1—17zj)
< I(m,, N,qsim_l;mw ANZUE SN 9
(mm, Timy, v,y gt gt 27
(e, my, VY iyl TR b2 )
(m,, my, vV yd| gttt 2 it =2 g0y,

ymy, v

IA I
NN N

Continuing this process we have that

. . . I(mxqu;myvVN7yj|¢ij+1717¢ij+1717Zj) S
— I(my, u™; i 20 gt g N N il gii=L =1 i
/ . . . . I(my,u™smy, vy @™ ™0 27) (150)
:H(Yjazj|my7VN?.yJ_17ZJ_17¢Zj_171/}1j_1)
— H(y;,zj|lm 7vN7 j_l,zj_l7 'ij—17f i.7—17m17uN and thus R
b3 ’Ly Sy $TY ) G;—G;<o. (151)
~ Hizle g0
+ H(zj|z97 5= = my, u™) Substituting (144), (146), and (151) into (139) we have that
= H(yjazj|my7Vvaj7172j717¢ij7171/}ij71) n
— Hy; 5ib) = izl ™07 6570 + H(zi1x) nR< 3 T0gisila) + NIwv) + 2nen (152
]:
o (145) < maxnl(x;y|z) + NI(u;v) + 2ne, (153)
< H(y;l2? 4% 7,69 77) — H(yjlzj, x;) b
< I(xj;yilz;) (146)  thus yielding the stated upper bound.
Fj =1(m,, u™;yj, zjlmy, vN, y/ =t 271 gt gt (140)
G =I(myy uN i its s i1 Wisg1s - Wiy 1 |my, vy 20 gl T (141)
Fy =1(mg, u™; 2j|2/ =" =1 071 (142)
G =I1(m,, UN i s bip 1 Wi s i 1] 2 @ T T, (143)
G — Gj (148)
:I(mzqu;(;bij-l—la~"7¢ij+1—17¢i]‘+17"'71/}ij+1—1|my7VNv.yjazjv()bijil?d}ijil)

— (Mg, ™ ii1s s Gig 12 Wiy 41y s Vg 120 9T T
:I(mm7uN;my7VN7yJ7¢ij+17"'7¢ij+1717¢ij+17-"71/}i]'+171|zj7(7251'7_171/1”_1)
_I(m””uN;mY’VN?.y]|ZJ7¢Zj_17¢1]_1)_1(m.7:7uN;gb’ij"rl;...7¢'ij+1—17/l/}’ij+1;-~-;wij+1—1|zj7¢1j_171/)1j_1)
= I(mT7 UN; my7 VN?.yj|¢ij+1_l7/l/}ijJrl_l?Zj) - I(mT7 UN; my7 VN:.yj|¢ij_lawij_l7Zj) (149)
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IX. CONCLUSION

We introduce a secret-key agreement technique that harnesses
uncertainties from both sources and channels. Our lower bound
rate expression involves selecting an operating point that bal-
ances the contribution of source and channel equivocations. Its
optimality is established for the case of reversely degraded par-
allel channels.

We establish the secret-key capacity when the wiretapper has
access to a source sequence which is a degraded version of the
source sequence of the legitimate receiver. The case of public
discussion is also studied and a separation based scheme that
generates independent secret keys from the source and channel
components is shown to be optimal in some special cases.

APPENDIX A
EXTENSION OF THEOREM | TO GENERAL (a, b)

In Section IV the coding theorem was derived for the case
when a = x and b = const. In this section we complete the
proof of the general case. We will only consider the case when
a = x, since the general case follows by sampling the code-
words from the typical set 7' and then passing each symbol of
a" through an auxiliary channel p,,(-).

1) Codebook Construction: We describe the construction
of an ensemble of codebooks and by computing the error prob-
ability averaged over this ensemble, show that there exists one
codebook with the desired property.

