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Abstract

We consider the general multiuser downlink scheduling problem with n receivers and
m transmit antennas, where data from different users can be multiplexed. It is shown
that there is a throughput-optimal policy which selects a subset of users to multiplex in
each scheduling interval, according to their queue states and current rates achievable by
dirty-paper coding. However, the computation of these rates and the selection of the best
ordered subset has high complexity in n. It is observed that the simpler multiplexing
method of zero-forcing can achieve close to optimal throughput especially when user rate
demands are asymmetric. The strong dependence of the objective function with zero-
forcing precoding on the queue sizes motivates an algorithm based on ordering users
according to queues and making a selection out of a reduced set of users (typically a few
multiples of m), which greatly reduces the computational complexity. It is shown that
searching beyond this small set is unlikely to improve the objective function.

1 Introduction

We consider the problem of jointly multiplexing and scheduling multiple users on the wireless downlink.
Figure 1 depicts n data streams to be sent over a multiple-input multiple-output (MIMO) channel where
there are m antennas at the transmitter and a single antenna at each of the n receivers.

Multiuser scheduling is the problem of allocating resources (such as power or bandwidth) in order
to perform desirably with respect to criteria such as throughput or delay. This problem has attracted
great interest in the recent years (e.g., [1, 2, 3, 4, 5, 6]). Most previous studies limit their scope to
time-sharing schedules, i.e. those where only a single user’s data is transmitted at any time. The
computational complexity of broadcast coding, together with the fact that the optimal coding for the
MIMO Broadcast channel was not known until recently [7], has made time-sharing attractive. In fact,
transmitting to the user with the best reception is sum-rate optimal (achieves maximum throughput)
for a single-antenna broadcast channel under infinite backlogs and symmetric channels [8]. However, in
a multiple-antenna broadcast channel time-division is sub-optimal [9].

Schedules proposed in previous literature also most commonly ignore queuing and randomness in
packet arrivals and hence cannot offer stability guarantees. This is true in some scheduling algorithms
that aim to satisfy a fairness criteria, such as proportional-fair scheduling [2].

A guiding work for incorporating randomness and stability issues has been [10], where the network
capacity region is defined as the region of stabilizable input data rates, and it is shown that this region
is achieved by a maximum-weight matching (weights being related to queue sizes). Building on those
definitions, [11] considers a broadcast scenario under time division and demonstrates a schedule that
achieves the network capacity region. Along similar lines, [12] shows that a throughput-optimal policy
is a maximum-weight matching in the form of max

∑

i αiqiri where the qi’s are the queue states of users,
and the rates ri are left implicit. Also in the downlink scenario, [13] compares several heuristic scheduling
policies such as beamforming to the user with the shortest remaining job versus multiplexing several
users. To our knowledge, the maximum-weight matching scheduling policy has first been combined with
channel coding and power control explicitly in [14] for the multiaccess channel . It was shown that the
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Figure 1: System model: n data streams arriving into separate queues, each stream destined to a
single one of the n receivers. There are m transmit antennas, and a single antenna at each receiver.
λi is the average packet arrival rate for user i.

optimal rate and power control was to assign at each time the longest queue the highest possible rate
from the multiaccess channel capacity region.

In this paper we formulate the general broadcast scheduling problem where packet arrivals into the
users’ queues are random processes. In Section 3 it is established that a throughput-optimal schedule in
the downlink channel is one that chooses a group of users and corresponding rates from the dirty-paper
coding region ([9, 15, 7]) to maximize q · r. However, this solution has high complexity, not only due
to the complexity of obtaining the dirty-paper coding region, but also due to searching for an ordered
set of users out of n total users. The complexity of this search is n!/(n−m)!, or roughly O(nm), which
can be formidable as n grows.

Our contribution is to greatly reduce this complexity while keeping the throughput region close to
optimal. The complexity reduction is done in two stages: the first is to reduce the complexity by a factor
of m! by employing the zero-forcing precoding scheme that is not sensitive to user ordering. Central
to this is the observation that a sub-optimal multiplexing scheme, when combined with queue-aware
scheduling, can achieve most of the network capacity region. Figure 2 demonstrates this on an example
whose details will be clear in the later sections. In the figure, the region of stabilizable input data rates
for two users with time-sharing and zero-forcing are shown. Note that when λ1 � λ2 or λ2 � λ1 the
zero-forcing region comes very close to the outer bound. This observation suggests looking more closely
at the dependence of the objective function (specifically, under zero-forcing) on the queue sizes and
channel vectors. The second stage of complexity reduction exploits this dependence on queue sizes as
well as channel geometry.