2) Channel Codebook: Define R, = I(x;y|b) and Rp, =
I(b; y) and recall that since b — x — y we have that R,+ Rp, =
I(x; y). We construct a base codebook C, consisting of N, =
exp, (nRp — ndp) sequences, which forms the could center of
a superposition code. For each sequence b}’ € C;, we generate a
codebook C,(bl") consisting of N, = exp, (nI(x;y|b) — nd,)
sequences. All sequences in Cy, are sampled uniformly at random
from the set 7" while all sequences in C, (b;') are sampled uni-
formly at random from the conditionally typical set T (bF).
Here 6, > 0 and §, > O as arbitrary constants such that
ba + 6p = 6, which satisfies (26). If this condition is not sat-
isfied, as discussed in Section IV, time-sharing between trans-
mitting an independent message and the source coding approach
discussed here is necessary.

3) Source Codebooks: The Wyner—Ziv codebook CV% is
constructed as in Section IV. A set 7 consisting of Ny se-
quences is constructed by selecting the sequences uniformly at
random from the set 7}V. These sequences are partitioned into
Nyyz bins, each consisting of Myyz sequences where the con-
stants Myyz and Ny are defined in (27a) and (b), respectively.
The secret-key codebook CS¥ consists of a total of Nsk bins,
each with Mgk codewords, where

Msk = exp, (n(I(b;y) + I(x; z|b) — 0)), (154a)
Nsxk
= expy (n(BI(t;v) + I(x;y|b) — I(x; z|b) = 0)) .
(154b)
Via (26), note that
Niot = NskMsk = NywzMwz
= N,Np, = expy(nl(x;y) —nod). (155)
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4) Encoding: The encoder finds a sequence t* jointly typ-
ical with u” and declares its bin index in the secret-key code-
book as the secret-key. The bin index in the Wyner—Ziv code-
book is the message that is transmitted to the receiver. The bin
index @y is split into two indices ¢, € {1,2,...,N,} and
@, € {1,..., Ny}, which form messages for the two channel
codebooks C,(-) and Cp, respectively. Thus the encoder first
maps P, to a codeword b™ in Cp, and then maps the message
®,, to the codeword x™ in C,(b™). The sequence x™ is trans-
mitted over n channel uses.

5) Decoding: The decoder upon observing y™ searches for
sequences b € Cp and x™ € C,(bl') that are jointly typical
ie., (y",x™,bl') € 17", b.n- By our choice of Ny and N, this
succeeds with high probability. It then reconstructs the bin index
dvwyz and searches for a sequence tN € T that lies in this bin
and is jointly typical with vV, As in Section IV-C, this step
succeeds with high probability. The secret-key is then computed
as k = CPSK(tN>.

6) Decoding With Side Information at the Eaves-
dropper: The eavesdropper, when revealed k in addition
to z", can reconstruct tV as follows. Upon observing
z", the decoder searches for a sequence b’ € C(p that is
jointly typical. This event succeeds with high probability
since I(b;z) > 1I(b;y) = Ry. Thereafter it searches
for sequences in ByX = {t,ﬁ’SK, e t,i\;\zlf(} such that
[®aj, 1] = Pwaz(ty>") satisfies: (1) ®p; = i and (2)
xg,, € Ca(b}") is jointly e— typical with z".

The probability that a false sequence in B,%K satisfies these
conditions is

Pr(e) = expy, {—n(I(x; z|b) + I(b;y) — )} (156)

and hence the choice of Mgy in (154a) guarantees that the error
probability approaches zero provided € < 6.

Thus by Fano’s lemma, there exists one particular codebook
that satisfies

1 .
WH(H‘ 12", k) = o0,(1). (157)

7) Secrecy Analysis: Following the steps leading to (40)
we have
H(k|2n) = H(q)\zvz|2n) + H(tN|‘PWz) - H(tN|k Zn)
(158)

= H(®wz|z") + H(t" |®Pwz) — No,(1) (159)

where the second step follows from (157).
For the superposition codebook, since @y is the transmitted
message we have from [8, Corollary 2, p. 341]

1

ﬁH(q)sz|Zn) :I(X,_y|b) —I(X;Z|b)+0n(1) (160)
and from (37b) in Lemma 1
1
NH(tN|cI)W’Z) = I(t; V) + 07)(1)'