The outline of the rest of the paper is as follows. Section 2 presents the MIMO broadcast system
model with n users. In Section 3, the network capacity region (the stabilizable region of input rates)
is defined and an algorithm that achieves it (and is thus throughput-optimal) is shown. Section 4
derives the scheduling policy under zero-forcing. Zero-forcing is much simpler than optimal multiplexing,
however the complexity of searching for a set of m users out of n is still

(
n
m

)
. Applying a bound from

random graph theory, we show that the probability of finding a quasi-orthogonal set of channels among
the first l channels approaches 1 quite fast, which implies that we can restrict attention to a smaller set
of users, and not pay a large penalty in the objective function.

2 The MIMO Downlink

We consider the broadcast channel with an m-antenna transmitter and n receivers each having a single
receive antenna. Throughout we will let U be the set of all users and A be the active set of users (i.e.
the users that are assigned a non-zero rate at a given time). We will let x ∈ C

m be the transmitted
signal vector and hi ∈ C

1×m be the channel of the ith user. Further, let HA be the channel matrix of the
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Figure 2: On the left: The regions of stabilizable input rates (λ1, λ2) bits/scheduling interval with
time-sharing (inner region), zero-forcing and an outer bound. On the right: a description of the
outer bound on the optimal rate region used to obtain the outer bound on network capacity. The
dirty-paper coding region was not used due to the complexity of computing it.

active users, x and y the input and output, respectively. Under the assumption of complex circularly
symmetric Gaussian noise we have,






ya1

...
ya|A|




 = HAx + n where HA =






ha1

...
ha|A|




 , and ni ∼ NC(0, 1). (1)

An upper bound on the input covariance vector, Sxx = E[xx†], is assumed which corresponds to an
total input power constraint of P :

Tr(Sxx) ≤ P (2)

Recently, it has been shown that the capacity region of the MIMO broadcast channel is achievable by
Dirty Paper coding, where users are multiplexed by successively canceling out the interference of other
users [7]. The order in which this cancellation occurs influences the users’ rates. User i receives the rate
Rπ(i) where, π is the permutation that orders the users, given in (3), which also shows the dirty paper
coding rate region as the convex hull of the union over the permutations [15]:

Rπ(i)({Sjj}) = log

∣
∣
∣
∣
∣
∣

I + Hπ(i)

(
∑
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)

H†
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)

H†
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∣
∣
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∣
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CDPC(H, P ) = co







⋃

π
Tr(Sxx)≤P

R(π, {Sii})







(3)

where Sjj is the input covariance for user j.

3 A Throughput-optimal Scheduling Policy

We assume that the channel vectors {hi, i = 1, . . . n} are stationary, ergodic and come from a countable
set, such that sup ‖hi‖ = hmax < ∞1. Packets arrive into buffers i and the arrival processes, {Ai(t), i =

1, . . . n}, are modeled as a stationary counting processes with limT→∞
Ai(t)

t = ai < ∞, and var(Ai(t +
T ) − Ai(t)) < ∞ for T < ∞. Packet lengths (in bits) {Xi} satisfy E(Xi) < ∞, and E(X2

i ) < ∞, and

1This is realistic for practical systems due to quantization.



are independent of arrival instants and of other packet lengths. The arrival processes are independent
of each other and the {Xi}. The arrival rates are λi = aiE(Xi). The unfinished work in queue i at
time t is Qi(t), which is the number of bits waiting to be served in that queue.

Let C(P ) be the region of achievable rate vectors in the broadcast channel under the power constraint
given in (2). This is the MIMO broadcast capacity region, achievable by dirty-paper coding over long
enough blocklengths, such that if r ∈ C(P ), then there exists a power control policy P(h) and a rate
allocation r(P(h)) such that EHr(P(H)) ≥ r. For r outside of C(P ), all power control and rate allocation
policies that satisfy (2), EHr(P(H)) < r.