Substituting these relations into (159) we have that

(161)

1
—H(k|z") = {I(x;y|b) = I(x; z[b)} + BI(t; v) + 0y (1).
(162)
as required.
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APPENDIX B
PROOF OF (35)

We can express

54:jOU‘%U"'jJ'O—lUJJ'oH"'UJMSK

where j is the index of the sequence t? selected by the sender
in bin B,%K of C5K, and where the event 7, is defined as the
event

(163)

Jo = {@wz(tp;>") ¢ T} (164)
and J; for 1 < j < Msk, j # jo is
T = {@waty;™) e T} (165)
It follows that
Msk
Pr(&) <Pr(Jo)+ Y, Pr(J|%5)  (166)
J=13#Jo

where J5 denotes the compliment of the event Jp.

By law of large numbers it follows that Pr(J5) — 0. To
evaluate Pr(7;|J5) we define the event 7' as the event that
the Wyner—Ziv bin indices of the sequences ti\;"SK and thfSK
are identical, i.e.

75 = {owa(tl]™) = dwz (1)} (167)
Using jj“’l we can upper bound the error event as
Pr(7;175) < Pr(T°NT§) + Pr(T31T7° 0 T§) - (168)

where the first term is the error probability due to a collision
event and the second term is the error probability when there is
no collision.

The first term can be upper bounded as follows:

Pr(J7J5) = Pr(T7*) (169)
= expy(—n(BRwz + 26)) (170)
= expy(—n(I(x;y) = 0)) (171)

where (169) follows from the fact the event 7y is due to the
atypical channel behavior and is independent of the random par-
titioning event 77°!, (170) follows from the fact that since both
the codebooks C*W% and C5X are obtained by partitioning the set
T after a random permutation, we have for any ¢V, t) € T

Pr (‘I)wz(tiv) = Owz(ty)|Psk(ty )

= @SK(téV)> =Pr (':I)VVZ(tZlV) = ‘pWZ(tév))

= 172
Nz a172)

and N\VZ = exp2{n([)’RWZ + 26)} and (171) follows via rela-
tion (26). The second term reduces to an event that x” € CP,

sampled independent of x* satisfies (x",z") € T}, .. Hence
we have
Pr(J;| T8 0 T7) < expy(—n(I(x;2) — 3¢)).  (173)
Combining (171) and (173) we have
Pr(Tj|75) < expy(=n(l(x;2) = 3¢))
+expy(=n(I(x;y) = 6))
< expy(—n(I(x;z) —4e)), n > mng (174)

where we use the fact that I(x; y) > I(x; z) from (24) in the last
step so that the required ng exists. Finally using relation (27¢)
for Msyk, we have that

Msx

S Pr(d)) < expy(—n(6 — 42)) + 0, (1),

7=1,37#7o

(175)

which vanishes with n, whenever the decoding function selects
e < 6/4. Thus we have that Pr(€;) — 0 as n — oc.

APPENDIX C
PROOF OF LEMMA 1

To establish (37a), define the function I'yy T —
{1,..., Mwz} which identifies the position of the sequence
tV € T in a given bin, i.e., I‘Wz(tg’wz) = j and note that

Pr(lwz = j, ®wz = i) = Pr(t])""7)

< > Pr(u) (176)
uN €T, t1n (tlf\]’.""”‘)

- Z 9—N(H(u)4o0n(1)) (177)
uN €Tty (81 7)

— oN(H(u|t)+0,(1)) 9= N(H(uv)+0,(1)) (178)

— 9~ N{I(t;u)+o,(1)) (179)

where (176) follows from the construction of the joint-typicality
encoder, and (177) from the fact that the number of sequences
u™V jointly typical with tiz}r,wz is equal to 2NV(H(ult)+o, (1))
Since there are a total of 2V ()+1) codewords sequences, it
follows from (179) that:

1
NH((DWZ’FWZ) :I(t/ U)-l—On(l). (180)
Furthermore, marginalizing (176), we have that
Mz
PI‘((I)VVZ = Z) = Z PI‘(FVVZ = j, q)\,VZ = Z)
j=1
< MWZQ—N(I(t;U)+On(1))
— 9~ N (tu)=I(t;v)+on (1))
— 9= N(Rwz+o,(1)) (181)
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Eavesdropper

) Decoder

669
2NI(v) codewords per bin
Source
Codewords
List Size: 2n(I(y:a|b)—I(z:a|b)
Eavesdropper List
Source-Channel Secrecy
1(a;y|b)—1(a;z|b)) among the

Fig. 7. Equivocation at the eavesdropper through the source-channel codebook. The channel codebook induces an ambiguity of 27

codeword sequences @™ when the decoder observes Z™. Each sequence @™ only reveals the bin index of the Wyner—Ziv codeword. In induces an ambiguity of

2NI(t;V)

’ ’

Since Pwyz € {1,..., 2N (Bwz+2m)1 it follows that:

1
NH((DVVZ) = RWZ + 071(1)' (182)

Furthermore
Z\] ( ]\T| ) Z\] ( | )
11 t i WZ 11 I WZ I WZ

1 1
_H(P\VZy (I)sz) — —H(@WZ) = I(t; V) =+ On(l).
N N
(183)
To establish (37¢) note that in our construction there is a

one-to-one correspondence between ®vwyz and x™. Hence we
have that

1

—H(®wy|Zz"
- (Pwz|z")
1
n

1 1
= BBwz +0y(1) + —H(Z"x") = ~H(2")

(184)

1 1
H(®wz) + ;H(Zn@WZ) - 5H(Zn)
(185)

— I(xiy) — 38+ 0, (1) + %H(z"|x") _ %H(z")
(186)

where (185) follows from (181) which provides a bound on the
probability of @z and the fact that there is a one-to-one corre-
spondence between Py and x™, and (186) follows by substi-
tuting the expression for Ry in the relation (26).

To simplify the remaining two expressions let J denote the
indicator variable, which equals 1 if (z",x") € 17, , and zero
otherwise. Recall that each x™ is sampled uniformly from the set
Ty and since the channel p,,(-) is memoryless it follows from
the conditional typicality lemma that Pr(J = 1) = 1 — o,(1)
and also that

%H(z"|x") > %H(Z"|x",J =1)Pr(J=1) (187)
> H(z|x) — 0,(1) (188)

at the eavesdropper, resulting in a total ambiguity of 27(37(tV)+1(a:y b)) ~1(aiz|b)

and furthermore

~H(2") < —H(z"|] = 1)Pr(J = 1)+ —H(J) (189)

< H(z)+ o0,(1). (190)
Substituting (188) and (190) in (186) establishes (37c¢).
APPENDIX D
CARDINALITY BOUNDS ON t IN THEOREM 1
Let the alphabet of u be denoted by {1,...,|U]|} and let

Pul¢(+[t) be a probability mass function indexed by ¢. Define the
following functions of the p,.(-[t):

pu|t(j|t)7 j:17,|u|_1
9i(pue(-1t)) = § H(ult =1), j = |U| (191)
H(vlt=1) j=|uUl+1

The first || — 1 functions are conditional probabilities p{u =
jlt = t}, each of which is a continuous function of the condi-
tional pmf p(u|t). The function H (u|t = t) is also continuous in
p(ult) by virtue of the continuity of the entropy function. Finally
the function H (v|t = t) is a continuous function of p(u|t) due
to the linear relation p(v|t) = >~ p(v|u)p(u|t). Hence by the
Caratheodry theorem (see, e.g., [13, Appendix C]) there exists
another random variable ¢’ taking no more than |/| 4+ 1 values
such that

H(ult) = H(u|t") (192)

H(v|t) = H(v|t), (193)

Exfp(ult)] = p(u) = Ee[p(ult)], e {1,.... 1 —1}.
(194)

Since the sum of the probability mass functions is 1 the last
relation also holds for u = |U|. It is thus easy to see that any
point that can be achieved in Theorem 1 can also be achieved
by restricting t to have cardinality no more than |I/| 4+ 1. This
completes the argument.
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