We adopt the definition of stability in [11] which defines the overflow function,

g(M) = lim sup
t→∞

1

t

∫ t

0
1[Qi(t)>M ]dτ

and defines queue i to be stable if g(M) → 0 as M → ∞. Accordingly, a rate vector λ is stabilizable if
there exists a feasible power adaptation and a rate allocation policy under which all queues are stable.

The following is an immediate consequence of Theorem 1 in [16].

Theorem 1. The broadcast queuing system described above is stabilizable if and only if λ ∈ int C(P )

In the following, we present a throughput optimal resource allocation policy for our broadcast system
with random packet arrivals. This policy is similar to the throughput optimal resource allocation policy
in [11] for a simpler downlink channel, which is extended in [14] to a fading multiaccess channel. The
proof follows the technique of [11], also used in [14], which is based on defining an appropriate Lyapunov
function and establishing a negative drift on it whenever queue state grows outside a certain compact
region.

An additional assumption we shall make is block-fading, i.e., channel vectors take independent values
at times t = kT , for k ∈ Z, and keep those values in between these time instants. T will assumed to be
sufficiently long for error probabilities to be close to zero. Packets will be scheduled every T time units
(which we shall call a scheduling interval), i.e., at times t = kT , for k ∈ Z.

Theorem 2. A throughput optimal resource allocation policy is to assign, at every scheduling interval,
feasible rates r(h,q) and powers P (r(h,q)) as the solution of the following optimization problem

max
r∈CDPC(H,P)

(q(t) · r(t)) (4)

While the allocation policy (4) does give an explicit optimization problem for optimal throughput,
its solution still is very complex computationally. As mentioned, the user selection is of the order

(
n
m

)
.

Additionally, in the case of dirty-paper coding we must choose an order in which to perform Gram-
Schmidt orthogonalization on the selected channels [9], which increases the complexity to to be of order
m!
(n
m

)
.

4 Scheduling Under Zero-Forcing Multiplexing

Zero-forcing multiplexing inverts the channel at the transmitter by choosing a transmit vector x = H+
Au,

where H+
A is the pseudo-inverse of the channel matrix for the active user set A. We assume throughout

that HA is non-singular since this occurs with probability 1.
Zero-forcing is attractive in our scenario as a multiplexing technique as it does not incur the user

ordering problem and lower coding complexity. In what follows we derive an equivalent expression for
(4) which will lead us to derive algorithms of lower complexity.

Let CZF (H, P ) be the set of all rate vectors achievable by zero-forcing multiplexing under an power
constraint P . Note that the sub-optimality of zero-forcing appears in the power price paid in inverting
the channel. It can be shown that the power constraint (2) becomes,

∑

i

Pi/bi ≤ P where bi =
1

(WA−1)i,i
, where WA = HAH†

A



The bi’s have an important geometric interpretation as noted in [9], as the distance squared of user
i’s channel from the span of every other users channel in the activation set. This suggests that we pay
a large price in power if we have users who are nearly collinear. The dependence on geometry of the
optimal set is made more precise through the following theorem and corollary.

Theorem 3. Let qi be the queue state for user i. Then under a total power constraint P,

max
r∈CZF (H,P )

q · r ≤ max
A⊂U
|A|≤m

(
∑

i∈A

qi

)(

log

(

1 +
P

Tr(W−1
A )

)

+ D(qA‖bA)

)

(5)

where qAi = qi
P

i∈A qi
, bAi =

1
bi

P

i∈A
1
bi

and D(qA‖bA) is the Kullback Leibler distance.

Proof. Under zero-forcing our problem becomes, f(q,A) = maxP

i Pi/bi≤P

∑

i qi log(1 + Pi). Using con-
vexity, writing the Lagrangian and taking the derivative yields the necessary and sufficient condition

Pi = λqibi − 1 where
∑

i

(

qiλ −
1

bi

)

+

= P (6)

Now, suppose every user gets a strictly positive power. Then, noting that λ =
P+

P

i
1
bi

P

i∈A qi
yields

f(q,A) =
∑

i

qi log(1 + Pi) =

(
∑

i

qi

)

log(λ) +
∑

i

qi log(bi qi) (7)

Now using the cofactor expansion for the inverse we have, bi =
det(HAH

†
A)

det(Mii(HAH
†
A))

= A(A)
Mi,i(A) . Returning to

(7) we have

f(q,A) ≤

(
∑

i∈A

qi

)

log

(
P + 1

A(A)

∑

i Mi,i(A)
∑

i∈A qi

)

−
∑

i

qi log

(
Mi,i(A)

qiA(A)

)

=

(
∑

i∈A

qi

)(

log

(
PA(A)

∑

i Mi,i(A)
+ 1

)

+
∑

i∈A

q̃i log

(
q̃i

m̃i

))

(8)

=

(
∑

i∈A

qi

)(

log

(

P
∑m

i=1
1
bi

+ 1

)

+ D(qA‖mA)

)

where mAi =
Mi,i(A)

P

i∈A Mi,i(A)

Corollary 1. Let U+(H, P,q) be the set of all user sets such that the optimal power allocation gives
each user of A ∈ U+(H, P,q) a strictly positive power (i.e. Pi > 0 in (6)). Then,

max
r∈CZF (H,P )

q · r = max
A∈U+(H,P,q)

|A|≤m

(
∑

i∈A

qi

)(

log

(

1 +
P

Tr(W−1
A )

)

+ D(qA‖bA)

)

(9)

Furthermore,

max
A∈U+(H,P,q)

|A|≤m

(
∑

i∈A

qi

)
(

−H(q) + q∗A log |WA| + f̂(A)
)

≥ max
A∈U+(H,P,q)

|A|≤m

q · r ≥ max
A∈U+(H,P,q)

|A|≤m

(
∑

i∈A

qi

)

f̃(A)(10)

where f̃(A) = log
(

1 + P
Tr(W−1

A )

)

and f̂(A) = f̃(A) + log
(
Tr
(
W−1

A

))
and q∗A = 1

P

i∈A qi
arg maxi∈A qi



Proof. The lower bound follows from that fact that D(qA‖bA) is greater than or equal to zero [17]. To
arrive at the upper bound note that,

D(qA‖bA) =
∑

i∈A

q̃i log

(
q̃i

b̃i

)

= −H(q) + log
(
Tr
(
W−1

A

))
+
∑

i∈A

q̃i log (bi)

≤ −H(q) + log
(
Tr
(
W−1

A

))
+ q∗A log

(
l∏

i=1

1

wii

)

where wii =
(
W−1

A

)

ii

≤ −H(q) + log
(
Tr
(
W−1

A

))
+ q∗A log (|WA|) (by Hadamard’s Inequality)

The preceding corollary provides significant insight into user selection for zero-forcing multiplexing.
In particular, (9) may be broken up into three main components (see Figure 3). First, examining the
objective function (9) one can see that it is almost linear in the sum of the queue states of the active
users. The only non-linearity comes from the distance term. We call this leading linear term the queuing
gain since it captures the significance of the magnitude of the queue state on the objective function.
Further, we define the logarithmic term as the geometry gain since it captures the effects the geometry
of the channels have on the optimal solution (recall that the bi can be interpreted as the square of the
distance of each user’s channel vector from the subspace spanned by the other users’ channels [9]). We
note that these two terms are “bulk” properties of the vectors of queue states and channel states and
are decoupled from one another. The inter-dependence of these two vectors is captured in the pairing
gain. This term reflects the reward one gets for choosing a set of users whose queue state is matched
well with its channel.

(
∑

i∈A

qi

)

︸ ︷︷ ︸

queuing gain









log

(

1 +
P

Tr(W−1
A )

)

︸ ︷︷ ︸

geometry gain

+ D(qA‖bA)
︸ ︷︷ ︸

pairing gain









Figure 3: The decomposition of (5) into its various components

It is important to note that the RHS of (10) is linear in the magnitude of the queue state and is
approximately equal to the LHS at high SNR. This suggests that when searching for an optimal solution
among a large set of users, ignoring users with queue states an order of magnitude smaller than the
largest queue will, with high probability, not incur a significant penalty. For example, we can see from
Figure 4 that for m = 2 the user whose queue is an order of magnitude smaller must have a channel
vector whose component orthogonal to the other user’s channel is exponentially larger. This can also
explain why in Figure 2 for λ1 � λ2 zero forcing precoding approaches the outer bound. The dominance
of the first user’s queue size on rate allocation effectively turns this into a single user channel. Therefore,
if there is a dominant class of users we can restrict our search to this set. Otherwise, the queues are
approximately balanced, and in this case we can approximate the optimal solution by optimizing f̃(A).
We note that this term is only a function of the geometry of the channel states. The dominance of the
geometry motivates selecting a set of users with nearly orthogonal channels.

4.1 Selecting Nearly Orthogonal Sets

For a given set of channel magnitudes and corresponding queue states, the weighted sum rate is max-
imized by an orthogonal set. Using our definitions, such a set has the largest conditional “geometry
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Figure 4: The objective function for the optimization problem (5) where m = 2 as a function of bi.
For (a) q1 = 1, q2 = 1 and (b) q1 = 10, q2 = 1

gain”. In addition, in this case since the channel matrix is orthogonal, zero-forcing incurs no power
penalty for inverting the channel and thus can approach the dirty-paper coding rate.

Of course, for finite n, the probability of existence of an orthogonal set is zero. In this section we
address the probability of existence of a “nearly” orthogonal set. To be precise, define two vectors h1

and h2 to be ε-orthogonal if |h1h
†
2| ≤ ε and define aij(ε, δ) = 1

{|h1h
†
2
|≤ε ∩ |h1|>δ∩ |h2|>δ}

as the indicator

function of two vectors being ε-orthogonal with magnitudes of at least δ. Note that this is a symmetric
relationship. We let Fm(ε, δ) be the event that there exists a set of m receivers who are mutually

ε-orthogonal with magnitudes at least δ. More formally, Fm(ε, δ) = {∃A, |A| = m : |hih
†
j | < ε ∀i, j ∈

A ∩ |hi| > δ ∀i ∈ A}
We will obtain upper and lower bounds on the probability of existence of an ε-orthogonal set using

results from random graph theory2. The following definitions are in order.
Let A be the matrix with entries aij and consider the undirected graph G(A) with adjacency

matrix A. Also define XE(G) to be the number of isomorphic copies of the graph E in G (we adopt
the terminology of [18].) Now, in order for the event Fm(ε, δ) to occur we must have aij = 1 ∀ i, j ∈ I
where I is some index set of cardinality m. More precisely we have the following.

Lemma 1. Pr(Fm(ε, δ)) = Pr(XKm(G(A)) ≥ 1) where Kn is the complete graph on n vertices.

Let G(n, q) to be the random graph on n vertices with edges chosen with probability q and define

p = pε(m, δ) = Pr
(

|h1h
†
2| ≤ ε ∩ |h1| > δ ∩ |h2| > δ

)

as the probability that any two users are ε-orthogonal and

p̃ = p̃ε(m, δ) = Pr
(

|hmh†
i | ≤ ε i = 1 . . . m − 1 ∩ |hm| > δ | |hjh

†
i | ≤ ε ∀ 0 < i < j < m

∩ |hi| > δ i = 1 . . . m − 1 )

be the probability that a given vector h is ε-orthogonal to a set of m−1 who are mutually ε-orthogonal.

Theorem 4. Let {hj} be a set of n independent random vectors where hj ∈ C
m×1 and hj ∼ NC(0, I).

Then,

1 − e−ckm(p) ≤ Pr (Fm(ε, δ)) ≤ 1 − e
−

km(p̃)
(1−p̃) where km(q) =

(
n

m

)

q
m(m−1)

2

Proof. See Appendix A.

2We note that these bounds may be derived in an alternative fashion, but this theory offers a more compact proof



4.2 Discussion

The probability of finding ε-orthogonal set increases to 1 as we search in a larger and larger set of
users. As indicated in Figure 5 (a), this probability curve has a knee at some value l where it has made
most of its increase, and looking at a larger set of users than l will not improve the objective function
significantly. The significance of this is that this as a low complexity algorithm in a practical system.
For that, of course, it would be useful to be able to determine the l at which the phase transition occurs.

Figure 5 (b) depicts the throughput region for two users, obtained for m = 4 transmit antennas and
n = 24 users which form two separate rate classes such that 12 of the users have independent arrival
processes at rate λ1, and the remaining 12 have independent arrival processes at rate λ2. The arrival
rates given belong to one user from each class. The separate curves correspond to increasing l = km,
for k = 3, 4, 5, 6. The outermost curve, which corresponds to k = 6, considered the whole set of users in
the selection, hence is the maximum rate curve achievable in this scenario with zero-forcing. Note that
the curves become close faster as we increase l. Also note that due to simulation time constraints, we
restricted attention to a small number of antennas m and a small n; for larger m and n we expect the
curve at l = km to be closer to the curve l = n (the optimal) for smaller values of k.
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Figure 5: (a) The empirical probability of finding an orthogonal set for ε = 0.3 and ε = 0.5 with
δ = 0 (b) The throughput region for m = 4 transmit antennas and n = 24 users, which form two
separate rate classes under various scheduling policies.

5 Conclusion

We have addressed the joint multiplexing and scheduling problem in the multiantenna broadcast channel.
We first established that a throughput optimal policy is one that picks a subset of users in each scheduling
interval to maximize q · r, where q is the queue state vector, and r is the rate vector from the dirty-paper
coding region for the given channel state. However, the computational complexity of the set selection
is excessive. We observe that a sub-optimal multiplexing strategy used alongside an optimal scheduling
strategy can achieves most of the network capacity region. In particular, with zero-forcing multiplexing
one needs only search over unordered sets, which reduces complexity by a factor of m! (where m is
the number of transmit antennas.) By examining the q · r function under zero-forcing, we see that
the near-optimal performance at asymmetric input rates is due to the strong dominance of a large
queue state over a smaller one. This suggests a practical low-complexity scheduling strategy simply
orders users according to decreasing queue size and simply disregards those that have a queue size an
order of magnitude or more smaller than the largest. Of course, when queues are balanced (as in the
case of symmetric arrival rates), such an approach does not have an important complexity advantage.
The key observation is to notice that when queues are approximately balanced, the objective function
is dominated by a function that is related to channel geometry, and that the optimal geometry can
be found among a quite small set of users. More precisely, the probability of existence of an almost



orthogonal set of channels increases to 1 rapidly as the number users increases. This implies that one
can, with high probability, obtain close to maximum throughput with a search of complexity

( l
m

)
, where

l is typically a few multiples of m.
The work in this paper suggests the existence of low complexity joint multiplexing/scheduling al-

gorithms that are expected to have good throughput. It is the subject of future work to make precise
the complexity vs. throughput tradeoff and derive specific algorithms to achieve certain points on that
tradeoff.

A Proof of Theorem 4

In order to prove theorem 4 we require the following lemma and proposition.

Lemma 2.

Pr (XKm(G(n, p̃)) ≥ 1) ≤ Pr (XKm(G(A)) ≥ 1) ≤ Pr (XKm(G(n, p)) ≥ 1)

Proof. To prove lemma 2 it is sufficient to show

Pr (Km ⊂ G(n, p̃)) ≤ Pr (Km ⊂ G(A)) ≤ Pr (Km ⊂ G(n, p))

i.e. that the probability of any copy of Km in G(A) is greater than (resp. less than) a copy of Km in
G(n, p̃) (resp. G(n, p)). Now, we note that the edges of G(A) are independent if they do not share a
common vertex by the independence of the hi but are not independent of all other edges. In general,

Pr (Km ⊂ G(A)) = Pr ({∩i<j{aij = 1})

=

m∏

i=1

m∏

j=1+1

Pr
(

aij = 1|{∩i−1
k=1 ∩

m
l=k+1 aij = 1} ∩ {∩j−1

q=i+1aij = 1
)

≤
∏

i<j

Pr (aij = 1) = pm(m−1)/2 = Pr (Km ⊂ G(n, p))

Similarly,

Pr (Km ⊂ G(A)) = Pr ({∩i<j{aij = 1})

=

m∏

i<j

Pr
(

aij = 1|{∩i−1
k=1 ∩

m
l=k+1 aij = 1} ∩ {∩j−1

q=i+1aij = 1}
)

(11)

≥
∏

i<j

Pr

(

aij = 1| ∩k<j
k 6=i

{aij = 1}

)

= p̂m(m−1)/2 = Pr (Km ⊂ G(n, p̂)) (12)

Proposition 1. [19] Let F be a fixed non-empty graph, then

e−ΦF /(1−p) ≤ Pr (F 6⊂ G(n, p)) ≤ e−cΦF

where
ΦF = min{E{XH(G(n, p))} : H ⊂ F, e(H) > 0}

The result follows from setting F = Km in the preceding lemma and noting that min{E{XH (G(n, p))} :

H ⊂ Km, e(H) > 0} = E{XKm(G(n,p))} =
(n
m

)
p

m(m−1)
2
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